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“The® parent inherits a prim&l tendency to revert 
= to the fixed and rooted form, while theechild is 'free- 
+ swimming’; it is the natural explorer. And for ages 
. we the parents through the ers have been more 
and more successfully trying to train and educate our 
“free-swimmers’ into fixed and rooted prisoners ; thus 
atrophising or mutilating their discovering and inéer- 
pretative powers just as our own were injured at the 
є © 
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D “ Thereare several chapters in most grithmévic beaks ¢ 
% that are wholly unnecessary .... but a ‘writer ofca 
e mohool-book for elementary schools is nqt his own 
master; he must comply with the offen unwisc demand 
of teachers afid examiners,” А. SONNENSCHEIN. 
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Tus book is written without the least regard to any demand 
but those of children and ef life and mental activity generally. 
In places where the author is mistaken he cannot plead that 

he, has been hampered by artificial considerations. His object 
in writing it has been solely¢he earnest hope that the teaching 
of this subject may improve and may become lively and 
interesting. Dulness and bad teaching are synonymous terms. 
A fewechildren are Dorn mentaily deficient, but a nui&ber are 
radually made so« by the efforts madecto trajn“ their growing 

ffculties. A subject may easily be over-taught, or taught too 
exclusively and too laboriously. Teaching which is not fresk 
and lively is harmful, and in this book it is intended that the 
instruction shall be interésting. Nevertheless a great deal is 
purposely left to the, enterprise of the studens and the living 
voice of the teacher, and the examples giver. for practice are 
insufficient. The author has usually found that examples 
and illustrations are likely to be*most serviceable, and least 
dull, when invented from time to time in illustration of the 
principles which are then being expounded; but a supple- 
mentary collection of «exercises for practice is necessary also, 
in order to Consolidate the knowledge and establish the 
principles as ап ingrained habit. Wearisome over-practice 
and iteration and needlessly long sums should be avoided ; 
because long sums, other than mechanical money addition, 
seldom occur in practice, and especially because, many kinds 
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of future study, especially, the great group of sciences called 
Natural Philosophy, will be found to afford plenty of real 
arithmetical practice; and even ordirfary life affords some, 
if an open mind is kept. The cumbrous system of weights’ 
and measures stil surviving in this country should not be" 
madê “use of to furnish cheap Arithmetical exercises of 
preposterby intricacy and uselessness. There?is too much» 
of real iAterest in the world for any such waste gf time 
and energy. y ; 

The mathematical ignorance of the average educated person 
has always been completé and shameless, and recently I havo” 
become so impressed with the unedifying character of much, of 
the arithmetical teaching to which ordinary children are liable 
to be exposed that I have ceased to wonder at the widespread 
ignorance, and have felt impelled to try and take some step 
toward?” supplying а remedy? I.know *hat many teachers 
are caonesily diming ateimprovement, But they are hampered 
by considerations of orthodoxy and by «ће requirements @ 
gxternal examinations If asked to fopmulate a" criticism I 
should suf. that the sums set are often too long aud tedious, 
the methods too remote from е actually employed? by 
mathematiciansethe treatment altogether too abstract, didac- 
tic, and un-expeyimental, and the subject-matter ngedlessly 
dull and useless and wearisomer 


Accordingly, in spite of auch „else thats pressed to be done, • 


a book qn arithmetic forced itself to the front. It is not 
exactly a book for children, though I hope that elder children 
will take a lively interest in it, but perhaps itfmay be .con- 
sidered most conveniently as one contitfuous hint to teachers, 
given inthe form of instruction tp youth ; and it is hoped 
that teachers will not disdain to use and profit by it, even 
though most of thm feel that all the facts were quite well 
known to them before, It is not intended to instruct them 
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in subject-matter, but to assist them in method of presenta- 

e tion; and in this a good qeal of amplification is eft to be 
done by the teacher. Bos it is of ‘the first importance that 
the teacher’s own ideas should be translucently clear, and 
hat his of her feeling for the subject should be enthusiastic : 
there is no better recipe for effective teaching than thege*two 
«ingredients. * £ Sf 

For Supplementary hints in connexion with the teaching 

of very small children, a subject which oceupies the. first four 
chaptersea couple of little, bookf by Mrs. Boole recently pub- 
"lishetl by the Clarendon Press may«be mentioned ; and as à 

* convenient collection of suitable examples fér practice I suggest 
a set by Mr. С. О. Tuckey published by Bell and Sons. For 
supplementary information on the higher parts of the work 
such a book of reference as Chrystal’s Algebra is probably 
useful. . . s 7 % 
‚ The author has, to thank Mr. T. д Garstang, of Bedales 
ehool, Petersfield, Hampshire, and also Mr. Alfred Lodge, 
of Charterhouse, late Professor of Pure ‘Mathematics at 
Coopers Hill, for readjng the proofs and detecticg errors 
and’ making suggestions. ¢ 
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The very beginfings. © 
* CONCERNING the early treatment ef number for very small 
+ children the author is not competent to *dogmatise, but he 
offrs a few suggestions, thg more willingly inasmuch as he 
is informed by teachers that a great deal of harm can be and 
often is done by bad teaching at the earliest stage, so that 
subsequently à goodedeal has te be unlearnt. The jfünciple 
qf evolution should be recollected iy dealing with young 
children, and the m@ptal attitude of the sav: Хе may ‘often be 
thought of &s elucidating both the strength and the weakness 
of their minds. 

Counting is clearly” tke first thing to learn; it can be 
learht in play and at meals, and it should, be learned on 
separate „ objects, not’ on divided scales or, amy other con- 
tinuous quantity. The objects to be counted should ‘be 

such as involve some. childish interest, such as fruit or sweets 
or counters or nuts or coins. Beans or pebbles will also do, 
but they’ should not be dull in appearance, unattractive as 
objects of preperfy, apd so not worth counting, The pips 
on ordinary playing cards will also serve, and they suggest 
a geometrical or ręgular arrangement as an easy way of 
grasping a number at a glance. 

Counting should begin with quite small numbers and 
should not proceed beyond a sess for sonie time, i there 
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is no object in stopping or making any break at ten, Several 
important facts (the facts only, пор their symbolic expression) , 
can now be realised: such as that 37-4 = 7, that 7-4 = 3, 
that two threes are 6, and that three, twos are the same, 
without any formal teaching beyond a Jud:rious question or» 
two? » The lessons, if they сап bescalled lessons, should go 
on at home before school age ; but, whether this initial train-, 
ing is done at school or elsewhere, formal teaching at this 
stage should be eschewed, since it necessarily consists "largely 
in coercing the children to drive at some "fixed notign which 
the teacher has preconcsived in his mind—a matter usually? 
of small importanze. The children should form their own › 
notions, and be led to make small discoveries and inventions, 
if they can, from the first. Mathematics is one of the finest 
materials’for cheap and easy experimenting that exists. It 
is parj)y ignorance, and pastly stupidity, and partly false 
traditjon whieh has beglouded this fast, sq that even influen- 
tial persbns occAsionally speak of mathenatics as “ that study 
Which knows tothing of observation, nothing of induetidh, 
nothing of experiment,”—a ghastly but prevalent error which 
has ruined more teaching than perhaps any other "Iniscorzep- 
tion of the kind. B > 

Ав вооп as” small groups сап be quickly counted, and 
simple addition and subtraction performed with a few readily 
grasped and interesting objects—and the more instinctively , 
such Operations can be done the better,—the time is getting 
ripe for the introduction of symbols—for that arbitrary and 
conventional but convenient symbolism ‘vhergby `-: is de- 
noted by a crooked line, 5, and so on: a symbdlism which the 
adult is only relieved from the necessity of elaborating and feel- 
dng difficult because of the extreme docility and acquisitiveness 
of childhood. It has already learned 26 symbols, it will 
patiently piso nine or ten more, especially as they are soon 
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found to be real conveniences ; though if an adult wishes 
„ to.realise the genuine difficulty of the process-calways а 
most desirable thing to do—he shbuld set to work tọ learn 
the Morse telegraphig alphabet, especially i in {һе forms used 
éor cable t&legrayfay. “ t 
I see no reason now why :: +) TE not be written 
4+5=9, or a»on afterwards why :-(:) might not be’ written 
5-2=3; but let по one suppose that these steps in nomen- 
clature“are easy. The nomenclature introduced ig just as 
hard аз gthat of frigonometry % or the calculus, only adult 
‘persons are accustomed to the one and are often unacquainted 
* with the other. А set of little blocks, or Some simple cheap 
squared paper lends itself to gtatements like the following : 
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«6 = 2+2+2 = 3+3 = = 5+1 
Fiol. 
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І see no reason for troubling about the names “ addition” 


and “subtraction,” nor yet for“artificially withholding them. 
If they come nfturally and helpfully, let them come, 
Nothing is gained by artificial repression at апу stage. 
Premature forcing qf names is worse than artificfal with- 
holding of them, but both are bad. ff a gas, bubbling out 
of soda water and extinguishing a flame, is familiarly known 
as “carbonic acid,” let it be called so: it is a help to have 
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a label with which to associate observed properties, just as 


it is convenient to call a certain flower “daisy,” ог a certain . 


star "Sirius. But to supply the label and withhold the 
object, to lecture about daisies or stays or numbers before 
they have been sgen, 1s, let us politely вау, urwise. #7 D 

w seems to me that card gamesewith counters may now 


be introduced, to enable the children to realise that their, 


property may mount up beyond the smaller numbers that 
would +e wholesome with Sweets ; and they can learn*how to 
group their counters into PRK of six, or even into dozens, 


and then they will have simply to count their packets and the’ 
odd ones over. Æ child with four packets of six and three › 


over mould have a real idea of his wealth, though “twenty- 
seven " might still be a meaningless expression. 

Differchitly coloured counters are now serviceable to replace 
the packets, and thus the idea, but not«the word, of different 
4'dexgminatióhs? will,be imperceptibly arrived at: ‘and it 
will be clinched by the at first unexpgeted discovery that 
„even strangers? will Accept one white ES as equivalent ‘to 
^six much larger brown ones. 

After this, some approach toward’ a admirable Arabic 
notation, whereby value is symbolised by place or position 
as well as by shape of digit, may be ‘unobtrusively entered 
on. The idea of boxes or cases, or spaces of different 


value, in one of which odd counters or pennies are to be. 


stored, Another опе in which packets, or silver coins, are to 
be kept; and ultimately, but tot too soon, a third one which 
is to be occupied by packets of packets, or*gold,coins ; if ever 
such wealth were attained. ы D 

While there is every advantage in thus emphasising atten- 
жірп to the yalue or place of the digit, and so to a system of 
numeration, there are many reasons against concentrating 
attention on the particular number “ten” prematurely : it is 
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not a specially natural number, for one thing ; for another 
„ thing it is so large that ten packets of ten are unlikely to oceur, 
| whereas four packets of four, or six of six are quite possible. 
Another reason is аф it is undesirable to suggest, what habit 
evill subsequently only, too erroneously ‘enforce, that there is 
Е something special and divine about the number ten, so that 
| the arrangement of digits 12 cannot help meaning ‘a dozen. 
| This false idea, due merely to habit, will not occur to a child, 
| ' nor whl he know intuitively that twelve pence, make a 
shilling, er twenty shillings a Sovereign ; indeed, strange to 
‘say, he is usually somewhat callous as to the importance of 
« this pivot of human existence ; and, though he soon gets to 
like coins, he attends chiefly, to their number without much 
regard to their denomination, unless some are specially new 
and bright. 3 
Having got, so fary the conventional symbolism, if which 
practice has betn quietly going on in ће backgroured dings 
the few more form4] school quarter-hours, may be extended, 
m. afd the digtt-symbols written in spaces drawn to represent, 
the boxes, ог on papér ruled into quarter-inch squares, which 
is cheaply and plentifullyeaccessible, so that a 4 put in one 
box Shall signify 4 counters; while a 4 put jn another box 
shall signify 4 packets of say ten counters each, so that at the 
end of a game [013| shall mean that the loser has no packets 
| «and only three coungers altogether, while another child may 
have 380| ; that is, three complete packets and noxe over. 
A third may have two packets and five over; that is to say 
[2[5], and айр ег, the winner at the game, may possess 
[11512], or in words, 1 packet of packets, 5 simple ‘packets, 
and 2 odd ones. y: 
The packets may be represented by otherwise coloured 
counters, or the well known Tillich bricks or other Kinder- 
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garten devices can be " employed for convenience; the 
importantə thing is not prematurply (ie. not until the under- 
lying reality has been essentially grasped) to proceed to the 
only partially, expressive symbolism 35 ог 152, which to 
us by mere habit lóoks so living and "sigfificant Let the 


elerachtary teacher reflect that to a mathematician. the symbol 


IE 27* dæ looks equally living and significant, and be not hasty 
0 


^5 


with the children. 2 
At бе same time there is no need for artificial delay. А 
child brought along the»right lines will j jump forward without 
difficulty, will recognise the places without the boxes, will. 
get accustomed to the savage’s,mode of reckoning by tens 
without being encouraged to go through the savage process 
of counting on his fingers, and before long will be able 
to intérpret such a complicated symbolism, as 50327, or 
э#1'МА 188. Pld. The, last, indeed, i8 properly spoken of as 
“compound ” instead of simple, for in if’ scales of notation ” 
„ате badly mixed up The reckoning proceeds*by tens, "by 
ча апа by scores, sometimes one ahd sometimes another, 
occasionally by quarters also. ^ xd 
The poor child who finds himself able to master this and 
the operations which arise out of it, need not be deterred by 
any legitimate obstacles in mathematics until he comes to its 
really higher walks, beyond simple diffprential equations: a, 
step which he will not be called upon to take at all unless he 
is born to be a mathematician, in which case difficulties of any 
ordinary kind will barely be felt. б 
The operations of addition and etbiraetidh may now be 
extended. 7+5 may be done into a packet of one dozen, or 
iato a packet of ten ‘and two over, and denoted by 1/- or 12 
according to which plan of grouping is adopted. 
So also 8+7 may be called either 1/3 or 15, the former 
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being the custom чї they are penes, the latter if they are 

nuts, 

It is necessary to apologise toechildren for this needless 
complication; but they inherit some things that are good, 
eto make cip forgsevéral things that areestupid, and therewith 
they will have to be content :— e 

8+7+9, if shillings, will be grouped differently again, and 

be denoted by £1. 4s.; if pennies, they will be denoted thus, 

2/-; if ounces, they will be writtefi 1 Ib. 8 oz.; if feet, they will 

be called 8 yards; if farthingsethey will be written 6d. ; gn 

© orang дев, they will be called 2 dozen ; but if boys, they will 
be written 24. 

I do not recommend anyone to confuse ite minds of children 
by pointing out these anonfialies, or by quoting a sample of 
them simultaneously as above. Children will not detect their 
true character, but,will docilely receive them as if, all this 
rubbish were part of the laws of nature. This шау account 
“tor their ‘disinclination later on to make acquaintance with any 
faore of those laws than they can help, but a% this stage they 
are docile and assimilative enough: they can at this stage Ve 
taken advantage of with,impunity. But I should very much 
like to confuse the minds 'of some teachers, and of some school 
inspectors—especiallf some varieties of schol inspector and 
universy examiner—and get them into а тоге apologetio 
and humble mood at having fo insist on filling the mind of a 
child with any môre of {Мезе artificial insular conventions 
than is absolutely necessary in the present stage бї British 
political and commercial wisdom. 

It is undesirable tp hasten forward to numbers involving 
3 digits too quickly ; they can be mentioned and jllustrated 
Dus convenient, but real*work should for some time be limited 
2 figure numbers, because in these the real principles can 

Hd TR and grown accustomed to in tbe simplest way. 
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The early operations ir which practite’ can be given ‘are 
such as the following: Suppose counters are employed and 
that little cases have beep made ‘which just hold six or ten ° 

> or any’convenient number, suppose fen : D) 
Then 13 will stand fer one packet of teh angl three counters, 
>, OVT; “г 
l7*added to it will amount to two packets and ten 
counters over; which the child, if encouraged by 
the sight of an?unused case available, mag wish 
* to make up into 8*whole packet, and so recognise 
H m о 
.. the propriety of denotitig the number by SE 
30 E 2 


Similarly 15+17 will make gp into three packets and 
2 over, which may be shown thus : 
B 


D] 


tons | ones} э , 1 
3 mes че 9 о 1 5|» E 
° 2 1 7 » P 
| ^ Ы 
D 2 
make | 2 | 12 Р 
ә ا‎ 


> 
while 25 + 37 wall equal five packets and twelve over, or six 
packets and 2 ever; 29437 = 66, but it is equally per- 
missible to keep it as 5 packets and 16 counters over, if it 

: should happen to be convenient—as it sonzetimes is, * 
To take 4 from 17 is easy, 
but to take 9 from 17 will involve emptying a case; and only 
8 counters will be left. 

To take 13 from 25 can be done by removing 1 case and 

counters; ? s‏ 2 * ا 

* to take 15 from 25 is also easy ; 
» but to take 16 from 25 involves the breaking up of a packet; 
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After a time these Operations сап Фе followed when nothing 
concrete is present; but abstractions are not natural to 
* children, and before calling" upon them to follow a difficult 

* conventional subtraction sum like 
$ « ans 82 e 
а АЕ: 
‹ 45 
the operation of breaking up pagkets should be introduced 
into thé symbolism, which is empJoyed to faintly shadow the 
concrete weality. 

It ïs perfectly right to ied: of “8 packets and 13 loose 
“counters, although they may be more compactly grouped as 
4 packets and 3 counters. So if we have to subtract say 7 
from 43 we shall first break up one of the four packets, so 
as to turn 43 into 3 packets and 13, and then subtract the 
7 without diffieulty, laying what is abbreviated into 38. 

„ Hence beforê doing“ the above conventional little «sam, ‹ 
8 “packets and 2 showd be expressed as 7 packets and 12, or 


1|12]. From this 3 packets and 7 lave to be removed,« 
leaving obviously 4 packets and 5. Wherefore 82— 3r = 45 
without any argument, 

The abbreviated form of the above breakirfg- -up operation, 
called bofrowing, will now gradually almost Suggest itself, if 
many sums of thé kind are given to be done. But the best 

Сапа easiest method" of subtraction is the complementary 
method, and if this is taught from the first, the corüplexity 
of borrowing becomes unnecessary. 

The adult eannot foo clearly realise that many of the 
Operations to which he has grown accustomed are labour- 
saving shorthand dévices' with the vitality and principle, 
abbreviated out of them; quite rightly so for practical pur- 
poses but not for educational purposes. The race invented 
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them. at first in more \eRborate shape, and gradually abbre- 
viated them into their ‘present-day form. The child will 
likewise get. accustomed, to this form in due time, but һе“ 
should not be over-hurried into it. 

After addidg two, numbers for some*img we may proceeil 

. to add more than two, 
> and find that 7+9 +6 = = s ete. ; 
also that 7+7+7 = 

and iti is natural to speak Of this as ms sevens. ° 

So alsb the fact that 53954545 = 99 will naturally he 
quoted as four fives make twenty ? and thus the essentia] ides 


of multiplication will arrive, as а shorthand and memorised, 


summary of the addition of a number of.similar things, 
without апу use of the name Multiplication or any feeling 
of a new departure. To find the value of three seventeens, 
that is to group them into tens and opes, is a problem for 
am afterpoon and if it be done with counters in the first 
"instance, and ultimately with symbols, - the meaning of tiie 
operations having been realised beforehand with the counters, 
so much the better. ə 

The operation of adding or multiplying means grouping the 
whole number into tens and ones, or into hundreds, tens, ‘ones, 
etc., instead ofin the given groups.  " 

A child must not be expected to be able to fornfulate his 
conception of the operations, or to express them accurately in 
words, at this stage. It is a capital exéreise later, but it is 
enough^at first for him to realise the meaning of what he is 
doing in the back of his mind. From time to time he can be 
encouraged to interpret processes into words, dut they must 
have become familiar first. To be able to apply a rule, from a 
precise statement in words of what'has to be done, is an adult 
accomplishment, often not reached by adults. -To dissect out 
and state a rule in words, from a knowledge of what the 
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«opération really is, is perhaps алала eS gift, but 


„ itisa training in the use of Janguage rather {ап inthe subject . 


matter of the craft. It*is,most appsopriate and yajuable prac- ~ 
tice for children at the proper stage, a stage ‘reached much. 
«earlier with some children than with others. * Children who 
reach the word-expressfop stage late are usually called *srafpid." . ` 
If this adjegtive implies a stigma it is usually undeserved.. 
There is a performance appropriate to each stage of develop: , 
ment,*and opprobrious epithets ‘are generally employed by 
those уро seek t force thingf*several stages too‘ soon. А 
‘highly trained and clever dog wQuld soon prove himself 


- "stupid" if tested by a formula, or by words even of only 


3 letters. An adult who can hum or whistle an air may be 
told that he ought to be ablê to sit down and write it in the 
recognised musical notation. Similarly he ought to Фе able to 
read off a piece of music handed to him. He might resent 
being called stupid if ke found it diffigult to do«thesp, to some, 
*o simple things. *. * * 


* * Badness” of many kinds may exist in spoifed children (and 
there are several ways of spoiling them), but badness in wf 
speiled children is rar, and stupidity is almost non-existent 
unléss they are physiologigally out of order and therefore 
mentally deficient. " Stupidity is however & produet easily 
cultivated by improper feeding, especially improper mental 
feeding. The “badness” of children is largely the effort which 
nature makes at seff-preservation ; for inattention and laziness 
are the weapons whereby an attack of mental indigestion can 
be warded off. * 

The only fault with very young children is that they are , 
too good, and therefore too easily damaged. Later en, a spirit 
of rebellion acts as а preservative, bht it would be better to 
dispense both with the rebellious spirit and with the causes 


which necessitate it. 
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Returning from this digfession, which is either false or else 


of very extensive application, to орг immediate subject, viz, | 


the introduction of the fundamental gptrations to be performed 
on nuntber,—and remember that what are called the first four 
simple rules are tremendously fundaméntak and ®portant,. 
more important than anything which,fóllows, until involution, 
evolution, and logarithms are arrived at,—we wust exercise 
children in Multiplication and teach them something of the 
multiplication table, at first experimentally, but afterwards by 
straightfotward memory works for it is one'of the thipgs with 


which the memory may, be rightly loaded. We can next" 


» 


recognise that Divigion too ean be unceremoniously introduced . 


by trying to split up numbers into equal parts. The endeavour 
to share sweets or fruit or cards*or counters is an obvious 
beginnings "Then, since children are docile, they can be asked 
to split yp 2 packets and 7 igto three equal groups, or they 
can be asked tasplit up 2 2 packets and 4 into sight equal groups, 
and so о; for mo reason assigned. But itemust be recognised 
that the operatitn of division i in general ‘is rathe» hard, and 
involves a good deal of tentative procedure or guess work. 
In other words it involves the rudjmtnts of experiment ond 
verification. Gradually, when tha multiplication- table is fairly 
known over som? little range, children ĉan be encouraged to 
apply theory belore practice and actually to think*out the 
result before trying it; but this is a lesson in deductive 
reasoning, and represents the nascent beginnings of a loftier 
mode of "procedure than ordimary adults are accustomed to 
apply to their affairs. When asked to split 28 into four equal 
heaps, it is an application of pure theory to reraember that 4 
sevens are 28 and then to count out seven counters into each 
heap at once. The empirical modê would be a method of 
dealing out singly into four groups and then counting the 
result. It is easily done with ordinary playing cards, but 
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its ‘Value as training is much enhánced if theory is applied 
first. de 
If for instance 30 crs were given, to be dealt to four 
players, the residue that will not до round to be put in the 
middle of pool,ca decided effort is required ‘for a child to 
perceive that there will be two for the pool and sevar for 
each player; but if he could have time allowed htm so to 
think it out, and then to make the experiment, he would be 
conscisus that his powers were déveloping, and he would in 
reality фе introduted to the fst beginnings of & mode of 
“comprehending nature вис}? as is in the higher stages reserved 
‚ for men of science,—using the term science in its most com- 
prehensive signification. 
it is very often a mistake‘for teachers to suppose that some 
things are easy and other things are hard; it all depends on 
the way they, are presented and оп the stage at which they 
are introduced. To ascend to the first floor cof д house is 
difficult if no staircase is provided, but with a proper staircase 
if only neels a little patience to ascend to“the roof. The 
same sort of steps аге met with all the way, only there aré 
тосе of them. То people who live habitually on the third 
floof it is indeed sometimes easier to go on to the roof than 
to descend into the basement. Educators shold see that they 
do not forcibly drive children in shoals up an unfinished or ill- 
‚ made stairway, which only the athletic ones can climb. Tt is 
extremely difficult in familiar subjects not to go too fast. The 
effort sometimes results in a process of going too slowly, which 
is wearisome and ‘depressing and the worse fault of the two. 


Extension or Application of the idea of number to 
measuring continwous quantity. —' iis 

So far we have been employing number to count discrete 
objects, and to perform simple operations of addition, and 
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the like, among them. їз now appropriate to introduce 
the idea gf multiples of a unit, so hat one thing can be twice , 
as long or twice as heavy es another, without being in another 
sense “two” at all. The lines on ruled paper enable one 
easily to draw*acrossethem a line twice ‘or three tifhes or віх: 
times gs long as another. So also letter-scales can be used to 
show that a penny is twice as heavy as a half-penny, that a 
half-crown weighs how many sixpences, and the like. 

Given a footrule they cin measure the size ‘of fufhiture, 
or of books. Given a few office weights they can mgke very 
rough estimates of the weights of "things that have or might” 


have to go by poste e 


It is desirable not to dwell on these things at this stage, 
but simply to accustom a child *o recognise a rod 6 inches 
long, andesuch like, and to see instinetively and without 
formulas or expression that дитфег may be applied to con- 
tinuous mpgnide by the device of œ unit of measurement, 
Adults may realise that there is a real gep here, by remem" 
bering that if they were set to express the strength of an 
Wlectric current, or the electric pressure on a main, or the 
strength of a magnet, numerically, they would be nonplus¢ed, 
unless they knew something aboyt the units which within a 
generation or tivo have been introduced for the purpose,— 
the ampere, the volt, and the line of force ; во that nowadays 
the British workman is able to speak familiarly of an electric , 
current of so many amperes—(sometimes pronounced 
“hampers”). There is nothihg really numerical about the 
length of a table or the height of a оог or the weight of 
a sack or the brightness of a lamp er the warmth of a 
room or ghe length of a дау; and its numerical expression 
will depend entirely upon what conventional unit is em- 
ployed, and may vary in different countries accordingly. 
* Do not assume therefore that a child is stupid to whom 
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an application of arithmetic to weighing and measuring is 
, not, obvious. 
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Introduction of thecidea of fractions 


In the game way theddea of fractions can naturally occur ; 
a halfpenny and a half осе and a half inch being fairly easy 
examples: but not the easiest. There can be no doubt that 
just as pumbering ought not to begin with continuous quantity 
but with discrete okjects, so fractipns should be first displayed 
as actually cut and broken things. 
The proper fractions to begin with‘are halves and quarters 
“and eighths; and apples do admirably for that. Oranges 
suggest further modes of subdivision, except that the removal 
of the peel may constitute an unexpressed but felt complication. 
Folding of a ribbon or paper easily leads to thirds and any 
other feaction§ wanted. Any child can be sent to cut off a 
quarter of a yard, qr a yard and a half, or eyen a ‘Toot ‘and 
thtee quarters, of tape. But again do not be surprised if this 
last mode of specification is found occasienally puzzling: it is, 
of the nature of a problem, and requires time. The ‘form of 
difficulty which may propefly occur to some children is “a half 
of what” or “three quarters of what”: and ifethey bring the 
foot and «ће 3 quarters all separate, i.e. if they cut the tape 
into four pieces altogether, that is very well for a beginning. 
* They should not be supervised or fidgeted during the solution 
of a problem. They cannot thipk if they are. These expres- 
sions, 6 miles and, a half, ete., have a conyentional ring, to 
which we have grown“ thoroughly accustomed, but they are 
shorthand terms not really fully expressive: it might possibly 
ambiguously suggest+9 miles.* Р 
"The measure of time in half and quarter hours may also bé 


* Cf. George Meredith’s ** Rhoda Fleming," Chap. 3. 
Ec 


D 


are someyhat abstract. The divisions on a foot rule or metre , 
scale are easier, and for further progress are indeed the easiest 
illustration to be borne in mind. Afterwards, the halfpenny, 
the halfcrown, the halfsovereign, eto., and she othfr fractions } 
of money may be brought in, whenever they appear to be 
natural? 
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appealed to as illustrative of fractions; but in this form thoy | 
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Practical hints for teathing the simple rules. + 


Simulfaneously with all his introduetfon of fresh. concep- 
tions, mechanical practice in operations with sgymbolisedenum* 
bers ean be proceeded with :— 


Addition. M i | 


Abouteaddition there is little to be said : the idea of paekets jd 
must bave made everything concerning the garrying-figure 
Pee M кы ^ OR » 
The principle being understood, it is ng only a question» of | 
practice in attaining quick and sure execution, as quick afd f 
"sure as it is worth while to aim at at this stage. , 
Addition of money is a useful acgomplishment, and sine® the 
packets into which it is to be made up are varied, it affords | 
good practice, volving a certain amount of constant thought | 
and care. It is wrong to try to force a child to acquire the 
facility of a bank clerk in adding up long columns : that will, 
come in due time and is quite a useful faculty : it is clearly a 


_ thing o acquire in commercial schools, but not while still 
young and receptive. * 


It is well to begin thus : 
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where the packets to be carried forward are complete. Then 


„change the 3 into a 4 or 5 and get 1 or 2 pence over; then 


change the 15 into 16 or ¥7 and gef some shillings over, and 
so on, gradually. Always begin with what illustrates the procedure 
in the simplest forn? and gradually complicate it. 

There is one remark «about addition worth making: ‘In 
adding say 43+ 8, some beginners are told to bethink them- 
selves that 3+8 = 11, and so arrive at the digit 1 of the 
result ; while others are told to think of the sum as 43 4 7+1, 
stepping өп to the intermediate stage of the complete packet 
én route to 51; ‹ 

s eg. TI+9 = TT +3+6=80+6=86. 


Pórhaps it is permissible ta‘introduce this aid as a temporary 
measure, but ultimately addition ought to proceed by instinct 
and without thought. , It is a mechanical process, and a bank 
clerk who stopped to think, while adding, would be дае to, 
nfake a mistake. fo. « E 
e 


" 
е z à 
Subtraction. E 
€ D 
There appears to be no doubt now but that the “shop 
method” of subtraction is the handiest and quickest: it may 
as well, therefore, be acquired almost from the first. 


ТЮШ Three and, four make seven. 
13 One and two make 3. к 
24 Put down the figures în black type. 


Verify by adding 13 to 24. Таке another example: 


m Eight and six make fourteen. 
ER Nine and one and seven make seventeen. 


76 
T do not think that children need find this method hard or 
L.E.M. B t $ 
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» unnatural, but practice will be needed before going on to 
money stuns, such as: ` e 
2 jb S Ф 
"n ; п. 
17. 6,11 Four and seven make 


11. 8. 4 * Eight and eightetn make 26 
^35 18. 7 12 and 5 malg*17. 
,- 18. 


Verify by addition of the two lower lines. Gft the children 
never to pass and hand in ө result as finished unless they have 
taken*pains to assure themselves that it gs right, This doos 
not mean that they are not to hand in a confessedlyenfinished 
sum if they find they caħnot do it without help. 2 


Multiplication. Й 


At good Kindergarten schools, a step beyond the first in 
multiplication is often introduced by some such questions as 
this : › & Ё 

Howmany stamps Will three children bhve if each has 14" 

They first ald 14 three times, and they are gllowed tosdo 
? that till they find if quicker to use the, phrase “ three times,” 

which, 1 they know the multiplication table, they’ can hgrdly 

help doing in the process of adding ; and so they geteto bo 
ablê to give the answer «3 times #4” instantly, without 
necessarily having had time to realise what thee operation 
would result in when executed. This 
answer is to be encouraged. °» 
In éntering upon multiplieation, employ a single digit as 
one factor, and do it first as an addition sum, eg. ; 
142 8 
142 
5 ; 142 , 
2. 142 
142 
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them proceed 3 * 
i: £. 8. $. 
D 142 13 r ә (19500. 8 ч 
. 5 б a ER me 
Tl „867 1000 rene 
doing this latter also by*addition first : es 
b k: в. 4. = 
195251 5:48. 
E 12157-6 
Чате б . 
H . 19.2.15: 76 
i 49.10. 0° 


"but it is well to lead up to the last type of sum by simple 
cases first, eg. 4x 2/6 = 10/8; 4x5/-= £1; 4х7/6 = 30/- 
= £l 10/-; 4x3d.=1/-; 4х1/3 =5/-; 4x10¢ = £2; 
4x 11/3 = £2. бв, АРА © 

Do rt hurry. If the child ‘can be allowed timg to,see, 
a*connexion between, the three last statements, or the Tka 
somuch the better. “The value of these trifle$ is when they 
are discovered; thereeis hardly any virtue in them if they® „ 
are pointed out, and опе at all if they are laboriously 
emphasised. If they are not glimpsed let them pass. We 
all of us doubtless miss discoveries, most days, for lack of 
attention ‘and insight. 

Next comes multiplication улы two digits: first by numbers 
"like 10, 20, 70, ete. ® 

Multiplying by ten means making every unit into а packet, 
every packet into aeset of packets, and so оп, 

Wherefore в 


0|1|3| 4] when multiplied by ten becomes [1 [3 1910, К 


the 1 being shifted into the empty compartment, and every е 
other digit likewise moved; the unit box, or box for single 
counters, being left empty. 
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If we multiply by 20, "the shift takes place similarly, and 
also every digit is doubled, yielding 2680. 

So powstayt multiplying a number like 53 by 20, getting 1060. ' 

Then а number with a carrying figuye from the units place, ” 


m EAT ae 940; 0° с 
then one involving two carryings, like 

57 x 20 = 1140, Ў 
and so on. 


Next take multiplication by a number like 23. Tet it be 
realised once more that 231s short for 2Û +3, so that it may 
be felt to be natural to,multiply by 20 and by 3 successively 
and add the results, which is what we do. At first let it be. 
worked in this way ; for instance, to find 

824 x 23 
8 = 20 х 824 or 16480 
a and 3x824 or, 2472 А 
w» v» ” added fogether make» 18952 


р ` А gem 
but gradually. get it abbreviated into the'usual form 
D 824 0 i 
á 5 28» | 
1648 . » 
2472 ‘ 
: 18952 ` 
without necessarily putting in the cipher after the digit 8. 
There appears to be no doubt now that it is best in mul. 
tiplicagion to begin with the most important figure, so that 
sums look thus : 


» 


173 173°» 768 
56 156 » > 107 

* 865 1 T3 168 
> 1038 865 5376 
9688 1038 82176 


26988 
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a trivial matter to all ‘appearance, bit helpful in later stages, — « 
and therefore better practised from the first. e 
[In my opinion it is thoroughly unwise to reverse the digits — , 
* of any factor before „multiplying with them, though some ' 
teachers ofimmertse experience think otherwise.) 
Multiplication of thoney, at least of English money is ‹ 
more difficult of course, because, in the specification offmoney, 
seales of notation are so mingled; thus, depicting the com- 


partments and labelling them wher necessary : F 
e 


at the double line the вса1е,Ф changed from ten to a dozen, 
and at the treble line it is changed again from ten toa score, 
So if we have to double this gum, even doubling itds com- 


plicated, and results in « į ej qe ae 

*. fe. £871. . 10 « © : 
LA no one suppose that this is an easy process; for a child or 
anyone. ‹ Е, у 


Т» could in this case*be performed more easily by simple 
addition : 


*£ At 4. т 
• 435 . 11 . 11 ^ 
ш 435 . IT . 11 
z е 871.45 . 10 


but that is hardly applicable to larger factors. Nót only 
‘is doubling hard, ebut multiplying even by 10 is hard too. 
Take the amoynt £5.°17s. 11d. and multiply it by 10; it 
becomes the totally different-looking amount 


e 
£58: 19s. 2d. * c 
3 
Multiplying by 12 will of course turn all the pence int «t. 
shillings, and multiplying by 20 will turn shillings inf < 
А f 8 
банн, ws. маан 


tem, E je «e 
А Ё "Ne ee d 


D 


* 
» 


29 ~ EASY MATHEMATICS, ®" ? онд, 


ə pounds, but multiplying"by any other factor is hard,'and 
is probably best deferred for the present. Е 
If multiplication of money by a,ntmber like 23 is wanted, 
not only must the 23 be divided into two parts 204-3, and " 
the multiplication dene separately as usual, but it i» generally 
needful to resolve the 20 into two,parts also, say 104-10, 

and theh add the three results together. 4 

If however multiplication by 24 were desired, it would 
be possible to split it into*two factors 8x 3, and to multiply 
first by One and then the "sult by the"other, without any 
addition of results; but there is” great danger of confusiort 
here, and there are plenty of what are considered and are, 
really “higher” parts of arithmetic which are much easier 
than this. Low class or unskilled labour is not necessarily 
easy: itemay in some cases be terribly laborious, like un- 
loading, a ship. Another way of multiplying by 20 is to 
Split, up,20 into the two factors 2 x 10 or 4x 5 and ‘employ 
them successively. In that case the result of multiplying 
by 23 is ultimately obtained by multiplying othe original 
*sum by 2, the result by 10, the original sum by 3, and then 
adding the last two results. p» 4 D 

The fact is that with money specified in the customary 
English way, the only operations that can comfortably be 
performed on it are addition and subtraction, and ‘these are 
the only really frequent Operations in practice. 

To apply multiplication and “division 16 is best to express 
the money differently, in fact to decimalise it before commenc- 
ing operations. This will be explained tater (Chap. VIL) - 
though of course to most teachers it is a procass already well 
known. „I ingeniously evades the difficulties caused by our 
eurrency, and converts its treatment into almost a worthy 
intellectual exercise, d 
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Division. 5 


First take simple sums to introduce the notation, such as 
9 © ч € 
be or 2127 = 3. Р 
Te ‹ 
« © A 
Let it be realised also that T = ud that 3x7 = 21° 
с 
There ате ‘а multitude of interesting things to be learnt 
before Jong about factors, and сгегіа for division, etc., but 
not yet; let the child learn how to perform the process on 
numbers*of which he knows no factors. But at first do not 


trouble him with remainders: let him at first be given simple 


“sums that divide out completely. 


Thus we can tackle such sums as 


7 [491086 , which should be 2 Men СООЗ "10148. 
HOLS oen 1 


„ The ‘treatment of remainders is a for мра бу NE 
“Jt is well to giye the complementary sum 7x 70148, 
efpecially sizce the teacher will thus have but fittle trouble in 
checking results—at deast until the child finds out the dodge* 
—ae discovery which Їз to be encouraged like all other 
disedyeries. 

At good Kindergarten сой, a step beyônd the first in 
division *is often introduced by some such plan as the 
e following : 

To prove that 0624 = 24! 

Take nine bundles and six Sticks over, deal out into four 
places, two bundfes ip each place; and then deal sixteen 
sticks, four into each place, giving the result 24. And so on 
with other numbers. € 

As soon as short division is thoroüghly understood, long 
division may introduce itself as an assistance when more 
difficult divisors are involved; for instance 988 + 19. This 
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being difficult to do by short division, Where ће multiplica- 
tion апа subtraction have to be done in one’s head, it is 
permitted" to write the operations’ down, at first both of them, 
thus: ® S е 

^ œ» 19)988(5 % 

95 

i 3 ^ 
Afterwards, perhaps, only the result of them,” 3, which in 
short division would likewise not appear, nothing but the 
quotient being written in ghort division, Long division is 
therefore not harder than short division, but easier® it is the, 
identical process, only written out more fully, so as to be 


» 


D 
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applicable to harder sums. It is the largeness of the figures ° 


dealt with that makes it hard. E ` 
For long division it appears tò be felt that by aid of the 
shop system of subtraction there is no undue strain on the 
brain by the use of the abbreviated method. —" D 
I ‘would haye it urtlerstood however that long division 
sums are among the moderately hard tlfings of life, and that 
Mathematicians seldom trouble themselves to do them. They 
can be deferred until many other things have beere done and 
some familiarity with figures acquired. It is a gymnastic 
exercise to perfprm even so simple a long division sum as the 
following, and ifattempted too early will involve strain. 
12) 5286456 (73423 r 
246 , a 
М 304 
165 
216 o 


This is the process : T $ 


Sevens,in 521 guess 7 times and write 7 as the first digit in 
the quotient, then 7x2 = 14, to Which add 4 to make 18. 
Seven sevens = 49, say 50, to which add 2 to make 52; 
record only the figures here printed in black type; bring 
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down the rest of the dividend 6456 or as much of it as is 
wanted; only 6 is wanted so far, and we guess,2 for the 
next digit in the quotiénf. Three- times 2 and 0 make 6, 
three times 7 and 3, make 24. Bring down more of the 
dividend, сау 456, of at least 4, and guess 4 for the next 
digit. СА 1 
, 4x2 = В and six are 14. © 
4x7 = 28, say 29, and 1 are 30. 

Bring down the 5, and guess 2‘for the next digit, of the 
quotient; twice 2 + 4 and 1 = 9f etc., and then findlly bring 
down, 6, and it goes 3 times'exaetly. | 

If the sum is neatly done the corresponding places are 
vertically under each other, a detail of appearance emphasised 
by the presence of a decimal, fieint. 


Let the result be written * 
т «5986456 D 
° d та 73423. } кыл 


A с 
“Do not forget to sat also the complementary ‘sum р 
4 ‹ 7273493, 
It will be well algo to set the exercise whose result is 
598645 © 
se = 72, as a separate sum. 
Tf the connexion is automatically noticed, itis well; it will 
prepare fhe mind for the later-on extremely important and 


constantly occurring connected relations, 
) ; 


if} = then ® e û, and be = a, Yi 

but refrain from ‘using this abstract language at present. 
Watch for the gime when it can without strain be naturally 
introduced. It is a great help when that step is «cached, 
and it represents a vital stage of real mental progress. The- 
mind should be soaked with particular instances however 
before generalisations can be usefully and permanently grasped. 

. 
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Division of money is of course difficult, even when the 


divisor issa small number, becayse of our complex system | 
of notgtion, ynless the money is first expressed in decimal 1 


form. 4 
To divide by 23 moreover it is not corfect to*divide by 
30 àrd then by 3 and add the results, as it was with mul- 
tiplication, А long-division sum is necessary, and that is no 
joke with money as usually specified. Division by 24 can 
indeedsbo done in two stages, by help of its factors 3 and 8 
consecutively applied, but''that only masks the , essential 
difficulty by a device applicable only to special cases. > ° 
My object in introducing these remarks about complex » 
money-sums here (and the same thing applies to weights and 
measures sums) is to urge that ‘they really belong to a later 
stage, and to beg teachers to defer them beyond the early 
years at which they are too often introduced. For their 
premature enlployment, has often resulted, in giving children 
an effecttial and lifelong disgust with what they have docilely 
conceived to Be arithmetie; whereas much of what they Һай 


^to do was really a mechanical and overstraining grind, having 


as much relation to mathematies as "carrying heavy hod of 
bricks all day upa ladder has tosarchitecture. 


Origin of the symbols. D 

It is amusing to speculate on the probable origin of the. 
symbols for the digits. It appears likely that if a single 
horizontal stroke meant 1, a Uouble horizontal stroke hastily 
drawn would give Z or something like a 2 

It is less easy to make a sort of 3 ous of thrse such strokes, 
but it isspossible. 
» The symbol for fouf would seem to be representative of a 
four-sided figure or badly drawn square, Hr , and the figure 
8 was probably originally a pair of such squares B. 

> 
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But at this stage it appears likely that some skilled person 
took pains to design digit, symbols of distinctive «form by 


* combination of a stroke’ apd a semi-circle, making a set like 
ENSE 
this : 


4 LI 
e. LI 
por Sra A as Pos men M 
and that the, notion of the value of “place” was a develop- 
ment from the further stages of this mode of representation. * 
So also it is believed that the Roman symbol X for ten was 
the resulġ of counting by strokes and crossing off every tenth 
"stroke, thus: р T : 
, FELT BL B АУ, 


а practice not unknown among workmen to this day. 

Two such crosses would naturally mean 20, ete., while half 
& cross or V could conveniently be used to denote 5. 

It has been suggésted that the rounded M for 1000, 9, 
sometimes inscribed CIO, if halved, would give the D for 5007 
ара that a square б for 100, if halved, would frrnish an L for 
50; but this may be fanciful. The symbol 001090 was used, « 
it is said, for 100,000, and 00010909 for a million. 


" 
Ж The above however isnot history. The real históry of the symbols 
is complex, and stages of it are given in Dr. Isaac Tajlor's learned work 
on the ARES especially Vol. II. pp. 263 e р 
Tt appears that oür digit symbols originated in India, and that several 
^ of them, especially 7, represent a corruption of the initial letters of the 
words previously employed to denote the numbers. 8 
“They were introduced by the АгыЬв into Spain, from whence during 
the 12th and 13th centuries they spread over Europe, not, however, 
Without considerable $pposition. The bankers of Florence, for example, 
were forbidden, j 1209, 4o use them in their transactions, and the 
Statutes of the Üniversity of Padua ordain that the stationer should 
keep a list of the books for sale with the prices marked ‘ not фу ciphers 
but in plain letters’, . . . Tifeir use was at first confined to mathema-_ 
tical works, they were then employed for the paging of books, and it 
Was not till the 15th century that their use became general.” 
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Further considerations toncerning the Arabic system 
of notation, and extension of' it to express 
‚ fractions. + "EN 


. 
HAVING become acquainted with the fundamental plan of « 
the system of notation in use, and the mode of expressing 
any whole number of things bya combination of ten digits 
arranged in places of different value, not all places necessaril ly 
occupied—that is, by means of nine significant, digits and a 
eipher to»exp/ess emptiness in whatever place emptiness may 
oecur,—it is pekmissible to elaborate it firther, with a littfe 
repetition occasionally. э; 7 
> 7 At the beginning of each chapter there is liable to,be a little 
repetition of something that has already been explained, but 
in a slightly different form. 'Bhis amount of repetition is 
purposely introdjiced and is useful : it is intended to link the 
new knowledge on with the old. A new subject should not 
be introduced as if it belonged to a perfecgly distinct region of « 
thought; its connexion with what is known should be indicated, 
and sufficient of the old should be reproduced to make the 
connexion secure. Repetition of a jugieiotis kind is by no 
means а thing to be avoided, though i? is eas to overdo it; 
„ and in every way the best kind of, repetition is that which 
yepeats the old idea іп a different form of words, or which. 
looks at something already known from a new aspect. 
The beginnings of each new chapter should be easy, and the 
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oe 
steps to higher flights should be regular and moderate, like a 


staircase. e 
Now we know that l 364 means usually that there 
are З packets of a hundred things each 


© no«packets of tens and <“ 

4 single things, ‹ 
but the *ten-system," though.customary, is not an essential 
part of this plan of notation. 

40 and 4/- are both constructed | essentially on this plan, both 

aro undqrstood to Signify 4 . packets and no odd units, though 
“the number in the packets is not the same in the two cases. 
(44. — signifies again 4 of another variety of packet. 

Three d m and six pennies may be written either 3/6 or 
42 pence. It would haye«been far more convenient if the 
human race had agreed to reckon everything in dozens, and so 
to express this number by theedigits 3 6 instead of by the 
digits 42 ; but as they have in early semi-savage Gimes arranged 
otherwise, we mus& now make the best of iv. The general 
iflea is the same, only that whereas in ordinary life things are 
commonly and convexiently reckoned by dozens, it is customary 
in «rithmetic to reckon‘ by packets of ten, the symbols being 
called digits because. they ased to be reckoned by aetual 
fingers: which by some simple persons are sp employed still. 
Thus whereas 7/6 is understood to mean seven dozen and six 
pence, it is customary to mean by 76, seven packets of ten and 
six units over; that is to say, if the units were pennies, the 
same as 6/4. So also, instead ОЁ grouping dozens into a gross, 
as in ordinary lif&, in arithmetic we group tens into a large 
packet of ten tens, which we denote by 100. The symbol 346, 
therefore signifies six single units, 4 packets of ten each, and 3 
packets of a hundred each. If there ‘are as many as ten setr 
of 100, they are to be specified by 1000, and so on, as 
ordinarily learnt. 
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This system of notation extends as far as we like to the left 


of the unifs place, and if six empty boxes follow the digit 1, ^ 


it means a mjllion. But*we migh Suppose boxes added to 
the right of the units place; can we fipd any use for them f 
Let us mark the unit box by a double line nearly rêund it, so 
that^iw a long row = 

LI 
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there need be no hesitatioh* about whiclf is the unit box; 
then put the digit unity into each box. In the unit box it 
means one of some thing, in the next box on the left it means 
one packet of ten of those same things, and so on ; each digit 
to the left having ten times the &alue of the one immediately 
on the right. If this convention were exteaded to the box 
on the .right hand of the units place, the 1, there would 
signify the testh part of a unit, and a 1 in the next box on 
the right-svouldssignify the tenth of a tenth, and so on. 

For we know that not only can we group thisgs togethér 
anto an aggregate, itis possible also toscut them up, or split 
them into fractions, з ө 

Thus the things counted шау, һе bags of money, and each 
bag may be known to contain or to be worth 100 sovereigns. 
In that case the figure 6 might signify six bags, and*so stand 
for 600 sovereigns. And each sovereign might be called a 
fraction of the contents of a bag, viz., a hundredth part. But 
in some of the bags the valut might be made up with ten 
pound notes, and each of them would likewise be fractions of 
the contents of a bag, viz., the tenth раф. p 

Three „such notes may therefore be specified either as 


> o8 ten pound notes 
ог 30° pounds value 
or three tenths or °3 of the value of a bag ; 
A 3 
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the “stop or mark or point being {introduced whenever it is 
, necessary for clearness. Any mark will do. In foreign 
countries a comma is cémmonly used, whereas we use а dot 
* placed about the middle of the figure. In early daysa| — 
mark of tis kindewas used. Thus 346 |57 used to be written 
where we should now wfite 346-57, or a Frenchman 346,57,the 
digits 5 7 being partitioned off to signify that they répresent 
fractional parts of objects or units; the digit 6 refers to whole 
objects or units, the digit 4 to packets of ten, the figit 5 
to fractigns of onettenth, and th® digit 7 to one-ténth part 
‘of tenths, that is to say, ‘it signifigs seven hundredths of 
‚а unit. 

Suppose, for instance, the unit was a bag of sovereigns, as 
above specified, then the nuriber written 34657 or 346[57 or 
346:57 would mean 346 complete bags of a hundred pounds 
each, with 5 ten pownd notes and 7 sovereigns loose. The 
money ‘specified would be equal in value to. тен -e ws 
d 


e 


Р 3465-7 ten pound notes a 
Or to 34657: sovereigns © 
« orto — 94:657 thousand pound notes 
or to ‘034657 million pound notes, 
е 


the position of the figures being changed according to the 
unit inténded, and the dot or other mark being used to 
„ signify where whole numbers end and fractions begin. 

The position of the above numbers relative to each other 
is constant, viz. the order 3, 4, 6, 5, 7; but their absolute 
position, or positién relative to the unit place, is different in 
the different cases, and is specified by the dot, which is always 
and invariably placed after the units digit whenever it is 
inserted at all. It is not ‘always necessary to insert it. For, 
instance the number 3 might be written more completely and 
equally well 3: or 3:0 or 3:000, in which case it definitely 
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signifies 3 units of something, and the O would indicaté the 
fact thas there was no fraction to be attended to. If the 
dot is, placed thus 30*»it would mean 3 packets of ten 
units; if placed thus 300 it means three groups of ten 
packets each ; and any digit placed after thedot thas -3 means 
a ftaetion, viz. three-tenths of a unit. Whereas if a digit 
occurs 2 places to the right of the doty as “03, ip means three 
hundredths of a unit; as for instance 3 sovereigns would be 
3 hundredths or 03 of a bag in the above example, or “3 of 
aten-potind note. 8йайагї a florin is ohe-tenth of а pound 
ог £0-. Again it is the hundredth, or ‘01, of a ten-pound 
note. 

This use of the dot is only a matter of nomenclature, and 
its importance lies in its simplfoity and convenience. İt is f 
always possible to write "03 as 43; if we please, just as it 
is possible to denote 1864 by amccorxiv if we like; but 
åt is pot so sinple. — , 3 М Р 

It may be ds well to observe that ajthough there is fo 
numerical difference, between 6 feet and 6:00 feat, there isa 
practical and convenient difference wf signification. In 
practice 6 feet would mean something approximately the 
height of a man, whereas 6:00 feet would be understood to 
signify either that you had measured ^ length accurately to 
the hundredth of a foot or something like the tenth of an 
inch, and found no fraction; or else thgt you wished some-, 
thing t9 be made to that amount of accuracy. 

Another way of reading the symbol “03 is three per cent., 
or three divided by one hundred. Sg al five per cent. is 
‘05; twenty per cent. is 20; seventy-four per cent. is “74, 
and so oa. 

» In the case of twenty per cent. it may obviously be written 
9 or Ê or $. So also ‘5 being 5-tenths or 50 per cent. is the 
same as } ; and one-half is often the neatest way of speaking 
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of it ‘ind writing it. Again twenty-ffve per cent., or °25, is the 
same as j, being 25-hundredths ; and ‘195 ог 125-thavsandths 
‘is the same thing as f., Sometimes one specification is 
* handiest, sometimes thg Яе 

Unfortunately it is not very easy to denote either } or Por 
3 in any other very convünient way on our decimal system‘ of 
notation, as it would have been if we had arranged to ‘reckon 
in dozens. 

One-third of 1/6 is easy enough, being sixpence, ,while 
two-thirds is 1/0: But one-third" БЇ 16 is an incoftvenient 
tambar to write in the ordinary notation. It is Af, that is 
16 divided by 3, that is 5333333... without end, as you find 
by simple division. 

So'also $ of 16 is 10°6666..% 

These are called repeating or circulating decimals, and 
their frequent осештерсе in ordipary transactions is caused 
by our ünfortunate, custom of reckonipg in terts instead, of „ 
in*dozens A simpig circulating decimal always be 
intfrpreted aseso many ninths: thus whereas 3m 3 w 
7533... means 3 ninthsg which is the equivalent of one-third ; 
"6666ж. means 6 ninths, dnd so on. 


A third offen is 3-338... , 
P A sixth of беп is 1666... ~ 
Two-thirds of ten is 6:666... 


апа even other fractions are not very convenient. Р 
e 
Thus а арагїег of ten is 25 
an eighth of ten is 1:25 


% sixteenth of ten is -625 
three-quarters of ten is t5 


and the only simple things to specify are } of ten, which is 
not often wanted, viz. 2, and ы jus of ten, атыс is 5 


L.E.M, 
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This may be contrasted with the convenience of reckoning 


in dozens : © а - 
> * athird" of & dozen is 4 
» asixth of a doJen is 2 " 
2 two-thirds of a dpzen i$ 8 
Е a quarter of a болеп is 3 
half a dozen "386° 
three-quarters of a dozen is 9 
NE an eighth,, of a dozenis 1} 
a sixteenth of a dozen is }. > 


> 

Circulating decimals would not be avoided by the dua- 
decimal notation, but they would be rarer, for they would 
then in the simplest possible %ases signify fifths or sevenths 
or elevenths, which are not the commonest fractions to come 
across in practice. B » a 

ДЬ should be remarked that in actual practice circulating 
decimais only occur in the translation gê numerical fractions р 
and then the decimals always either terminate ar recur : bt in 
real concrete measurement, or subdivisien of continuous magni- 
tude, circulating decimals never осет, because such a spacifica- 
tion would signify an infinite agcuracy, which is impossible. 

In all practical cases measurements can only be accurate 
to a certain number of significant. figures, „and thotgh it may 
once in a lifetime happen that these figures are all the same 
by accident—as for instance 4-4444—it cannot matter in the 
end whether the last figuré is 3 or 5 or even some other 
digit. When the figures have expressed the actually attained 
accuracy, all subsequent ones are superfluows and even mis- 
leading, because they pretend to an amount of accuracy not 
really attained. Y 

For this reason the doctrine of cireulating decimals belongs 
rather to pure than to applied mathematics. 
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In “the duodecimal system the ordinary fractions would be 

denoted as follows : % 
aAa ү 2 . ‹ 

2 ч 5 . 
= 5497 or approximately “25 
= 2 
= 86:35 
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12497 or approximately 125 
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twolve 


Once we have realised the «fdvantages of what is known as 
the duodecimal system, it is painful to have to return and 
use the decimal,notation. о 

Nevertheless & change from one to the other whuld aecessi- o 
tatê the uprooting 6f too deep-seated traditibys. *Among 
othfr things ét would alter the multipljation table, that 
necessary but laboriousething to learn In teaching children 
it should be realised by the teacher that the multiplication 
table is hard and tedious, and too much should not be ex- 
pected of them ; but for convenience of life it ў one of those 
things that it is best to know thoroughly, and it is useful as 
а matter of discipline. elts rational basis should be understood, 
and experiment should be encouraged in the first instance to 
find out what, say, four sixes or seven nines are. It is fairly 
easy to see that fout sixes will make two dozen, it is not so 
easy to see thatethey will make two packets of ten and four 
over, but, the fact having been ascertained, it should be learnt 
that four sixes are 24, or four times six are 24—either way, e 
whichever happens to be asked, but not both ways at the 


same time so as to spoil the rhythm. 
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Similarly it ean be asfertained that “tive sixpences amount 
to halta;crown or 2/6; but that five sixes are 30, that is 
they just make three paekets of ten." 2 

It is a serious addition to the wogk of childhood in this 
country that? they have to learn virtually two distinct multi- 
plication tables, viz. the duodecighl pence table and the 
decimdl or ordinary numerical tabla Therg is plenty of 
scope for discipline in these things, and so if it is possible to 
relieve the tedium in other places it is permissible. 

The extent of multipltàtion table tû be learnt is merely 
a matter of convénience, and % is handy to learn beyond 
12 times 12. Especially is 16 convenient to remember that 

13x13 


= 169 17x17 = 289 
14x14 = 196 ә, 18х18 = 324 * 
15x15 = 295 19x19 — 361 
16x16 = 356 20 x 20 = 400 


Also that 9 x 16 = 12x12 = 144 = 1 gross, 2 E 
ў [The , square numbers may with adyantage be. specisily 
emphasised >l, 4, 9, 16, 25, 36, and so én ; and it is easy also 
„ ав an exercise to ascertain and remember the powers of 9, 
especially that 32 is the fifth power.of 2: they are 
2, 4, 8, 16, 32, 64, 138, 256, 512, 1024, ete., 
the last written being the 10th power. 
A few of thé powers of 3 are also handy. 
3, 9, 27, 81, 243, 129. 
The cubes or third powers of the simple numbers are useful. 


› 


т 9 ques Cube of 7 = 343 
2x2x2-2 8 » 8 = 512 
3x3x3 = 27 & , 9= 729 
Cubeof4 = 64 "3, 19-1000 
2^7. 5-195 s- 11 = 1381 
O 2 516 » 12 = 1798 


All this is to be arrived at merely by simple multiplication, 
and the phrase cube number need not yet be used.] 
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. Further consideration of Divisien, and introduction of 
Vulgar Fractions. се a 


e JUST as*Multiplication is tumulative addition, so Division 
may be regarded as cumulative subtraction. Thus, for instance, 
when we say that 7 will go in 56 eight times, we mean that it 
can We'subtracted from 56 eight times. From 59 it can like- 
wise be subtracted eight times, but there will be 3 over. 
This is the meaning of gemainders. j 

To divide £748. 6s. 11d. by £320. 2s. 4d. we can prgceed if 
wé like by subtraetfon—it happens indeed to be the. easiest 
way,—and haying subtracted it twice, we find tlfat that is all 
we can do, and that there is £108. 2s. 3d over. So we say 
that фе sthaller sum gees twice in the bigger one, and 
leaves a certain remainder. < e 

In general however if is more customary to regard division 
as the inverse of multiplication ; and, so regarded, it leads 
straight to fractions and to factors. Thus the fact that 3 
multiplied by 4 equas 12, (3 x 4 = 12), may be equally well 


12 
expressed by saying that 12 divided by 3 equals 4, G = 2) 
+ 9. 
or that 12 divided by 4equals 3, (т = 3), or that 3 and 4 
. 


are corresponding factors of 12. Similarly 2 and 6 are other 
corresponding factors, since 12+6 = 2айа 12-2 = 6. 

A number like 144, or one gross, has a large number of 
factors. It is a good easy problem-exercise to suggest to a 
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е child to find them all. * They аге 2, Зер 6, 8, 9, 12, 16, 18, 
24, 36,48, 72. The factors of „1728 are of course still more 
numerous. And even éhe numbgr 60 has a fair number ої | 
+ factors, viz. 2, 3, 4, 5, 6, 10, 12, 15, 20, 30. These may be 
contrasted With tke poor show of factors exhibited by 100, 
vèz.»2, 4, 5, 10, 20, 25, 50. Ay 
Chifdren can readily be set to findsthe factors of numbers, 
and will thus incidentally be doing many simple division sums. 
Their attention must hot however be too exclusively, i.e. 
for toot long together, difécted to integer or whole number 
factors; they must be prepared’ to write down the result of 
division when it is not a whole number, but a fraction, or a 
whole number plus a fraction. Thus 144 for instance will be | 
found to be 28 and four over? the meaning of which should 
be carefully explained, being first thoroughly understood and 


^ 


led up to by the teacher. , > : 
» To зай up to it, it may be pointed out that just as 
28 oranges = 20 oranges + 8 skanges d 
во 28 half oranges = 90 half oranges + 8 half oranges 
^ and 28 halves = 20 halves +8 Halves К, 
and 28 quarters = 20 quarters 8 quarters ; just a£ much 


as 28 farthings = 20 farthings +8 farthings. 
Now = 14, while 248 = 1044 = 14, 


Z 7, while а авз m, i 
1070р = 2+8 = 28, 
* „ but it is neater to write it ў 
- 5, pb = 545 - 56 
> 1 > 
я : : = 


е 
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$® now the child ghould realise that, since 144 = 140 + 4, so 
144 _ 14044, which indicates a division that can be done 
a ° and a division that cannot bé done. , The division that can be 
e done has the result 28; the division that cannot be done is 
4 + 5, andgit must be left, either in the form ef 4, or in the 
form 8; or ‘8. So the erhole result is expressible as 288. « 
Accordingly a better way of saying that 155 is 28 and four 
over, is to say that it equals 28 + $, or 28:8. 
To get it in the latter form direftly and easily, the original 
144 should be writfen 144-0, and then the sum will En 


e . 
А ш quite naturally. 


^ 


"Take another example, because the mind of a child is often 
sadly fogged about this elententary and important matter. 
81 1 _ 31-000... У 
SP i 1045 = gie dm 10 Pr 
& result found by simple division, a pfocess which in? thif'easé 
shows not the slightest sign of terminating Б goes on for 
ever. e 


ту. But in thus writing it the question should occur, How 
then would one write 7 х }1°апа why does not 7} mean seven 
halves, er seven multiplied by a half, or 3! It is a mere 
convention, and not a consistent one, that 73 shall signify 7+4 

.* and not 7x}, and some confusion is thereby caused. By no 
means need the practice be altered: children must learn to 
accommodate therpselves to existing practice, and must begin 
reform later in life if ever; but the teacher should realise that 
the simplicity ‘of 7} to him is only because he has got accus- 
tomed to it, that it is a cenfusing thing in reality, and that a 
child who is confused by it is likely to be the bright child and 
not the dull one. 


4 ti ty * 
ain %® = 7 and 1 qver, = Т +}, or as it is usually written 
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Expression of vulgar fractions as ‘decimals, 9 


There is nothing new to be learnt about expressing а 
vulgar fraction in the decimal notation, it is only a question 
of practice. "It is probable that beginpers will find no diffi- 


culty, but wifi simply divide out. If any difficulty i 

canbe met by some such initial treatyfient as the following : 

ИЕ same as? or З o £ or X 

2 + 6 8 10 

and each one of these may therefore be written -5, which means 

5 things in the tenths place or compartment devoted,to tenths, 
A florin for instance js the tenth part of the value of a 

sovereign, so 5 florins=} a Sovereign. 27:5 means 7 pounds 

+5 florins or £7. 105, or #74. 


1 2 
So al: nom Ка 
0 also Eas , ete, 


& 


80 to express,} in decimals we shall have to “put 2} in the 
tentlis place '; but it is not customary to place fractions theré, 
the $ is best 8 down as 5 in the next place to the right, as 
595. In that place 8 will mean yooths, and that is the same 
thing as 3 a tenth, viz, зу. D : 
So 1 of a ten pound note = £2. 10s, = #21 


p 


© 


s = £25 = 25 ten pound note, 
and generally 1 = 25. ^ З 
So also i-U51- 105, ete, 


The expression of any fraction as a decimal involves nothing 
more than simple division ; thus $ can be, written ready for 
operating 7|3:00000, and the quotient, Written, below, will be 
42857 ete. 

In this. particular instance however there happens to be no 
Simplification, so the Operation is hardly worth performing in 
that case, 


» 


D 1 „ 


D 


4 
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* 
To prove that 


*work thus: 


AS t © 
. У 6345-42. 


57-57 А Ц 
To find Sage we do ¢he simple division sum ec 
7 «8 3475-000 4 
434-375 
THEE А = 44375; ee = 434915, etd. 


Tt is not really necessary to Write it opt in the division form : 
simple division ean be performed on the fraction as it stands. 
In every case of writing decimal numbers one under the 
other, the rule is to keep «fhe column of decimal points 
vertieal; in other words, adhere to your system as to which 
is the units plage, which the tens place, and which the tenths, 
г throughout. " ‹ © e s 


A 
Extension of the term multiplication to fractions. 

The ordinary idea of multiplication involves the repetition of * 
the same thing several timés, as three times four, or seven nines. 

The adding of seven nines tegether is what is called multi- 
plying nine by seven. 

'The payment of four £5 notes is not called multiplying 
£5 by 4: but if a conjuror extracted ten apples out of a hat 
into which one had heen put, he might be said to,have 
multiplied it. $ 

So also seed corn*is multiplied into an ear; and thus the 
notion of increase is associated with the notion of multiplying. 
But it is best to dissociate the notion of increase from the 
notion of technical multiplication, and to be prepared to « 
multiply by 1 if need be, leaving it the same as before, or even 
by 4, leaving it smaller than before. This phrase < multiply 
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by a half” is not a simpl and natural One: it is a permissible 
extensio such as we constantly make in mathematics, when 
any operation that has been found, practically useful is applied" 
over the whole range within which it, is possible, and some-* 
times a long Way beyond where it appears possible a£ first sight. 
“Multiplication by } has some pofnts in common with the 
additién of a negative quantity ; it results in diminution, and 
it is a process that would not have occurred to us to do except 
as an extension of a straifhtforward process. To multiply by + 
} and t divide by 2 is pfécisely the same thing. Why not 
call it then dividing by 2% Wëll, we do very offen, but net 
always, and a beginner must be content to be told that it is 
useful to extend the nomenclature of operations in this way. 
We shall speak of multiplicati&g by 4 if we choose, whtn we 
mean division by 3. We shall occasionally speak of adding 
— 4 to a number when we really mean, taking 4 from it. We 
shall do any of these things when we have ‘good Yeason for 
doing sê, end»not otherwise. è 
Suppose we say that 2} sovereigns аге equivalent to 50з., 
we arrive at the result by multiplying 20 by 23, that is first 
by 2 and then by 1, and adding the separate т, It 
would be a nuisance to be obliged to say that we multiply 
20 by 2 and divide 20 by 2 and add the results, though it 


would be quite true. о 
The fact that the half of 20 is 10 may be written if we like, 
thus: 4 x 20 = 10; or, of course, 59 ог 20+2 = 10; к 


tof 24 = 8 may be written 1 x24 = 44 = 8; 

3 of у may be written 1x1 = p; 
and that the half of the third of an apple owribbon is a sixth 
of thesapple or ribbon is easily verified by experiment, An 
experiment need not always be performed; after a time it 
сап be vividly imagined, with advantages on the side of clear- 
ness of apprehension. 

У 
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“The natural word to use for taking the fraction of a thing e 
is the word “of,” like the, half of an orange or д. quarter of 
a pound or one-sixth of the revenue; and we shall gradually |. 
find that in all arithmetical cases the word “of” has to Бе 
interpreted as an instruction to perform*the operation denoted 
by x, that is to say, the operation we have been acctistomed 
to call multiplication Я 


Practical remarks оп the treatment of fractions. 

It so, happens ‘hat the multiplication of vulgar fractions 
is gasier than addition and subtraction, and so it may take 
precedence. One half of one quarter is one eighth: as can 
be found by concrete experiment, for instance on an apple, 
or by looking at the divisiofis on a 2-foot rule. 


1 Pw» qe 1 
$obi-i-ixi 
« © got 
A 
А ? то = 156 еа Se M 
1 у ааг, E LPS РҮ | т 2 
2 їо = ч; toii = озш; F085 Zr 


© Such а s&atement as the last must be, and is, led up to; 
and gradually the empirical rule сап be perceived, that ih 
mmltiplieation of fractions the numerators must be multiplied 
for the new numerator, andethe denominators must be multi- 
plied for the new denominator. n 

[But initial difficulties and confusion must be expected 
between this and, the addition of fractions. Thus, for 
instance : . 


This is set down here as a warning. 

The greatest difficulty in dealing with fractionseis felt as : 
long as they are abstract. “ of what?” is constantly er 
should constantly be asked by a child. In the above two 
sums the answer to this question would be different — 


e ‹ 


© 
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» In one it is 2 of a fraction, viz. $ of Y of a unit, such as a 
foot, that has to be found. In the other it is € of one foot 
», Which has to be added to £*of another.] A 
> Tt is convenient to ascertain and remember that 3+3 
[whereas 3 of Y = 45]; also that ttiz = ог1-@, 
Exercise, s, E 
Find the third plus half the third of eight. Tie answer is 
4, but the decimal notation confuses the matter : 
` $ of 8 is 26666... ond half this 141-333... 
во the sum is 3-9999..., that is 32 or 4. « 
So also a third +half a third of ten would seem troublesome, 
though it results simply in five. Buta third+ half a third of ' 
a dozen is simple enough, being 4+2 = 6. And always 
t=}. 


Division of fractions may be exhibited thus: + 
~“ Suppos8 we have to find what $ * $ amounts to, 
deus, a seven eighths = 
VENOUS ^ three fifths * 
_ Seven x five fortieths — 7x5 35 7 5. 
- threexeightiorüeths — 3x8 91 8*5 € 
wherefore instead of dividing by $, we find we may multiply 
by $. à . 

The idea underlying the above process is that things called 
eighths have to be divided by things called fifths, and that 
to make it possible they must be expressed in the same 
denomination, which in this case is fortieths, Thus we get 
the rule, invert the divisor and multiply. Or otherwise 
expressed: to divide by a number multiply byits reciprocal. 
Division by 4 is the same thing as multiplication by 2. The 

` symbol +4 is equivalent to the symbol x 4, 


E 
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Further considération and‘ éxtension of the idea of 
« subtraction. 9 


« Ir a man gains £21. 6s. 5d. and loses £15. 4s. 4d., his nett 
gain is found by subtraction, and is called the “difference,” viz. 
£6. 2s. 1d.; the total mone} which has changed hands being 
the “sum,” viz. £36. 108. 9d. А loss may be called a negative 
gain ; thus a gain of £10 minus £6, would mean a gain of 
£10 accompanied Љу a loss of £6, oy a nett positiva gain ef 
4. This leads ys to discriminate between itive and 
Hegative quantities; and to regard subtraction as negative 
addition., Subtracting a positive quantity is the same аё 
ad&ing an equal negative one. 

Geometrically it is sometimes convenient to discriminate 
between the journey 4 to B, or АВ, and the,journey B to A, 
or BA, just as a, French-English dictionary is not the same as 

an English-French dictionary. When expressed numerically 
a length 4B may be denoted by its value, say 3 inghes, or 
3 miles; and the reverse journey may be denoted by -3 
inches or —3 11118, because this when added to, or performed 
subsequently «0, the«direct journey, will neutralise it and 
leave the traveller where, he started. The two oppesite signs 
cancel each other in this sense, and the two quantities adde. 
together are said to amount to zero algebraically—that is 
when their signs are attended to, and as regards the end 
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result only; but the traveller will himself be conscious that 


although be is where he started from, he has really walked à 


6 miles; so that for somë purposes such quantities may be 
added, and they are then said to beo“arithmetically” or 
better “ numerically "added; for other purposes tly are to 
be “numerically subtracted,” or, as it 5s called, “algebraically 
added,” that is with their signs attended*to, and with “minus” 
neutralising an equal “plus,” 

Tf a height above sea level is reckoned, positive, a depth 
below may be reckoned negative; so that a well may be 
spoken of either as 60 fget below or as — 60 feet above the‘ 
sea level. " : 

The latter mode of specification sounds absurd, but one 
should gradually accustom one’s*self to it, for practical pur- 
poses later on. 

If children feel a difficulty.with these» negatiye quantities, 
as they have évery right to, they can be acgustomed to then 
gently, as arse to a motor car. Mathematicians found 
some difficulty with jhem once upon a time, so the difficulty 
is real, though like so many others it rapidly disappears by 
custom. Debts, return journeys, fall of thrown-up stofies, 
losings, apparent weights of balloons or of corks under water, 
dates of reckoning B.C., and many other things will serve as 
illustrations ; not, however, to be taken all a&onee ° 

Time is the one thing that never gges backwards; but , 
nevertheless intervals of time may be considered negative if 
they date back to a period antecedent to the era of reckoning. 
In a race, for instance, it would be an Ordinary handicap 
if one of the competitors was set 12 yards behind scratch, or 
if he was*made to start from scratch 3 seconds late, In either 
vase he could be said to have a negative start. 

In golf handicaps it is customary to denote these positions 
behind scratch as positive, because they are added to the 


E ч 
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H H 6:9, n 0 
scorb. This is because the object ‘in golf is to get as low a 
score as possible, not a high опе as at cricket. У? 
. : 


* Addition and subtraction of negative quantities. 


Suppose a man inherited a lot of debts,‘ his property 
would be diminished bẸ their acquisition. The additfor to 
it would be negativesand would be indistinguishable from 
subtraction. 

A debt of £300 added to a possession of £500 would result 
in nett property of £200; which’ we might express Ву saying 
that «345 = +2. А P 
. Or of course the debt might exceed the possession and 
leave a balance of debt. For instance —8+5 = —3; where 
the unit intended by these «figits might be a hundred or a 
thousand pounds. This may be taken as an illustration of the 
gain of a negative quantity. Take another. 

z An axe-head at the bottom of a river weighs'3 Ibs боша 
côrks, which, when submerged, pull upwards QUE а force 
equal to theeweight of 49 ounces, are attached to the mass 
of iron. Its weight is thus more than counteracted, and it is 
floated upwards with a force equal to the weight of 1 ounce, 
because 48—49 = —1. E 

A raisin at the bottom of a champagne glass, or a speck of 
grit in a'soda-water bottle, can often be seen to accumulate 
„bubbles on itself till it floats to the surface and gets rid of 
some, when it sinks again, and so on alternately. " 

'The negative or upward weight of the corks, or of the 
bubbles, counteracts and overbalances the positive weight of 
the iron or of éhe fruit. It may be said that we have sub- 
tracted more weight from it than it itself possessed, and во 
left it with a negative weight—like a‘ balloon. The weight 
of a balloon is not really negative, but it superficially appears 
to be; because the surrounding air buoys it up with a force 
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equal to the weight of the air it displaces, which represents a 
„greater waight than its own. Y à 

When we have to subtract a bigger number from a smaller, 
we must not always merely say we caynot do it. It is con- 
venient in subtractién sums to say so, and to “borzow” from 
the’ aigit in the next higher place 4e. to undo one of the 
available packets and bring the contents one step down), so 
long as there is something there to be * borrowed," but if we 
perceive that at the end of the sum there will be a manifest 
deficiency we must proceed differently. Я 

Suppose we were told, to collect £8 from a man who had 
only £3, we could not really do it; but we might report to, 
our chief, “if we do we shall leave him £5 in debt to 
somebody," which could be expressed arithmetically thus? ` 

3-8 = – 5. 4 

Suppose we were told to pull 5 feet^of a gate-post out of 
the ground, and when^we came to try wf found that it had 
only 2 feet huried; we might at first. say that it could not 
be done; but on sccond thoughts we could say that it was 
hard to do, and that the only plan we could see would be to 
pull it minus 3 feet out first, that is to get a mallet and rive 
it З extra feet in, before pulling“at it at all. 

Suppose a stone were 30 feet above the ground, and we 
were told to drop it 36 feet, that is to subtract 36 feet from 
its height of 30 feet. It would not he easy to do, but it 
could -be done, for we might dig a hole 6 feet deep; or it 
might even be sufficient if we dropped it over a pond of that 
depth. In either case it would afterwards be 6 feet below 
the surface of the ground, for 30—36 = = 6¥ it would then 
be at an elevation of —6 feet, which means the same as a 
depression of 6 feet. ‚ә 

То speak of a depth of 6 feet as a negative height, in 
ordinary conversation, would be absurd; but to interpret ап 


B 
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arithmetical answer, Which gives a height as — 6 feet, to mean 


аба thing is not elev: ated at all but is depresse 6 feet, а... 


would be quite right and in, accordanee with commonsenge. 


Hence the following examples are correct : 
. 4- 9=- 5 ' 
IR- 39=- 22 
" 546 —827 = – 281 
But now here is a necessary cautjon. Take the last case. 
We see that it is right, for if we aql 281 to 546 we get 827; 
but suppose we had put it down like an ordinary subtraction 
sm and noticed nothing wrong with it, it would have 
looked like this 
546 А 
827 (example of the way not to do it). 
—319 


We sheuld have E in the old-fashioned way б from буе, 


caifnot, so borrow 10*from the next place; 7 from 164s 9, put 
it down. Now we hdye either 2 from 3, „or what is more 
commonly said, and comes to the same "thing, 3 from 4, 
leaving 1, which we put down; and then we have to take 
8 from 5, There is nothing mgre to borrow, so we must set 
it down as —3. Well ‘that is not wrong, but it requires 
interpreting, and it is not convenient. The minus sign only 
applies to the 3, which, being in the third place, means 300 ; 
Ше other figures, the f9, were positive. Hence the meaning 
is — 300 + 19, or in other words +281. It might be written 
319, with the minus sign above and understood to apply only 
to the digit 3, bujit could not properly be written — 319. 
The above is therefore a very troublesome way of amwiving 
at the result, The convenient way is not to begin performing 
the impossible subtraction, but to perceive the threatening 


dilemma, and invert it at once; then subtract the smaller 
TEM. D . * 
A 
b 
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number from the bigger in the ordinary way, labelling’ the 
result however as negative. This is of course what we really 
do when we say 5—8 = 3. We dp not begin saying “8 from ' 
5 we cannot, so borrow” from nowhere, for there is nowhere 
to borrow from. We stop, invert the operation, and record 
the’ rüsult as negative ; because a-b # - (b— a). 

One^more case we must take however, viz. where the 
quantity to be subtracted is itself negative: and its subtrac- 
tion therefore represents à gain. The loss of an undesirable 
burden Was esteemed by Bünyan's Pilgrim to be a clear gain. 
A negative subtraction is a positive addition. гава 

6-(-3) = 9; 7-(-9) = 16. 4 

This is sometimes expressed by saying that two minuses 
make a plus. The effect of a minus is always to reverse the 
sign of any quantity to which it is prefixed, so if applied to a 
negative quantity it turns it into a positive quantity. It is 
-eqaivalént to more than the removal, or subtraction, of a debt, 
which woute be effected by an equal sum added. А 1055 is 
more than neutralised by a negative sign, it is reversed. 

Add —31 to 114, the result is 83; but subtract — 31 from 
114, and the result is 145. s » 

No more words are necessüry. Familiarity and practice 
will come in due course as we proceed. A surviving puzzle 
may occasionally be felt, and can from, time to time be 
removed. It is a mistake to hammer,at a simple thing like 
that till it becomes wearisome; for trifling puzzles or foggi- 


“nesses evaporate during sleep, and in a few years have 


automatically disappeared, from children properly taught. 
They continue to trouble too many adults at present. 
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CHAPTER V. : 


Generalisatich and extension of the ideas of multi- 
plication and division to cóncrete quantity. , 


i ee 
Tum idea of multiplication arose as a convenient summary 


ОЁ a special kind of addition, viz. the addition of several 
things of the same magnitude to each other. Thus four sixes 
added together, if counted, make 24, and so it is summarised 
and remembered as 4 sixes are*4, or 4 times 6 = 24; and 4 
and 6 are called ‘factors’ of 24. 

Originally thereforee the two «factors in multiplication 
signified, one of them, the size of the quantity of which Several 
are? to be added together, and the other the nuthker f times 
it whs to be so added. 

Thus 3x6, read 3 times 6, meant a аа addition 
sum, @+6+6, But if redd 6 times 3 it meant the addition 
sum 3+3+3+3+3 +3. Thatethe result is the same may be 
treated as a matter of experience, and may be demonstrated 
by grouping, but it is not to be regarded as „,,,,, 
self-evident. Nevertheless the diagram (fig. 2) e e ee o 
demonstrates that 3 rows of 6 „each is the e e © ee o 
same аз 6 columns of 3 еасһ And the Pus 

*counting of window panes and postage 
stamps are illustrations of proudly the 


same thing. 
7 Thus we get led to the area of a 
Fro. 3. rectangle of length a and breadth Û as 


axb, or briefly written ab (fig. 3). 


E 
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But the idea of multiplication soon generalises itself, and 
the expreosion ab gets applied to,a number of things to which 
a simple numerical idea "ike 3 times 6, or « times 6, would ‘ 
hardly apply.. > ^ 

It may be worth showing however that thee numerical 
notion will apply further than might have been anticipated, 
for instance the rectangle (fig. 4) is built up of 5 equal staves 
each of them say 3 Ый long and an inch wide. The area 
of each stave is thus 3 inches x 1 inch, or 3 square inches. 
And by'adding 5 of the staves together’ (or multiplying one 
of them by 5) we get the total area, 


« 


D 2 ٤ 
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And the same area could be equally wei obtained by 
putting together 3 staves each of 5 square inches area (fig. 5). 

The number 12 can be resolved into two factors 3 and 4, as 
is shown by the annexed grop which consists of 3 rows of 


four dots each, or of 4 columns of 3 dots each, proving that 
3 times 4=4 times 3. 


» + 
$ a a ice е ө э ө э о 
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A dozen can equally well be grouped as in fig. 7: its large 
number of factors confers distinction on the number 12. 

The number 10 has only two factors, viz. 2 and 5, since 
the name “factor” is usually limited to whole numbers. It is 
possible to say that 3} is a factor of 10, because if it be 


e 
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repeated 3 times the number ten results; as is shown by the * 
following set of 33 disks repeated 3 times, where “пе central 


sectors have each of thenf an angle 120° or < о е 
2 of a revolution, afd so make up a disk < [o] x 
when put together. Byt the name “factor F „O 
is not usually applied té fractions. OOQ® 

Again, a sab of any given area and unit О 
thickness will have a bulk which, measured O 
in cubic inches, is numerically equal to its Ee) 


area in square inches. If sugh a slab is mul- йаз. 


“tipli€d or repeated, each slab being piled up on similar ones, 


^ 


say 7 times, then 7 times its bulk will give the volume of a 
rectangular block; or the volume of a block may be said to 
be obtained by multiplying* tts length, breadth, and height. 
There is no reason to take one of these factors as numerical 
more than another, fnd the truth is that none of them need 
ge numerical. E * NES ui 
„ When we say volume = lbh, or length x Dheadth x height, 
we may and%hould mean by / the actual dength, 
Bin. byb , » breadth, 

y and byh s, » height, 

—not the number of inches бг centimetres in each—and the 
resulting product is then the actual volume, and not any 
numerical estimate of it. [If anyone disagrees with this 
they are asked to withhold their disagreement for the present. 
This is one of the few things on which presently l wish to 
dogmatise. See Chap. XXVI. and Appendix IL] 

From this point*of view the symbols of algebra are concrete 
or real physicat quantities, not symbols for numbers alone, and 
algebra becomes more than generalised arithmetic. * Ы 

Tn such cases however the old original definition of multipli 
cation requires generalisation, and a good deal can be written 
on it; but no difficulty arises, and the question, being inter- 
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2 D 
esting chiefly from the philosophie point of view, does not in 
this booRtoncern us. ° BA, 

We'may proceed without compuaction to multiply together 
all sorts of ingongruous things if we find any convenience in so 
doing. Thus, a linear foot multiplied by a linear foot gives a 
square foot, $ 

6 feet x 3 feet gives 18 square feetp 
4 feet x 3 feet x 2 feet gives 24 cubic feet. 


In all these cases something real and) intelligible results у 
but if we multiply square feet by square feet, nothing intelli- 
gible results ; consequently such a process will never appear 
in a correct end-result, though we shall find that it often’ 
appears as a step in a process without an у detriment. 

Again we may multiply a weight by a length, say 3 Ibs. by 
7 feet, and get what is called 21 foot.Ibs., where the unit has 


à meaning which can be interpreted, Viz, thé work«done in 


raising 4.3 1b. weight 7 feet high against” gravity, or else the 
moment of а force round an axis. But if we try to multiply 
3 Ibs. by 7 lbs., wé should get 21 square lbs, which has no 
intelligible meaning and is nonsense, There is nothing in the 
symbols to tell us whether it is sense or not: operations can 
be consistently performed even on* meaningless symbols. 
To discriminate sense from nonsense, appeal must be made 
to reality and to actual life апа instructed éxperience, 


» 


Division is merely the invérse of multiplication, and sfmilar 
considerations apply to it. a 


If we divide 1 by any quantity we get what is called the 
reciprogal of that quantity. 


Thus } is the reciprocal of 2. Yo із the reciprocal of 10. 
TET. = 
dia P the reciprocal of a length, and could be read 
> „1 per yard. 


> 
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60 Г 
1760 yards might тергезеп the number of telegraph posts 


per mile. e Ы E . 
е 
E is the reciprocal of a time, ‘and might be read 
To Second «once еуегў tenth of a second’; or it cold be 
gimplifiede into a repetition of somethfng ten 
times a second, or w per second. It is what 
is called a * frequency and is in constant pse for 
^ vibrations. » 


1 % 


e A P 7 
зу is a slow frequency, thé frequeney with which 


а cycle of astronomical eclipses approximately 

recurs. „* 

6000 revolutions jg à пошу of rotation, as of the fly- 
5 minutes 


wheel of a small engine, and maf be ereag, аз 


Ы 1200 revolutions per minute, огФ0 -svolutions 
* per second. 3 
, « — If we divide a length by a time, as for instance 
9 we get a velocity ; eg. the speed of an express 
train. . 
б 
ps is exactly the same velocity. 
econ 
к= ог DOR, yards is a walking pace. 
1 hour 1 sêcond 


No hesitation nfust be felt at thus introducing the units 
into the numemtor oredenominator of fractions. If they are 
left out, the residue becomes a mere numerical fraction, the 
ratio of two pure numbers ; whereas with the units inserted e 
they are real physical quantities with a concrete meaning, and 
are capable of varied numerical specification. 
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Thus the velocity of sound in air at the freezing point is 


1090 feet 33000 centimetres Imle "e 
* Tsedond OF 1 second 5 seconds ‹ 
*33ekilometres 1 kilometre as 
diel 
x ш І second  ?' 3 seconds Рин 


^ oF 10 minutes’ walk os 240000 miles 
3 seconds а fortnight * 


First idea of involution.’ ^ 

When a number of the same things were added together 
many times, the process was specially treated and called 
multiplication. When a number of the things are multiplied 
together several times, the procéss is likewise worthy of special 
treatment, and is called “involution ” or the raising of a thing 
to a certain “ power." n ' k 

The vaising to a power is compressed or summarised multi- 
plication.^The expression 4 x 3 meant four added to itself 
3 times (or 12), whereas 43 is understood to mean 4 multiplied 
by itself 3 times (or 64). 

So 25 = 32, 6? = 216, à € 

10° = 1000, 10° =a millien, ; 
12° = 144, and can be read 12 square, for short; though 

really a square number is an absurdity. It is called “twelve 
square” because if the 12 represented inches, 12? would mean 
а square foot. ; e 

If a is a length, a? is truly a square whose side is of length 
a and а? is truly a cube whose side is of length a. So 42 is 
read “4 square,” and 6° is often read“ six eube,” by analogy. 
It is also true that 24 = 16, but here there is no geometrical 


» analogy, and it is read “2 to the fourth power” simply, the 


word “power” being often omitted in practice. Similarly a 
million is “ten to the sixth” or 105. 
» 1 


Fe 
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A length divided by a time is a velocity (7), and a velocity 
divided by a time is an acceleration (a). e 
t v V t ' 
© a= Е ; 
So in mechanics we figd such an expression as 5 
х 
б © ose laf, : 


where f? is often read as the square of thes time, although 
strictly speaking sfich an expréSsion is nonsense. «We can 
have a square mile, but not a square fortnight ; there is no 
Meaning to be attached to the terni; time cannot be multi- 
“plied by time with any intelligible result. Whenever such an 
expression occurs, it is to hes understood as an abbreviation 
for something: in the above case for this 
. . "Зета HOT x 
Li £ e c 
Where the at is т, and is a real and simple physieal «aantity. 

% is a velocity multiplied by a time, and the double 
reference to time is caused by the introduction of the specially « 
defifed quantity “acceleration,” which is often expressed 
correctly as so many feet per second per second; the two 
units of time in the denominator being conveniently spoken of 
as the sqtare of the time—by analogy with geometry again— 
without thought | and without practical detriment, though 
confysing to anyone "who seeks a real philosophic meaning in 


the expression. 
. 
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CHAPTER VÎ. 
Factors of simple numbers, 


A CHIED should be encouraged who notices that no factor is 
ever greater than half the number; for though there is nothing 
in that but what is obvious, yet that is the type of noticing 
which frequently leads to observations of interest. An even 
number always has this largest factor, but an odd number 
can never have a factor greater than.a third its value; and 
frequently its largest factor is less than this. Some numbers 
have no=facturs at all; like 7 and 11 and 13 and 29 and 181. 
These are called Prime numbers, and a child should make a 
small list of them as an exercise, But do not attempt to 
make it learn them or anything ofthis kind by heart. Ease 
and quickness of obtaining owhen „Wanted is all that is 
practically needed. 

A child should be encouraged to discover criteria for the 
existence of simple factors; but is hardly likely to be able 
to notice the facts without aid. ч 

Any number (written їп the decimal notation) which is 
divisible by 3 (ie which has 3 as a facto?) has the sum of its 
digits also divisible by 3. But this though convenient as a 
rule, i» in no sense fundamental: it depends merely on our 
» habit of grouping in tens. In the duodecimal system every 
number ending in 0 would necessarily be divisible by 3 as well 
as by 4 and by 6; and extremely convenient the fact would be. 


, 
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For instance, 1/- and 2/- and 4/- ‘and 5/-, or any number of 
shillings, can be divided by 3, 4, or 6; that is, can be parcelled 
out exactly into a whole mamber of ‘pennies. — , t 

By reason of theesystem of reckoning 12 pence to a ' 

shiiling, aiy sum of money can be subdivided’ into three or 
six equal parts without halfpence or farthings; thus $ of a 
pound is 6s«8d., two-thirds is 13s. 4d., one-sixth is 3/4, one 
8th is 2/6, and one-twelfth is 1/8. , 

In the decimal notation a number has to end in 00 in order 
to be cegtainly divisible by 4; and in 000 in order to be 
certainly divisible by 8. And the division is seldom worth 
doing even then, because it hardly results in simplification. 

The number 5 in the decimal system has an artificial sim- 
plicity conferred upon it, but it is not often that we should 
naturally group things in 5, except for the accident of our 
5 fingers: and one of them is a thumb. 

« The ‘adv antage of working in at least two differgut seales 
& notation is that it becomes thereby easy ‘co @їзегїшїпа{ө 
what is essential and fundamental from what is accidental 
and dependent on the scale of notation employed. Thus the* 
cwfous properties of thë number nine or eleven are artificial, 
and in the duodecimal scale are transferred to eleven and 
thirteen respectively. ' 

The well-known criterion for divisibility by 3 or 9, viz. 
whether the sum gf the digits is so divisible, is accidental 
again, and disappears in another scale of notation—for instance 
when units are grouped in dozens instead of tens,—to give 
place however to a much simpler rule. 

The rule about divisibility of the sum of the digits applies 
to eleven in the duodecimal scale, and indeed woukl always 
apply to the number which is one less than the group numben 
artificially selected. 

But the existence and identity ot^ prime numbers is not 


a 
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accidental at all, but fundamental, and Ey is the existence 
of any given numbers of factors,to a number—however it be 1 
specified. , d 3 

Thus one gross ean be parcelled ous into factors or equal ° 
groups in a given number of ways, whether it be denoted by 
1/0/0 or by 144 or by any other systèm of notation. 

So also the number one-hundred» has only six factors 
whether it be denoted by 8/4 or by 100 (one nought nought), 
and its factors are (in the duodecimal scale) : 

SY TETAS Yas Rap CSE ASE 
that is these actual numibers, however they are denoted. In 
the duodecimal scale it is needful to have single symbols for’ 
ten and eleven; and the initial Jetters serve the purpose. 

An actual number is easily e7hibited by means of counters 
or coins or marbles: its expression in digits is an artificial 
arrangement, and is adopted simply for convenience: it is 
“analogous, to sorting "the marbles into bags of which eajh 
must contain an equal number—whatever number may „be 


„ chosen as suitable dnd fixed upon for the purpose. 


It may be interesting to write down the numbers in the 
duodecimal scale which would be divisible by 5. 

5, t, 1/3, 1/8, 2/1, 2/6, 2/6, 3/4, 3/9, 4/2, 4/7, 5/0, ..., 
and the even “numbers in the above are divisible also by ten. 
The above numbers should be read five, ten, one and three, 
one and eight, two and one, two and six? two and eleven, ete.) 
meaning one dozen and three, one dozen and eight, two dozen 
and six, two dozen and eleven, etc. 

Numbers which have the factor 7 are 


7, 1/9, 1/9, 2/4, 2]e, 3/6, 4/1, 4/8, 5/3, 5/4, 6/5, 7/0, ..., 


> and the even ones aré divisible alsó by fourteen. 


Numbers which have the factor eleven (е) are 
6 1/4 2/9, 3/8, 4/7, 5/6, 6/5, 7/4, 8/3, 9/2, 1/1, eJO, ..., 
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namely eleven, one and ten, two and nine, and so on: the 
last one written being read eleven dozen. 
Numbers divisible by thirteen (1/?) are 
1/1, 2/2, 3/3, 4/4, 5/5, 6/6, 7/7, 8/8, 9/9, t/t, ee, 1 Iun, .... 
In the fast two cases a law or order among. the digits is 
manifest, but in all four cases it may be noticed that every 
digit makes its appearance in the units place, though only in 
the last two cases do they appear ip a simple order. . 
Numbers divisible by 3 are Я 

3, 6,9, 1/0, 1/3, 1/6, 1/9, 2/0, 2/3, 2/6, 2/9, 3/0, -.-- 
and the even ones are divisible by 67 Every third one of the 
*above series, viz. those in thiek type, are divisible by 9. 

Numbers divisible by 4 are,, 

4, 8, 1/0, 1/4, 1/8, 2/0, 2%, 2/8, 3/0, 3/4, 3/8, 4/0, .... 
Alternate ones are divisible by 8, and those in thick type - 
are divisible by sixteen. d ane 

t Numbers divisible by twelve, that is arrangeable in dozens, 
afe of course, 

1/0, 2/0, 3/0, 4/0, ete., 1/0/0, E 
the“last written being the symbol for а dozen dozen or one 
gross. = 


о 
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Dealings with money and'with weigkts and measures. 

IN the British Isles it is customary to count penniés by the 
dozen, the value of which when coined in silver is called a 
“shilling”; and shillings are counted by the score, the value 
of which is called a “pound sterling,” or when coined in gold 
a “sovereign.” Five dozen pente, or a quarter of a pound 
sterling, when in a single silver piece used also to be called a 
“crown.” Ard these, together with the half-sovereigh, half- 
crown, half-penny, etc., are the chief names in vogue; excep? 
the “guinea” and the ©“ farthing,” neither of which need much 
concern us. The *fforin" is an attempt at a decimal coinage, 
being the tenth of a pound; and the double-fórin is;an 
attempt at an international curreney or equivalence with the 
dollar and the five-frane piece. E 

The addition" of money is a practical operation in ‘constant 
use, and plenty of practice in addition is dbtainable by its 


means, No other addition sums are worth attention for their ` 


own sake: but in addition of money it is worth while taking 
pains to acquire a fairly quick and accurate style. At the 
same time it is to be remembered that it is a purely mechanical 
process—one that in large offices is better, more rapidly and 
more accurately, performed by a machine, into which the 
figures are introduced by pressing studs, and then the addition 
performed instantaneously by turning a handle. 
› 
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Nothing that can fe performed by turning a handle ean be 
considered an element in а liberal education: it can gnly be a 
practical and useful art. Phat however it is; partly because 
machine is seldom avgilable*partly because it is ignominious 


* to be helpless without a tool of this kird, chiefly because 


addition of money is ax operation which is called for hy 
commonplace daily life gore often than any other. . 
Nothing much need here be said about it. The columns 
of an actual account book are the best addition sums to set for 
practice. Also, in writing figuref “down, it is well to take 
care to plafe the unit digits under each other, leaving a place 
for a left: hand digit whenever such decurs in the pence and 
Shillings columns, and to be equally careful to write the 
pounds with the correspondinggplaces vertical. Also to write 
all figures very plainly. This last always, and for all purposes: 
_A good clear style of figure- -writing should be cultivated. 
Subtraction ôf money is greatly facilitated by the, о of 
thè “shop” method :* the old-fashioned process of, “ borrowi їй 
wa troublesome, and moreover only enabled one row of 
figures to be subtracted from one row, whéreas with the shop 
or cemplembntary method any number of rows may be sub- 
tracted from another row, and, the process is practically only 
addition. For instance“ suppose it is wished to subtract all 
the smaller amounts from the larger in the annexed statement: 


s E fd. 
9 0041, 38v 
less 19 & 9 s 
and 14 0 3 
and 36 17 5 
* "Oba 


The process is, to say, D*and 3 and 9 make 1/5 and 2 make 
1/7, put down the 2d. and carry 1/-; then 18 and 0 and 5 
шаке 23 and 5 make 28, put down 5/- and carry £1; then 

Pi e 
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7 and 4 and 9 make 20 and 1 make 21, put down 1 and carry 
2; then 5--1--1—7 and 7 make 14; and finally 1 and 2 
make 3. In reading, emphasise al} the black figures. j 

Verify by adding the four lower lines. 

As to multiplication and division of money oraof weights 
and measures we will deal briefl} with them: the old- 
fashioned practice 'їп such matters was tedious and was 
pushed in childhood into needless intricacies. Dulness is 
apt to line all this region, unless skill is expended on it and 
due care taken, and no mote practice sould be enforced in 
it than is required for ordinary'life. Discipline айа punish- 
ment lessons might possibly with advantage be confined to this, 
region. Even for punishment it is however hardly necessary 
to inflict sums dealing with acres, furlongs, poles or perches ; 
or with bushels, pecks, scruples, quarters, pennyweights, and 
drams.  Hogsheads, kilderkins, and fipkins may perhaps at 
length be ecnsidered extinet, except for purposes cónneeted 
“with the study of folklore. There are plenty of real aid 
living units to be learnt in Physics: we need not ransdck 
old libraries and àntique country customs for them. And, 
though the humanity involved in»and represented by» old 
names has been a relief to some, children, during their dismal 
lessons, far too much has been made’of the trivial and dull 
operations suggested by tables of British weights and measures. 
'The sooner most of them are consigned to oblivion the 
better. d 

Real living arithmetic is the same in any country; and 
the most important of all is that whic& must necessarily 
be the same on any planet. 


5 > 
The units that are at present worthy of terrestrial attention 
are the following: ° Э, 


Units of length—inch, foot, yard, mile, millimetre, 


centimetre, metre, kilometre, 
› 
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units of time—second, minute, hour, day, week 
E. à ‘year. s 
ln units of area Square mile, square ‘foot, Square 
= centimetre, efe. < 


dhits of volume—eubie foot, cubic inch, cubic „yard, 
5 ^ cubic centimetre, cubic metre ; 


e * occasionally also litres, gallons 
and pints. 
units of mass—poundş ton (ounce, grain, huhdred- 
e eWeight occasionally), gramme, 
ү kilogramme, milligramme. 


units of money—pence, shillings, pounds, francs, 
marks, dollars. 

But conversion from one to ‘the other of the last-mentioned 
denominations should in every case be only approximate. 
Accurate workewhen Wanted is done by tables, and the rate 
о exchange і is constantly varying. ^ m 
For division of money, and of weights and "measures, the 
orthodox schol rule is called * practice "e and it sometimes 
happens that by excessive practice children are able to do 
this ®kind of sum much’ better than adults— better even 
than mathematicians; hut sinfe school time is limited, such 
extravagant facility in one direction is necessarily balanced 
by extreme deficiency in many others, and is therefore to be 
deprecated. The wogld is too full of interest to make it 
legitimate to exhaust the faculties of children over quite 
needless arithmetical gymnastics, which confer no mathe- 

matical facility, Bpouene dislike of the whole subject. 


Modern — 5 of the rule called “ Practice, The 
practical advantages of decimalisation. 
In old days some very long sums used to be invented for 


British children whereby our insular system. of coinage and of 
L.E.M. E 


€ . У 


° 


5 


D 
D 


66 Е EASY MATHEMATICS. E (CHAP. 


є s 
weights and measures was pressed into the service to make 
difficult exercises. The form was usually something like this: и 

Find the cost of 131"tons 5 cht. 3 qrs. 24 Ibs. 5 oz. at 
£4. 13s. 9}4, а ton, S 5 

Mr. Sonnenschein led the way, I think, towards taking 2! 
the stipg out of these outrageous provlems, and reducing them 
to useful though unimpressive and essehtially insular exercives, 
by introducing the chief advantage of the decimal system into 
the working, before it had,been embodied by Parliament in 
a legal system of weights and measures and coinage, itself. 

If such sums have to be done, and a moderate ameunt of 
“practice” in that direction is quite legitimate, decimalisation 
of at least one of the quantities specified, that is, expressing it 
in terms of one denominatioh; is undoubtedly the proper 
initial step to take; and then if we are asked the cost of so 
much goods at a given price, the nfatter hecomes a mere 

osurightforward multiplication ; while if we are asked to find 
the price of a’given amount of goods which have cost so much 
money, or the amount of goods which can berobtained for a 
given sum of money at a given price, we have only a straight- 
forward division sum to do ;—once' the complication of fnany 
denominations, that is to say the *eqmpound " nature of the 
specification, with scales of notation mixed up, is by an initial 
process got rid of. It is always possible, and "Sometimes 
advocated, to reduce everything to the lowest denomination, 
e.g., in the sum above to halfpennies and ounces; but that is 
terribly long and tedious. Expression in terms of the highest 


denomination is much neater. The ifitial process is as 
follows : ` 


* 
2 


‚ Decimalisation of money. ` 


To express any sum of money in terms of a single unit, say 
£l, which is the best unit for the purpose, it is sufficient to 
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notice and remember a few simple convenient facts, They 
„аге all painfully insular, ande are not an essential prt of real 
“arithmetic at all, but if Properly dnd lightly treatede they 
afford to British children an amount of easy practice which 
foreign chiflren are destitute of. It is only when trivial facts 
and insignificant sums агё laboured at, till they kill all interest 
of the British ehild in rfal arithmetic, that they become deadly 
and deserving of the harshest epithegs. 

The decimalisation of money ig terms of a pound i$ easy, 
since a flogin is the tenth of a sovereign; so any number of 
shillings is easily expressed in decimals of a pound. 


9/- = £3, 1/- = £:05, 
3/- = £15, 64 = £095, 
4]-= 49, * 1/6 = 2:075, 
5/- = £95, 9/6 = £125, 
. ee uns "36 = £30. ү 
E T- = £35, 4/6 = £225, 
€ and so on. ete. 


А. penny он of а pound, but that is not specially 
convenient when expressed as a decimal; a farthing is уур 
of a pound, and that is approximately тфу or £001. 

Since money is nevet needed closer than to the nearest 
farthing, except in the price of cotton per lb. and a few rare 
cases, ће approximation of £001, sometimes called a mil, for 
Î farthing, or the wrifing of a farthing instead of £:001, often 
suffices; especially in interpreting results. 

The following expressions are all equivalent in value : 

1 а sovereign = 10/- = 5 florins = £5, 

So also are the following, each row among themselves : 
£7. 10s. ="£7} = 27:5 = £7 +5 florins. 

1 of a ten- -pound note = :25 ten-pound note = #2'5 = £2. 10s. 
15/- = £3 = £15. 
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150/- = 75 florins = 7:5 = £T. 10s. 


»3 


18/- = `9 florins = £°9. 2 

12/-4 6 florins = £6. v 

#1, 128. = £p6. . ° 

£4, 185, = £49. JE * 


£7. 19s = £795. , > 
All these expressions should be redd backwards as well as 
forwards. © 
So also ) 
#5. 2s. 6d. = 5:125. 
£3, 1s. 6d. = £3:075, 
£3. 11s. 6d. = £3575, 
£3. 11s. 63d. = £3:577, almost exactly. 
Take a few examples of the interpretation of decimals of a 
pound into ordinary coinage : 
£12 = £1, 4s. z а Ы 
k2 = 24.58. ^ 


£7-904 = £7. 18s, ld, the four mils Doing practically a 


3 penny. 
£13:127 = £13. 2s. 6]d., the -195 being 2/6, and the 2 extra 
mils 4d. 


£1:178 = a 3s. 61d. the “15 being 3/-, 025 = 6d., and 
there being 3 mils more, 


£:025 = ea. 

:£:026 = 61d. almost exactly. А 

Ф007 = 648 „а 

£028 = Gjd. no . 

£099 —7d 8, E 
£030 = 11d. 3 or exactly "Md. 


We “are now ready to do any number of sums like the 


> following: 


Find the cost of 324 horses at £17. 9s. 6d. a horse. 
Now 9/6 = 8/-+1/6 = £446,075 = £415, 


2 * ` 
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во the answer is merely 


324 x £1T:475 = 5561-9 = £5561. 18s, e 


e Find the cost of 900 things at £9. 7s. 434. (Sonnens¢hein.) 
p е 
Avswer 15459:36875x900 = £8431-875 by simple foultiplication 
6 £8431, 17s. 6d. Й 


How much a year is 331. 95. 9d. per day? 
Answer 365 x £31:4875 = :211498:9375 = £11492, 18s. 9d. 


How much interest must be paid for 43 days’ loan of a sum 
of £543. Ts. 6d. at the rate Of 3} per cent. per annum f 
(Sonnenschein.) 
Here £34 must be paid for each hundred pounds lent for a 
year, so for 43 days only 4%;fles of that sum has to be paid. 
Now 17/6 = 8 florins + 1/6 (or, otherwise, seven-eighths of a 
pound) = £875 ; so the amount р be paid is: 


. е c 
31 43 1 DE oa 
t eue куыс Jg " 
k 100 * 365 < £543:875 ; é 
° 
А 1x43 os 
that is to say, ~~ x £5:43875. 
S ELS 730 


This yields £2۰243 = £2. 4% 1014., the answer. 
e 
Typical exercisęs. 

There are certain time-honoured exercises of а type such as 
the following, in which a fair amount of practice is desirable. 
[Type only here given.] 

If 3 peaches cost * shilling, what will 20 cost? 

Tf I have to pay 15 Workmen at 104, an hour for 8 hours, 
how much money do I neee? . 2 
If the butcher supplies 73 Ibs. of meat for 5s., what has he 
charged per pound ? 


а 


B 
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and so on. The last being а troublesome kind of sum fre- 
quently cecurring to housekeepers, but usually and most easily 
done py tables.* > Р) 

Examples like these are quite harmless and give needful 
practice, but*when’they become complicated a little of them is 
suffident, except for discipline, and! the more concrete and 
amusifz they сап be kept for ordinary purposes the better. 

A slight further development, not quite so harmless, is of 
the following буре : ч 

Find the cost of 6 Ibs. 11 oz. 9 dwt, at 17s, 83d. per ounce. 

In British schools thare is far too great a tendency tò limit 
all exercises to pseudo-commercial matters. In real business 


sciously while doing sums. D 3 


l. If the sound of thunder takes 10 seconds to reach our 
ears, how far has it come 1 (See p. 56 for velocity of sound : 
it travels approximately a mile in five seconds. For more 


accurate specification the temperature would have to be known.) 
AIT mL ee E 


of a pound. * 
The price is 8d. a Ib, 


» Since 714, doubled threg times makes 60d. 
or 5s. 
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2* If a pistol shót*is heard aerdss an estuary 15 seconds 
after the pistol was fired (which can be told by obsgrving the 
*flash), how wide is the estuary? < 
2 3. If light reaches,the earjh from the sun in 8 minutes, 
what is iw velocity? (The distance ofthe sun being 93 
million miles.) г . 

4. How logg does itatake to come from the moon? * 

5. How long would it take to travel a distance equal to 
seven times the circumference of thé earth? 1 

6. If it takes 5 fears to arrive from a star, how far off is 
that star? = 

7. If a locomotive could be run 60 miles an hour day and 
night, how long would it take to go round the earth ? 

8. How long to reach the syn! еїс.* 

Answers should be given in weeks or years or whatever 
unit is appropriate ang most suggestive. This is a good rule 
always,’and is the real use of units to which peeple are accus- 
thmed. Conversion of miles into inches is tedious and “use- 
lets: but stating a big result in miles, a small result in 
inches, and a moderate result in feet or*yards, is right and 
illuminating. . 

eee е 


Ж Answers : s 
1. 2 miles. 
9. About 3 miles.* 
3. 93 million miles + ® minutes 
= ыш thousand miles per second 
- du ك‎ nearly 194 thousand miles per second. 
. About a second and & half. 
About 1 second. Ü E 
. 5 x 3654 x 86400 x 194,000 miles. 
. Nearly 17 days. 
. About 180 years. 
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9. If a pistol Shot fira in a valley, 'at а spot which is 
distant from the summit of a mountain by an amount which is 
represented by a length of 4 inches on an ordnance map of 
scale 1 inch to the mile, is heard on that mountain top 25 © 
seconds after?the flash, how high is the mountain, above the 
valley? > (Ans. : 3 miles.) 

This»is perhaps’ hard: it can be Яопе by drawing and 
measuring, after it has been perceived that the sound has 
travelled 5 miles in a straight line. 

10. Tf a motor car is travelling 21 miles an hour, how long 
will it take to go 100 yards? * 

Ans. : 9-74 or 92 secorids, 

11. If the estimate of time were $ second out, what error 
would be made in reckoning the speed from the measured 
distance? 


Ans. : $ sec. is sth of 52 sec., so the error in estimate of 
speed would be about Е 


12. If a volunteer corps of 84 members shoots 160 rounds:a 
day each for 5 week, and if each bullet weighs $ of an ounce, 
what weight of lead will they have expended f У 


course of 5 weeks? 


14. If an iron rod expands 4 per cent, of its length when 
warméd 200 degrees, what allowance must be made for the 
expansion of a bridge girder, 2 mile long, between a winter 
temperature of —40* and a summer temperature of 110*4 

15. With the above data how much will an iron rod a foot 
long expand if warmed one degree f 

^ 16. If a snail crawl half an inch each minute, how far will 
it go in 3 hours? 
а 
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А ew cn . x 5 
. If sound goes а mile in 5 seconds, how long would it 


АМ to go a foot? Ы 
18. If sound reverberated 7 two walls 10 feet apart, 
how many excursions ğo and fro will it make per second f 
19. If light takes 8 minuees to travel 92 million miles, how 
long would it take to gf one yard? How many kilonfetres 
would it.trayel per second? How many centimetres per 
second 1 * " 


* Answergto the above: 

12, @ x 160 x 35 x 3 ounces = alone 10 tows. 

13, In shot, about £170; since a shilling per cwt. is a pound per ton. 
In powder, 84x 160x35x4 is = 7х80х85 shillings = 28 x 35 
pounds per corps. 

14. The range of temperature is 150°; for this range iron expands $ 
oft per cent, of its lengis ; that is, 


_ 9% 1760 990 _ = : 
jj nile = T6 x 800 ® eet = =m 2375 feet, or neaity 15 inches. — 
fs. gth of 4 per cent. of its length; which is 50-20066 of а foot, 


or 000125 ехрарвіоп per unit length per degree; which is about the 
right value for iron. 

17, 1 second +1056, or about the thousandth of a second. 

18. In each excursion to and fro it will have to travel 20 feet; but it 
can travel 1056 feet in a sqcond, tfferefore it has time to make 52'8 
excursions per second. If the walls were only 2 feet apart instead of 
ten, the rate of reverberation would be 5 times as rapid, and would 

. 


This therefore is the musical note 
° 

E 
heard if а short sharp noise, like a blow or clap, be made between two 
walls two feet apart, е 

19. To travel 1 mile, light would take 8 minutes +93 million ; there- 
fore to travel 1 mae it would take 1/1 $n part of this, 

Ans. : Жылы ус Hm 

93x1760  31x110 =з 

Light travels 300,000 kilometres per second or 3x 1019 centimetres 

ber second ; as nearly as experiment at present enables us to say. 
M is 


correspond to the note 


6 
milliofiths of а second, 


d 
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20. If you buy a large number of oranges at three a penny, 
and an equal number at two a penny, and then sell them all at 
five far twopence, how mach have you lost on the transaction?” 
(Ans. : a penny for every 5 dozen sold. 
The buying price per couple is РУ +24. ; › 


tke selling price per couple is = 


So the loss per couple is }+3-4 = 
There are many ways of,doing this problem, and it should 
not be left till it is fully realised. Other problems depend 
on the same principle, which is an important one.» For 
instance : 

21. An oarsman rows a boat a certain distance up a river and 
back, and then across the river, дг on a lake, the same distance 
and back. Which will be the quickest to and fro journey? 

.. 92. Jf a steamer travels down a river at a fate of.19 miles 
“per hour, and,up the same river with the same engine-exertion 
at 7 miles an hour, what is the speed of the river? How long 
would the steamer"take to go a journey of 65 miles and back ! 

(Ans.: The speed of the boat jn stagnant water is the 
half-sum, viz. 13, the speed of the river is the the half- 
difference, viz. 6 miles per hour. The journey of 130 miles 
would take ten hours in stagnant water, but up and down 
the river it will take nearly thirteen hours.) 

The general principle is that whereas«(1 + z)+(l-a) = 2, 

5 ^T does not equal 2 
but о, equal iy which is greater than 2; though not 


much greater when ois small. "This applies to (20) (21) and (22). 
23. If a couple of trayellers sharing expenses are found to 
be out of pocket in the course of the day, 4, £2. ds. 6d., and 


е 
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s $ 
B, 11. 3s. Ad., what sum must be transferred from one to the 


other to equalise matters? ۾‎ 
(Aus.: Half the difference, viz. 105. 7d.; and the eost to 
each has been half the sum, viz. £1. 13s. 114.) 4 


. Tf ehree travellers con'a tour have expended | when 
they return 


: ITE Й 
B £4.32 
Ж» ТОШ АРЫН . 


how can еу best arrange te share expenses equally ? 

(Ans. Find the mean урал by adding the items 
together and dividing by 3; and then take the difference 
between this mean aad the expenditure of each. B and C 
will then have to pay their respeetive differences to A4. Their 
two deficiencies from the mean, added together, should equal 
A’s excess expenditure over the mean jf this ie not the case 
#mistake has been made.) . 


"Тһе same gule would apply to any number of travellers. 
Observe how it works for the couple of last question. - . 


‘These exercises do not contain examples of so many quarts, 
pecks, pennyweights, and drams. Such sums have no business 
to occur. If artificial complexities of that sort are set, any 
way of dealing with them will do: the simplest way is the 
best way. 

If a pupil is {ж to bethink himself of how the 
teacher intends him to do a sum, it destroys originality. His 
effort should always be devoted to find the best and simplest 
way. This a feacher tan help him to find, but a self- found 
way is more wholesome in, many respects than a coerfed way, 
even though the-latter is neater. Originality should always ® 
be respected: it is rather rare. Perhaps docility is made too 
much of, and budding shoots of originality are frozen. 


. E * 
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Binary scale. 


Although the natural method „of dealing with multiples of. 


a unit js to employ the same systent of notation as is in vogue 
in arithmetic, and although therefore itis natural to specify. 
large numbers of t hings by powers of ten, there i9 a natural 
tendenoy also to deal with fractions ùn a different basis, viz. 
to proceed by powers of J. We see this on a fogt rule, where 
the inches are first halved, then quartered, then divided into 
eighths, then into sixteenths, and sometimes even into thirty- 
second parts of an inch, : К 

The same method of, dealing with fractions is found in 
prices, as for instance of cotton, or any commodity which 
requires a penny to be subdivided, Below the halfpenny and 
the farthing we find the eighth, sixteenth, thirty-second, and 
sixty-fourth of a penny in use for quotations 3 and these 
ungainly figures are, or used to be, oven telegraphed and 
automatically" printed. on tape. So also a carpenter will 
understand a ‘specification in sixteenths of an inch, while ‘a 
decimal subdivision, would puzzle him, ° : 

A thousandth of an inch is sometimes used however in 
fine metal fitting work, and the thickness of a rod wafited 
may be specified to a fitter am the thousandth of an inch 
greater than 2.3. inch, 

These peculiarities are insular and not to be encouraged, 
having originated in laziness and ignorance; but they are 
not nearly so bad as the weights and measures which people 
who ought to know better still require that children shall 
be taught, $ 

Tt is quite possible to word arithmetic itself on the binary 
scale, counting in pairs only ; thus 10 (read one nought) may 
be understood to mean 1 pair; 100 may mean 1 pair of pairs 
(or 4), 1000 on the same plan will mean 2x 2x9 or eight, 
and so on. , And on this scale 1 would mean 3, `01 a quarter, 


€ 
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‘001 an eighth; so that one and a quarter plus an eighth = 
‘ould he written 1:011. ۰ 
The natural tendency to this kind'of subdivision is apparent — . 
in coins, even in cotuntries with a decimal currency. For <“ 
instance iif America you fied the half and the quarter dollar, 
beside the dime and thé cent. In France, you find the double 
franc, franc, half-franefand quarter-franc. So in Germany we 
have as a drink-measure the halb-lifgr and viertel-liter. And 
in England we havg half-soverejgns, half-crowns, also« three- 
penny bigs, sixpences, shillings, florins, and double florins, 
each double the preceding; the double florin being roughly 
equivalent to a dollar or to a five-frane piece. 

So also the commonest gold piece in France is the Napoleon 
or 20-frane piece; not the. ten-frane, or the hundred-frane 
piece, though they both exist. 

This natura] tendency is the chief difficulty in introducing 
4 purely decimal coinage ; another is the convenience of the 
penny and the shilling. If a decimal system*is to be intro- 
1йсей, one œ other of these coins must give way. If the 
shilling gives way, we can have an approximation to the franc, : 
and'much inconvenience'or grumbling in connexion with cab 
fares, oto. If the penny gives way, and is made the tenth 

„of a shilling, we approach closely to the German system; 
and many commodities used by poor people will automatically 
rise in price, 5 

In Austria an attempt is being made to replace the gulden 
and kreutzer by their respective halves, called krone and heller, 
which correspond ‘approximately with the franc and centime ; 
but the older dénominstions persist, and it is quite likely that 
the two will co-exist and be convenient. B A 

It may be asked “why mention these things in a book of. 
this kind”? And the answer is because children can take an 
intelligent interest in them, and because it is instructive for 


° 
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them to realise that our present coinage is not a heaven-sent 
institutiorg, but is susceptible of ckange,—change too in which, , 
when adult, some of theni can také their part, either in pro- 
moting or opposing, There is thereforð a reality about these 
things, and arithmetical ideas ca inculcate thethselves in 
connexion with them without labour.” 

» » 
Decimal system of weights and measures. 
` Although the present division of money is so deep.rooted 
that decimal coinage is difficult of introduction, and although 
the decimal system in arithmetic is not the best that ‘could 
have been devised ; yet its advantages over most other systems 
are so enormous that in connexion with weights and measures 
it undoubtedly ought speedily tobe introduced. 

The first and easiest place to introduce it is in connexion 
with weights. No one really wants to reckonein ounces and 
poanyWeights and grains and scruples and drachms. Ounces 
used to be perpetuated and popularised by the Post Office 
regulations; but now that a quarter of a pound will ‘go 
* for a penny, and, under certain restrictions, an gighth of a 

pound for a halfpenny, the necessity for ounces has réally 

disappeared. It would be quit® easy to make the halfpenny 
postal regulations refer to a tenth of a pound instead of 


quarters. 1 

"There is however this fundamental question to be considered : 
shall the British pound be adhered to, or” shall we adopt the 
unit of our neighbours and employ the kil@ (short for kilo- 
gramme) or the demi-kilo ? Н 

The kilo is too big for many ordinary purposes. In France 
small marketing is still done by the demi-kilo, because it 
represents a reasonable and commonly-needed amount of stuff. 


. . ^ 
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* ce x 
It is altogether handier than the kilo. A demi-kilo might be 
dntroduced, and with us might still be called a poufid, or, for 
өз time, an “imperial pound though its value would have to 
be increased by ten pdt cent. dbove our present pound. . The 
kilo is appfoximately 2-2 J8., so the new pound or demj-kilo 
would be one and a tenth old pounds. The gramme wquld be 
:002 new ропе. 8 
The disadvantages of any changeeare obvious. The advan- 
tage would be that ave should then be using practically the 
same unit gs our neighbours. „ 
All ther denominations could be swept away ; except, for 
occasional rough use, the ounce and the ton, which continue 
useful; for the ton would be 2000 of the new pounds, and 
would correspond exactly with the French tonne; and the 
ounce, slightly changed, would be 2ç of the new pound, or it 
might bg changed so as to be one&enth of it. The grain or 
revo Bars of the old pound might easily give place toa new 
grain 55455 part of the new one. 

"hese hand? names are useful for common purposes and for 
speech. All accurate specifications should be made in terms 
of tif pound, and of that alone. Thus 174903 Ibs. would be 
а specification accurateeto thé'nearest grain of a weighing of 
something like a pound and a half. ° 

3:014 tons would be a statement, intended’ to be accurate to 
the nearest pound, of he weighing of a 3-ton mass. 

Let me emphasise what may, be regarded as one of the 
special advantages of this simple and easily introduced change. 
Children could then be practised in weighing at once: to the 
vast advantage cf their education. At present an apothecary's 
seales are an abomination, and no child ean weigh satisffictorily 
with the weights of a letter balance, which are all in the binary 
scale; though, as aforesaid, these serve as an introduction to 
ideas of weighing, etc., in quite early stages. Letter weights go 
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down too rapidly ; there are not enough subdivisions ; and the — 
result cahnot easily and quickly be specified, except as an 
awkward series of vulgar fractions, or else in the binary scale. 
of arithmetieal notation. à 

The only way in which school у »iehings can be satisfactorily 
done now is by the use of grammes and kilogrammes: and 
there is a foreign feel about these things; which those who 
learn chemistry indeed gt over, but which gives it a flavour 
distinê from ordinary life. . 

What we want is that children shall weigh and measure all 
sorts of things, and do a large part of their arithmetic in 
terms of their own weighings and measurings : thus making 
it real and conerete and if possible interesting. 

Weighings of plants and ot! growing seeds, of rusting iron 
and of burning candles, of dissolving salts and of evaporating 
liquids, can all be made interesting and instructive. b 
^^ Weighings in air and water, and finding thereby the specific 
gravity or the volume of irregular solids, can easily be over- 
done and made tedious, but, short of this, such’ operations ‘are 
quite instructive. 5 

Gauging and measuring of regulàr solids is an equally in- 
structive way of arriving at théir specific gravity, or, as it may 
be more scientifically called, “ density.” The approximate 
relative densities of such things as stone, lead, iron, gold, 
copper, platinum, cork, air, referred бо water, are worth 
rem^mbering : stone say 2:5, lead 11, iron Т, gold 19, copper 8, 
platinum 21, cork 2, air к}. 

» 


Decimal measures.—Contimuwd. , 5 


Theintroduction into commerce of “the decimal system” 
is a more difficult matter however. The admirable duo- 
decimal division of the fot into inches (like that of the 
shilling into pence) stands in the way. The foot and the 
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inch and the yard seem ingrained in the British character, 

„and, will give place to the ‘metre and the centimetre only 

with difficulty. 

The facti is that the introducers of the “metre” made a great 
mistake by not adopting 4Me yard or the foot or some other 
existing unit as its valde: they would also have been wise 
if they had adopted th pound as their kilogramme, and left 
the dimensions of the earth alone* It is the magnitude of 
the human body which really ard scientifically specifies and 
confers ang meaning on absolute size: our bodily dimensions 
and tifne relations must be the basis of all our measures and 
ideas of absolute magnitude. To abandon the human body 
and to attend to the dimensions of the earth was essentially 
unscientific or unphilosophicat :* it has all the marks of faddism 
and self-opinionatedness. However these unwisdoms of sections 
of the hyman race we*have to put up with, and at any rate 
the French evolved a better system ой the whole than that 
which had come down to us by inheritance ae tradition from 
uncivilised timts. 

It we were at liberty to adopt the foot as our standard, and 
to call: its decimal subdivisions inches, or if a new foot were А 

made ten inches long,*the change would not be so very 
difficult. ТЕ it had been extensively customary*to divide the 
inch too into twelfths (called lines) the change would be 
"harder ; but divisionsef the inch in the binary scale have been 
customary, and these are not really convenient: a decimal 
system is better than that; and foot rules decimally divided 
and subdivided could easily be supplied and used. 

But then, as if the cate of our present pound, we should be 
using an insular measure different from all the rest of Éurope, 
and amid the stress of industrial and engineering competition 
this is a serious handicap. 


A metre scale is a rather unwieldy thing: a kalf-metre 
L.E.M. F 
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scale is handier for many POE and might be made like 
a folding two-foot rule. 

Tltere is no help for it: we must get used to metres AN 
centimetres, and the sooner we begin the better. 


Е » y 


Angles and Time. * 

There are two things which have not yet Ween subdivided 
decimally with any considerable consensus of agreement; they 
are Angles and Time. 

The алеи of the right angle into 90 eqval parts is 

convenient. The subdivision of the degree into sixtieths 
and again into sixtieths (called respectively partes minulae and 
partes minutae secundae, now abbreviated into “minutes” and 
“seconds”) is peculiar and sometimes troublesome but not 
exactly inconvenient, though a дешы subdivision of the 
degree would be simpler. ° > Я 
"As to time, the fundamental unit is the day or period of 
the earth's rotation (this being the most uniformly moying 
thing we know). > Its subdivisions (into 24 Parts, and then 
into sixtieths, etc.) are curious, but too deep-rooted for 
anyone to attempt to alter ; and. fortunately they are the 
same in all countries.* Legitimate practice in dealing with 
different denominations can therefore be afforded to children 
by our large admixture of universally understood measures of 
time ; including weeks, months of different kinds, years of 
difforent kinds, and centuries. All other weight and measure 
complications, especially those of a merely insular and boorish 
character, should forthwith cease to be instilled into children. 


Further exercises, 


Tt is worth noticing and remembering that a kilometre = 10° 
centimetres. 


ЖА third BIDURE the sixtieth part of a secoud, is sometimes 
known аз a ** trice?” 
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It is also ten minutes’ walk, or very roughly two-thirds of 
a mile. . , 

A cubic metre is a million cubic centimetres. e 

A cubic kilometre'is a trillion cubic millimetres; meaning“ 
by “trilon” a milliop,Aimillion million, after the English 
custom. (But the Frerfch use the term “billion” to gignify a 
thousand milion; ап& a million million they accordingly call 
a trillion; while the above number would by them be desig- 
nated a quintilliong in any easeeit is 1 followed by eighteen 
ciphers). „ 

A tubic centimetre is 1000 cubic millimetres, and is тозу of 
a litre, 

A gallon of cold water weighs 10 lbs., by definition of a 
gallon; a pint therefore weighs a pound and a quarter. 

А cubic metre of water is a tonne, and very approximately, 
though, accidentally, equals an English ton also. | 

A cubic centimetre of water, at its temperature of maximum 
ШУ, weighs a gramme exactly, from the “definition of a 
gramme. © e 

The spegd of an express train, 60 miles an hour, is only 15 ° 
tinfes a walking pace. 

The speed of a bullet, ваў 1800 feet a second, is twenty 
times that of a train. e 

The speed of sund is comparable with that of bullets. 


The speed of ligkt is a million times the speed of sound in | 


air. re E 
Four miles an hour is 2 yards a second, approximately, 


.or aceurately 60 miles an hour is 88 feet a second. 


ё . 7 
It is an instructive exercise to let а boy find sout the 


sizes and distances of the planets of the solar system, and cal-« 


culate a numerical model illustrating them on any convenient 


scale. Е 
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I have myself found e local topographical scale the most 
convenient: one on which the earth was about the size of a 
football, and the sun the’ size of some publie building a mile 
"ог two distant. Тһе other planets distribute themselves 
about the town and county; soise of them exteüding into 
more distant counties, * 

It is instructive to try to place thé nearestefixed. star in 
such a scale, and to find that it will not come on to the earth 
at all, * 


The price of a railway ticket to the nearest fixed star, at 
14. per hundred miles, can also be calculated ; and found to 
approach or exceed the National debt, 

The earth takes a year to go round the sun in a circle of 
93 million miles radius: how fast does it go? 

A * (Ans.: About 19 miles à second.) 

Light goes 10000 times as fast аз this. j 

How fast would a train have to run on the equator if it 
were to keep up with the apparent motion of tle sun, so that 
it should continue the same time of day t z 

(Ans.: About 1000 miles ап hour.) 

How far from the North Pole could the same thing be 
accomplished hy a man walking 4 miles an hour? 

(Ans.: About 30 miles away.) 

If a man walked 30 miles South from, the North Pole, and 
then walked 40 miles due West, how far, and in what direc- 
tion, would he have to 50 to get back to the Pole? 

(Ans.: 30 miles due North.) 

What is the density of a rectangular block Whose height is 
5 inches, length 11 inches, breadth. 8 inches, and weight 

824 108,7 


(Ans. : 3 ounces per cubic inch.) 
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A . 
Directly the elements of mechanies and of heat and of Р 


,Chemistry have been begun, any number of useful and fairly 
interesting examples can be cohstructed. They afford 


® practice in arithmeti® of the best and most useful kind; 


quick and ingenious сошфшайоп being what is wanted, 
not laborious dwelling проп long artificial sums. Long sums 
are never dome in adult practice: there are always grown-up 
x:ethods of avoiding them. c 

It is cruel to subject children to any such disciplinary 
process, as part of what might be their happy and stimulating 


education. Before they have been gubjected to it they are . 


often eager to have lessons; but experience of the average 
lesson, as often administered, soon kills off any enthusiasm, 
and instils the fatal habits ‘of listlessness and inattention 
which check the sap of intellectual growth for a long time. 

If the teacher of arithmetic knows arithmetic and nothing 
else, he Îs not fit to teach it. His mind should ‘be alive with 
concrete and living examples; and it is well tê utilise actual 
infasurings, weighings, surveyings, labogatory-experiments, 
and the like, to furnish other opportunities for arithmetical 
exeftises, E " 

Arithmetical exercise can Фе obtained unconsciously, as 
bodily exercise is obtained by playing an eutdoor game. 
The mechanical dyill or constitutional-walk form of exercise 
has its place doubtlesg, but its place among children is limited. 
There used to be too much of jt, and too little spontaneity 
of bodily exercise, in girls’ schools. Now the spontaneity and 
freshness is permitted to the body, but too often denied to 
the mind, é * 

The same kind of reform is called for in both cases. The 
object of this book is to assist in hastening this vital reform. 
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Simple proportion. 3 

ANY number of sums are of the following character : 

If 3 sheep cost £20, what will 100 cost? 2 a 

Now the so-called “ruf of three” method of dealing with 
sums of this kind, though permissible, is not really a good 
method, because it leads to nothing beyond, and employs an 
antiquated system of notation. ` 

The answer is one hundred thirds of twenty pounds 
= 192 x £20 = 2909 = £6666 = 26665 = £666. 13% 4d. 

If the answer is not obvious, it can be arrived at by thé 
intermediate step of considering one sheep, which will cost 
the third of £20, namely, £6. 13s. 4d.* 

And so a hundred sheep, will cost 600 pounds, 1200 
shillings, and 400 pence. б 

The 1300 shillings reduce to 65 pouiids, since 100 shillings 
is five pounds; and the 400 pence make £1. 13s, 4d., since 
240 pence is a pound, and so 400 pence is thirty shillings 
and 40 pence (or 3s. 4d.) over. ы 

ТЇЗ is not an orthodox way of doing the sum, but it is 
just as good as any other, and it is one,that a boy might 


*[It would not come out even so well as his butfor the fortunate 
duodecimal division of the shilling into pence, so that one-third of a 
„pound, viz. 6s. 8d., and two-thirds, viz. 13s. 4d., can be exactly 
specified without fractions, ‘These amounts are worth remembering as 
one-third and two-thirds of a sovereign.) 
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* 
schéfne for himself. * «There would ebe по feed to snub him 
for it. Everything which is troublesome about such a sum 
«езшїз from the miserable property (ої the number’ ten, that 
eit is not divisible by 3. f 
If we hag set the following very similar question : 
If 3 sheep cost £24, wiat would 100 cost? б 
‚Ап infant could answer £800, doing it im its head. eBut it 
would clearly’ do it by the same process, viz. the process of 
considering the price per single shfep, and that is therefore 
the natural and. singplest method. 3 
To Sunmarise : The childish method is the method by 
units, and may be written out at length; the adult method is 
the method by ratio; what place is there for the rule of 
three? The rule of three with its symbols : zd D 
is reserved for antiquated scHool instruction. | 
Observe, there is no harm in writing à ratio as 2:3 or a:b, 
and occasionally it may be convenient to do so, dhough 2 + 3, 
of as із precisely the same thing, and usually the form's or 
for a/b, isinfevery way better. So the symbol :: is needless, 
because replaced by == The асб is that : connotes the 
theoretical idea of ratio, while + indicates the practical 
operation of division, ‘vhich is the actual means of working 
a ratio out. The yulgarfraction form may Ve used instead 
of either of thes® signs and is usually best. The division 
may or may not be detually performed, as we please. 
B 


I feel inclined {р illustrate good and bad methods at this 
stage a little further, by taking a few more very simple 
examples. For instance: 

If twenty dogs pulling equally at a sledge exert a hori- 


zontal force of 1 cwt, what force do any three of them * 


exert? 


> 


_ which is done thus: 


б 
88 . EASY MATHEMATICS. [снАР. 
К 
Adult method: » 5 „° 
3 3x 112 Ibs. 
n! ر‎ mme 165 Па, 
М agilis of 1 cwt. 30 8 


Good, childish method : id 
20 dogs pull 112 105. ¢ 
. 30 dogs pull 56 p 
1 dog pulls 5:6 34 


2 3 dogs pull 3х5°б= 16:8 Ibs, 


cd е 
If it be asked why not stop at zoths of a суб. and give the 
answer аз ‘15 cwt., I reply, no reason against it at all; but 
children should be accustomed to realise forces and other 
things, in actual homely units that they can feel and appre- 
ciate; and а cwt. is too big for them. 


Mechanical method : 
20:3 :: 112 : the answer. 
Rute. Multiply the means and divide by one extreme and you get 
the other extreme, 
.". the answer is, ete? LI 
British Method : > ' 


There is indeed a barbarous way of Ce pkoariag the sum, which 
is typical of much that goes on in these islands at inferior schools: © 


2 lbs. oz. drachms 
20/336. 0. 0 ч 
16.12. 12% 


2 


Twenty into 336 goes 16 and 16 over, that is 16 lbs. over, which 
equals 256 ounces. Twenty into this goes 12 times and 16 over, that 
is 16 ounces or 256 drachms ; into which twenty again goes 12 times 
and 1868 over, which last equals ths, that is Фів of a drachm. 

So the answer is 16 Ibs, 12 ол. 125 drachms, 


On this one has to remark that since the. unfortunate $ has 
to appear (as it happens) sooner or later, why should it not 
appear at first? Why is 4ths of a drachm easier to understand 
than thf of a pound? The fact ic that it is not easier to 
understand, and by children is not understood: the « 4 over” 
which remains at the end is a continual puzzle to them. 
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They have been so &ctustomed to getting rid of fractions by 
reducing to a lower denomjnation, that at the end, when 
"lower denominations unaccountably ‘fail them, they are non- 
eplussed. Quite rightly во; the fault is not with the children. ' 
Whenever an ps a finds a persistent difficulty, 
vachers should be sure that there is something wrong with 
their mode of presentimg it, probably with their own compre- 
hension of it. Nothing is difficult when properly put. The 
whole art of teaching should be so, to lead on that everything 
arrives naturally and easily and happily, like fruit and flowers 


out of geed$. P 


Another British method. Usually however the sum is not recorded 
во briefly as this, but is written out in what is known as the long- 
division plan ; and it is perhaps the safest mode of getting the right 
answer if the answer is required to be thus barbarously specified, for 
it certainly shirks nothing. This is the way of it : 

To divide 336 Ibe. av. info 20 equal parts e 

Tbs, oz dr* 


£ 20)336(16 . 12. 19$ 
20 


716 rémainder, апа is =$ dr. 
PORNO > 
*If any mathematician glances through this book, as I hope he may, _ 
he will require at these stages to be reminded if British, to becinformed 


s 
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This may look like-a parody, but it is soberly the way in 
which innumerable children have been taught in the past’ to 
do such a sum. And the’ fact that they have been so taught 


can easily be tested, by setting i to people who were children ° 


a few years ago. M а 
Another method, lf the factor plan of division is adopted 
there is great danger of confusion and error about, the carrying 
figure. For instance, in dividing 336 Ibs. into 20 equal parts, 
a child as sometimes now tayght will proceed thus : 
2336 Ibs. |. А 
10,168 3 
16 and 8 over. 
8 what over? They are apt to take it as 8 Ibs. over, and so 
interpret it as 128 ounces, and® proceed to divide these again 
by 20 by the same process 
n 2| Tes s ° 
*10| 64 


^ 6 and 4 over 


apt to be called 4 ounces over, which are interpreted as'64 


drachms, and so on. 

d Ф 
if Foreign, that in these islands a drachm is defined to be the sixteenth 
of an ounce, and that an ounce avoirdupois is one sixteenth of an 
avoirdupois pound ; moreover that a drachm is the lowest recognised 
denomination of avoirdupois weight: after that fractions are permitted. 
Pennyweights and grains belong to a systemof measures to which the 
name of “Troy” is (for some £o me unknown reason, perhaps from 
Troyes in France) prefixed. There is a “Troy pound” and a “Troy 
ounce,” for “© metallurgical” use, but they diffe: from their ** grocery ” 
cousins which are explicitly asserted “to, have sqme weight." Then 
betweep grains and Troy ounces there are other denominations used by 
“apothecaries,” called ‘scruples and drsms. This dram is not the same 
as the grocery drachm. There appears however to be only one kind of 
** grain," and 7000 of these make 1 Ib. avoirdupois, while 5760 of them 


‘make 1 Ib, Troy. 


° 
‹ 
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This із quite wrong. The 8 over in the first little sum was 
peally 8 double-pounds, and so the second little sm is all 
rong. If it had been right, the 4 over could not have“been 
4 ounces, but 4 double Ounces ; "but what needless trouble and 
risk of errof is introduced J^ having to perceive this ! 
. . 
Again let many children be asked to divide £336 by 25, 
they will few of шш, have been tanght to proceed thus; 


"mE =8 36 x4 = £134 
D = £13. 885, 
= £13. 8s. 9-64. or about 93d. 


but they will proceed, either by long division on much the 
same lines as in the last exathple, which is long to write, or 
else by short division, dividing by 5 twice over, which is not 
too long to write, 1 5 


П Dar 


HOF to write, but cs hard to do. Such trivial sums 
should not call for so much brain power as is involved in 
various and complicated carryings. : 
Money sums however аге the best examples of the kind. 
If it was 336 tons thatf had to be divided into 25 equal parts, 
grown people would be satisfied to'say that each part mus? be 
1344 tons; but at gome schools it would have to be done 
“thus,—if not by a still Jonger process equally liable to acci- 


dental error : ۴ 


tons. ewts qrs. Ibs. о; M 


bs. ozs, dr 

5|36.0.0.0.0.0 

5|67. 41 0. 0.0.0 
5.9 


18.855. 9% Ans. e 


D 
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Breakdown of simple proportion or “гше of three." 

Simple proportion, or the rule of three, is by some teachers 
regariled as a kind of fetish ; moreover its extreme simplicity, 
makes it à rather favourite rule with children and they will 
naturally do many exercises in Ya, Not always, it is to be 
hoped, by the same mechanical method. 

But there is all the more necessity for bringing home to 
them the faet (strange if'it is unknown to any teacher), that 
it does not always work. For instance : » 

A stone dropped down an empty well 16 feet deep reaches 
the bottom in one second. How deep will a well be if a 
stone takes two seconds to reach the bottom? 

The answer expected is of course 32 feet; but it is not 
right. The correct answer is 64'feet, 


If a stone drops 16 feet in one second, how far will it drop 
in } second? (Ans.: 12 inches.) 


Again, if a stone dropped over a cliff descends 64 feet in 
2 seconds, how far will it drop in the next secotid ? 3 
(Ans.: 80 feet.) 


A steamer is propelled at the rate of 8 knots by its engines 
exerting themselves at the rate of 1600 horse power. What 
power would drive it at 12 knots? 

Probably no one would expect the answer 1500 to this ; for 


on that principle 10000 horse powero would propel it at 
80 knots, 1 


An initial velocity of 1600 feet a second will carry a rifle 
bullet 3 miles. What velocity would carry it 6 miles? 


An ounce weight drops 4 feet in half a second. How far 
will a pound weight drop in the same time? 

(Апз.: By experiment, 4 feet likewise. A most important 
fact, discovered by Galileo, and illustrated from the tower of 
Pisa.) 
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Let it not be dogmatised on, but illustrated by dropping 
jhings together ; and if it apptars puzzling, so much the better. 
Ignoring or eliminating the resistance of the air everything 
falls ät, the same pacê. The’ air has very slight influence 
on the droþ of smooth speres through a moderate height. 
Cotton wool and feathers and bits of paper will drop more 
‘slowly, but {Же reason is obvious: a bullet will drop more 
slowly in treacle than in air. That if because the air resistance 
is small: it is not zerp, and if a bullet and a реа were dropped 
from too great a height, air friction would begin perceptibly 
to ret:frd the lighter body. So it isethat big rain-drops fall 
quicker than little ones; and these small drops quicker than 
mist and cloud globules. So also does heavy fine powder, 
even gold powder, fall slowiy in water, not because it is 
buoyed up, but because it is resisted. Remove the air, and in 
а vacuum a coineand a feather will fall at the вате rate, The 
Statement does not explain the fact. The full explanatioit of 
the fact is not even yet known. But a very great deal more 
is Énown about the whole subject than 18 or can be here 
expressed. ` That is characteristic of elementary books through- 
out, nd the object of the'learners should be to get through 
all this easy stuff, and«get on into more exciting matters 
beyond: matters which the majority of the human race never 
have the least knowledge of, because their early education 
has been neglected. в 


A balloon 18 feet in diameter can carry a load equal to one 
man. What load can a similar balloon carry which is 36 feet 
in diameter. é * (Simplest rough answer, 8 men.) 


A rope stretches half an inch when loaded with an extra 
hundredweight. 
How much would it stretch if loaded with'an extra ton? 


^ 
2 
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A half crown is ten times the value of a threepenny bit. 
How many threepenny bits ean lie flat on a half-crown 
withbut overlapping the edge? — (Ans: By experiment, one.) 


A boy slides 20 yards with ai initial run of 10 feet. What 
initià] run would enable him to slide half a mile? 


If 2 peacocks can waken one man, how mány сап waken 
six? 


If a diamond is worth ten thousand pounds, what would 
950 similar diamonds be worth ! = 


If a camel ean stand a load of 5 cwt. for 6 hours, for how 
long could he stand a load of ten tons? 


These things cannot be done by simple proportion. They 
require something more to be known before they can be done 
at all; and accordingly it would appear as if generations of 
teachers had discreetly shied at them all, indiscriminately, 
and had excluded them from arithmetical consideration 
altogether. 15 is just as if in geometry, finding straight lines 
simpler than curves, they had agreed to found all” their 
examples upon straight lines. { 


CHAPTER e IX. 


Simplifiaation of fractions. 

VULGAR fractions are much hafder to deal with than 
decimals ; but as sometimes several have to be added together 
it is desirable to know how todo it. Besides, the exercise во 
afforded is of a right and wholesome kind. 

Consider the following addition: 4+}. Small children can 
see (by ехрегіћепб оп an apple) that the result is 2, and they 
cen also be taught to regard it as 2-3 = 5, which should be 
read in words—two quarters added to one quarter make 
three quarters. 

Thus, itean be realised that when the denominators are all 
the same, addition of fractions, becomes simple addition of the 
numerators. 2% 

For just as 5 ici uu oranges = 11 oranggs, so 
arti = dh 
reading “seventeentl#s” instead of * oranges.” 

When denominations differ, therefore, the first thing fo do 
is to make them thg same. 

Thus, for instanee, 3 apples +4 oranges, is an addition which 
can only be pefformed "by finding some denomination which 
includes both, say * pieces ef fruit." е 

So also 7 horses+3 pigs = 10 quadrupeds. 5 copies 
of Robinson Crusoe + 3 copies of "gos — 8 prize-books, 
perhaps. Е Mg 


> D 
2 
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Reduction to the same denomination cannot always be 
done, when denominations are anything whatever, exeept bp 
using the vague term “objects” or “things”; but with; 
' numerical denomirators it can always be done, and the method 
of dojng it has to be learnt. 3+ ү = H, and such like, are 
easy examples. 34 = } is а slightly harder one. 
It is done by saying + q's = үш = 3 j 
So also $+} = $, being equal to $. 
A Harder example is + §, which can Le written 
жыр = B= 5h 
Tn the decimal notation this would appear thus : 
3:5-- 1:666... = 5:1666.... 
A still harder example can be worked out thus : 
SHE = dei = HÊ = lii 
though the final step is onè that need not alwiiys be made. 
Now it is evident, Өг at least it will gradually be found trt e, 
that in a mechanical process of this kind there is always some 
simple rule by which the result can be obtained without thought. 
What is that rule? If the child can find it out for himself, by 
experimenting on lots of pairs of fractions, so much the better. 
A week is none too much to give him to try, for if he finds it 
out himself he will never forget it. 
The rule їз: eross-multiply for the numerators, and multiply 


the denominators. > 
: 1,1.0r2 8 928 
9 63819 7 1908: 
LTE bre 
ав abt А 
3,4 927498 55 
Е: T9 63 568 
a c _ай+Ье 
ЛШ ERIT 


but it would be a pity to spoil this by premature telling. 


* 


SUC 
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The: fot that the sum of two reciprocals is the sum of 
„the numbers divided by théir product, is worth illustrating 
» fully and remembering : remembering, that is, by growing 
thoroughly accustomed to it, "not exactly learning by heart. * 
"There is Hardly any need fo learn easy things Lis that by 
- heart: nevertheless it is a very permissible pperation, whenever 
the fact to bé'learnt is Teally worth knowing. 


7 СОЛО ааш 
= that is the product’ 4 


the symbol = meaning “approximately equals.” 

[The approximation is seen to be true because adding 1 to 
50 makes the same proportional difference as adiing 2 2 to'100. 
If,this is too hard, it can be postponed. RU js unimportant, 
but represents a kind of thing which it ^is often handy to 
do ig practtce.] А 

But this rule of cross- -multiplication hardly serves for the 
addition of three or more fractions, at least not without 
modification. Take an example, 


PauU TIE 91 128) T 
61910261666 E 
Tak 2,1,1. 49241. 7 : 
ake another, Stats 8 8 


whére the three fractions 4, 2, and 1, all having the same 
denominator, алё written all together, with the addition of the 
nutierators indicated, and subsequently performed. ® 

4 E 


One more, 1$ 
This might hardly be considered a legitimate procedure, but 
L.E.M. G * 


Ы > 
> 
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there is nothing the NA with it. You might, instead, 
proceed tàus : ? 


S 51 1 


54-18 


аа 
54 54 
and that їз equally’ a correct method. 
Bur neither of these plans is quitè the grown-up plan: Let 
a bettér plan be found; but first let the above plans be 
formulated and expressed. Is it not plain that the numerator 
of each particular fraction is found by multiplying two of 
the denominators together, while the corhmon denominator of 
all the fractions is found by multiplying all the denominators 
together? Apply this rule: 
1,1,1. 0 
654 120 
For instance, а sixth of an hour +a fifth of an hour +a 
quarter of an hour = 37 minutes, a minute being the sixtieth 
of an hour. (Now a sixth of an hour is ten minutes, a fifth is 
12 minutes, and a quarter of an hour is 15 minutes: conge- 
quently the neatest way of doing the sum would be 


1,1,1. 10412415 _ 37 $ 

вве —00. 80 : 

1 180+36+720 : 
Another example, DU —U—mUr$ ' 


but here every term in numerator and denominator can be 
divided by 3 and by 12, so that the above may be written 


1,1,1 5+1+20 _ 26 .J3 _ ous 
12*00*3— 0 760730- 043. 


And it would е been neater to write it во at first—neater 
but not essential, and sometimes not even the most rapid 
plan. 
To illastrate the above example : 
{ath of a day is 2 hours. 
" Both of a day is 24 minutes. 
Jrd of a day is 8 hours, 


é . 
e 
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Consequently the sum of these fractions of a day is 10 hours and 
24 minutes, 


* which is 1024 of an hour [ = 10s = = 10-4 hours] or $$ + gy of aday, 
$0 = goths = = ‘043, as before. 
‘The.form® of the general rile, ee is given by 

1 1,1 be+ea+ab 


qc GNC a 1i MA RS MUI E 
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* which again may be written $6439 = 


but in practice it is possible to abbfeviate this in some cases, 
when опе of the deneminators contains the others as f&etors, 
or when sgme simple relation,of the kind exists between them. 

Thi§ is what was made use of ingthe early simple cases, 
24 + 60 

288 
then simplify it, but ме wroté at once zr + ar = тт; that is 
to say we perceived that 24 would do for the new denomin- 
ator, and we adjusted the numeraters accordingly, 

a Perhaps we had better display this algebraically. Let each 
denominator contain a common factor, say nf so that tho 


such as yy +2 and 


zîr; we did not proceed to write 


reciprocals to be added are = + ate 52 then if we applied the 

. 2, 2, 
mere general rule we should rite d 
repetition of the powers of » is manifestly needless, since they 
cancel out; and jt is much neater to write for the new 
denominator an expression which contains the common factor 
be ca ab. E 3 

nabe 

The denominator® so obtained is called the least common 
multiple of the,three denominators ; and it is frequently, in 
examination papers, denoted by the letters 1.0.7. It is not 
an important idea at all? Sums can be done quite well 
without it, but its introduction affords some scope for neat- 
ness and ingenuity. Easy processes can be given for finding 


‚ but the 


n only once, thus : 
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it, but they are hardly worth giving, as in real practice they 
are selddm used: they are of most educational service if 
employed as an exercise for the student's invention. They 
will be dealt with sufficiently if the nett chapter. 
Now take а numerical examplê t> 2 
Add together b+ + + Үз +з 
Here 32 is evidently the Los. of the denomihators since it 
contains all the others a» factors. So that will serve as the simplest 
comman or combined denominstor. The first numerator accordingly 
will be 16, the second 8, the third 4 but taken 5 times and therefore 
20, the next 2 taken 3 times, and th last 1 taken 7 times." 
Consequently the sum is written as follows : 
1.1,5,3,7 16+8+20+6+7_ 57 
atita w $97 LAS Ui = 
Take another example of addition : 
1,1 1, 1 724945648 145 
TR” — $4 ° 
Kore 7 is plainly а factor of both the larger denominators, and 8 and 
9 are the other factors, so the least common denominator. will only 
contain 7 ard 9 once. and will equal 7х8х9 = ИМ, ond this being’ the 
smallest common multiple possible, no further simplification can be 
effected ; beyond of course expressing tho result as a decimal if we so 
choose. To express it as a decimal we must effect the division 
indicated ; the result happens to equal 2877 almost exactly. 


It is worth noticing that the series of powers of 3, viz. : 
+++ +t +. 
add up very nearly to 1; and the more nearly the more 
terms of the series are taken. 

It can be shown, not by trial indeed, Lut by simple reason- 
ing, that if an infinite sequence of this series are added 
togethgr the result is exactly 1. Thus the first term con- 
stitutes half of the whole quantity, say a loaf, the second 
term added to it gives us three quarters, the third term gives 
us ith more, and we only need another eighth to get the 
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whole. The next term gives us half of the deficiency, and * 
pow wo need the other sixteenth to make the wlfole, We 
„Чо not get it however; we get half of it in the next ferm, • 
and thus still fall shért, but this time only by Jy; and so at * 
_ ` the end of the above serja, as far as written, our дейсепсу 
' is (th. Each term therefore itself indicates the 
deficiency, arfl as the terms get rapidly smaller and smaller, 
so does the deficiency below 1 get rapidly diniinished till 
it is imperceptible. {Compare p. 825.) 
It is cogvenient to plot these fractions as lengths (setting 
them ap at equal distances along а hgrizontal line), say half a 
foot, then a quarter, then an eighth, and so on, Then joining 
their tops we get a curve which has the remarkable property 
of always approaching a stefight line, but never actually 
meeting or coinciding with it, or at least not meeting it till 
infinity ; whenat length it has become quite strajght. 


There are many curves with such a property, but fig. 9 may 
be the first a child has met. He can of course continue tho 
curve in the other direction—the direction of whole numbers, 
ог powers of two, and ebserve how rapidly it tilts upwards ; 
but there is no straight ling in this direetjon to which ft tends 
to approach; this end proceeds to infinity both upwards and х= 
sideways, not only upwards, though it proceeds far more 
rapidly in the vertical direction than in the horizontal; and * 
this end of it never becomes straight. 


o » 


e 
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CHAPTER X. 


Greatest Common Measure and Least Common 
Multiple. : 


ANOTHER name of slight importance, which is usually pair ed 
off with Least Common Multiple (page 99), is Greatest 
Common Measure or Highest Common Factor: often denoted 
by G.C.M. or by Н.С.Е. 

The two numbers 24 and 16 have several factors common 
to both of them, for instance 8; and this as it happens is tlio 
greatest common factor, the others which they possess іп 
common being 4 and 2. , 

The numbers 20 and 35 have 5 as the largest factor common 
to both of them. The numbers 72 and 84 have 12; while 72 
and 96 have 24 as their G.c.M. ў 

The numbers 23 and 38 have no factor, above unity, 
common to both. In fact 23 has no factor аб all. 

The word “common” so used does fot mean “ordinary,” 
as children sometimes think, nor does it mean vulgar, but it 
has the signification which it possesses ir» “common friend,” 
or in vulgar phrase “mutual к ” or when people are said 
to own property “in common.” 

To find common factors of twu numbers, one way is to 
arrange all the factors of each in two rows one under the 
other and see how many correspond. Inspection will then 
readily show which pair is the biggest. 
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Suppose the two numbers given were 40 and 60; the 


following are the factors of 69, ы 
è 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, + 
and the following are the factors of 40, 
* 2 4, 5, 8, JU, 20. ч 


Of these, the 2, 4, 5, 10, 20 are common to both, and'20 is 
the largest ofthem. * 

In old-fashioned language, factore were called “measures,” 
and the largest common factors was called the “greatest 
common measure,” and abbreyiated into G.C.M. 

Witt is the use of it? Very little; but the meaning is 
perfectly simple and should be understood. It can be utilised 
for finding the Least Common Multiple of a set of numbers, 
that is to say the smallest amber which contains them all 
as factors; for the G.C.M. represents what may be struck out, 
once at least amd sometimes more than once, from the product 
of a set of numbers, in order to leave behind’ the smallest 
number which they are able to divide without æ remainder. 

"Thus take ¢he numbers 40 and 60, their product is 2400, 
and of eougse they will both divide that; but their G.C.M., 20, 
may be cancelled out of f, leaving 120; and both 40 and 60 
will divide that too. 26 is tite least number which they can 
both divide exactly, i.e. it is the least number „of which they 
are both factors, it is in fact their least common multiple. 

Example.—Of the,numbers 12, 90, 24 what is the G.C.M. 
and L.c.w, 1. Of these, 12 need pot be attended to in finding 
the largest common factor, because it is itself a factor of 24. 

Of the numbers 30 and 24, 4 is a common factor ; so divide 
all by that, and we getleft with 30515 

No faetor will divide all these, so 4 was the с.0.м. of the 
original numbers. n 

Their least common multiple is not 3x5x 6=90, because 
tha& would have omitted the factor 4 which they, possess in 
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» common. The common factor need not be repeated more than 
once, (fordf it is, though you get a common multiple, you do 
not get the least common multiple), but it must not be omitted 

„altogether, or you will not get a commen multiple at all. 

The L.c.m. accordingly is 3 x 5 X 6 x 4= 360, and'of that it 
will be found that the given numbers 12, 20, 24, are factors. 
The prdduct of those numbers is 5769, and ou’ of that the 
G.C.M. 4 can be struck twice before arriving at the L.C.M. 

Anyone therefore can invent a rule for finding the L.C.M. 
of a set of numbers; it is, find their G.c.m. and divide or 
cancel it out of all the numbers but one, then multip! ly the 
quotients together. 

But a rile for finding the G.C.M. is by no means so easy to 
invent: it is an ingenious process, and the whole subject is 
essentially a little bit of rudimentary pure mathematics; it 
has no practical importance or application except when dealing 
with the properties of numbers. 4 

The proof cf the rule is an interesting and easy exercise in 
the application of reason and commonsense to arithmetic, bût 
perhaps it is better deferred. 


Rule for finding G.C.M. 


The rule depends on the demonstration that any factor of 
two numbers is likewise necessarily a factor of the remainder 
left when one is divided by the other. 

Thus consider the two numbers 40 and 24. Divide one 
by the other, we get 1 and 16 over. The above sentence in 
black type assumes or asserts that every fictor of 40 and 24 
must also be a factor of 16. In this case, as a matter of fact, 

40= 24+16 
and it is manifest that a number which divides 24 and does 
not divide 16 cannot divide 40. 
Well that is the whole idea. 


2 
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If we were told to find the с.с.м. of 40 and 24, we could 
by this means reduce the problem to finding the c.&w. of 24 
and 16. And then, repeating the division process, we should 
"observe that = 94= 6+8, 
so that the®problem becomes reduced still further into finding 
the c.c.w. of 16 and 8. There is no question but that,this is 
8;—as indeed we might have guessed at first if our object 
had been attainment of a result, ifstead of explication of a 
process—and the way to clinch that is to perform the division 
again and to find that there is, now no remainder at all. 

Theematter can be stated algebraigily, but beginners can 
skip the algebra and come to the “illustration” which follows. 


Algebraic proof of the process for finding G.C.M. 
To find a common factor of two numbers P and Q, of 
which P is the bigger, . z 
let ж be one common factor, ° = 
9 
g 
An extreme"case is when P is divisible by Q without a 
remainder, in that case z= Q. Suppose however that when 
P is divided by Q the remainder is Rf, 
* Q)P(n 
nQ 


# р 
then Ё and ~ will be the complementary factors. 
. d 


. Е 
so that P = nQ+R; then if R is a factor of Q it must be one 
of P also (because P equals a multiple of Q plus Л), so stry 
if R is a factor of Q. 
If it is, it is the common factor required ; but if not, work 
out a division aggin, andelet the remainder be 8, 


R)m  . 
mR 
S 
во that Q = тЁ+8. E 
А - 
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Then if S i$ a factor of R it must be one of Q too, and so also 
of P, and ‘in that case S will be the common factor required. 
Bue if not, we must repeat the process and see what the 


'remainder is when 2 is divided by S. Call it 7, 


S) R= Ў 
| 18 
T а ? 
so that R = 18+ T. 

Now once more if T is à factor of S it is necessarily a factor 
of R, and therefore of Q, and therefore "also of P, and so T 
is the common factor required. ° * 

If not, the process nius go on until there is no further 
remainder; and then the last remainder (or divisor) is a 
common factor of the two original numbers P and Q. Let us 
assume that 7 divides S without a remainder, then 7' is the 
common factor of all the numbers P, Q, R, S, T. 

It is likewise the largest ‹ common factor which exists. Why? 
because it has to be a factor not only of P and Q but also of 
R, of S, and of 7; and certainly 7 is the largest factor of,,7', 
therefore it is likewise the largest common factor of the others. 

Statement in another fornt. : 

The whole process can be written thus: 

To find the G.c.m. of P and Q, work successive division 


sums thus : R 
EE 9 


RIO eu c‏ ات 
n‏ 


е ү. 
1+ g 
LE S/T 
the procers terminating only when 5/7 is an integer. 
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The 7 is a factor of all the numbers P, Q, R; S, T; and ® 
„since it must satisfy this cofidition if it is to be a factor of 
E^ and Q at all, it is necessarily the greatest common factor 
of P and Q, and indeed of the “others too. 3 
Or the Whole process may ^ be written (as usually perfarmed) 
in one sum thus: 


> Q) P(n 


,  R)Q(me . 


Then the last, remainder (or divisor) 7 is the с.0.м. of P 
and Q. e y 
* rllustration (modified from Kirkman and Fiekl). 

Tet the two numbers be 492 and 238. Go through a 
process of successive divisions, 


" 228) 492(2 
+ 456 
36) 228 (6 ; 
; 216 
Р 13)36(3 


Hence 12 is the a’c.m. of the two original numbers, and it 
likewise is a facsor of the intermediate divisor, viz. 36. 

"The argument runs as follows : Д, 

The common factor of 192 and 928 must also be a factor 
ОЁ the remainder when 492 is divided by 228, for in fact 


492 = (2 x 228) + 36, ° 


А e А 
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so that anything which divides 298 and fails to divide 36 
cannot possibly divide 492, } 
Hénee the problem reduces itself to finding the common 


"factor of 228 and 36. А 5 


But, now 228 — (6x 36)3- 12, D) 
hence the factor required must likewise divide 12, as well as 
36. The numbers 2, 3, 4, 6, 12 all satisfy that condition, and 
hence all these are factors of both the original numbers, but 
of thein 12 is the biggest. > 

Therefore 12 is the G.C.M. of, the ЖО given numbers 492 
and 228. (Verify this,by actual division. The quotients 
are 41 and 19, and neither of these have any factors at all.) 


Dy 


CHAPTER „ХІ. 
Easy mode of treating problems which require a 
littlé thought. 


MANY of the problems set for purposes of arithmetic are 
best done in the first instance by rudimentary algebra, that is 
by the introduction of a symfool for the unknown quantity, 
so that it can be tangibly dealt with. This introduction and 
manipulation of a symbol for an unknown quantity need not 
ђе discouraged, even from the first. Ft confers both power 
and clearness. Many arithmetical sums are needlessly hard 
bécause z is forbidden. There is a certain amount of sense in 
the artificigl restriction, but in complicated sums and in physics 
the* symbolic treatment ‘of unknown quantities is essential, 
and the sooner childrer are accustomed to it the better. 

The introduction of a symbol for an unknown quantity is a 
device to enable a sum to be clearly and formally stated. 
After the sum has keen solved by this aid, it is well to try 
and express it so that it can фе grasped and understood 
without such assistance. The fear of those who object to « 
in arithmetic is that this final step may be omitted. The grasp 
is clearer when en auxilfary symbol can be dispensed with; but 
that is not possible always at first. Тһе 2 is to be thought of 
as a kind of crutch: but sometimes it is like a leaping-pole 
and enables heights to be surmounted which without it would 
be impossible. e 


+ 


+ ° " 
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Example.—How soon after twelve o'elock will the hour and 
minute hand of a clock again be superposed 1 

Itis plain that it is soon after 1 o'clock, and that it is an 
amount which has been traversed by the hour hand while the 
minute hand, travelling twelve times as quickly, has gone 
that same distance and 5 minutes more; but it is not easy to 
think out the required fraction in one’s heady though ex- 
ceptional children can do it. 

But-let it be postulated ae minutes affer 1; thé hour hand 
travels, starting from mark I, a distance n, while the minute 
hand, starting from mark XII five minutes further baok, has 
to travel 5 + п in order to catch it up; so the relative speeds 
of the two hands are as (n+5):n, and are also as 12:1; 


wherefore 2455.12 
Га 
ог Я 12n = n4 5, 
or llin = 5, 
5 
or == 
pen ) 


and so the time required (or the answer) is five minutés and 
five elevenths of a minute (i.e. 1; hour) past one o'clock. 

Take another question.—Start witli a clock face indicating 
9 o'clock, and ask when the hands will for the first time be 
superposed. е 

The slow-moving hand has forty-five minutes! start; so, how- 
ever many minutes it goes, the quick one has to go 45 minutes 
more, at twelve times the pace. Wherefore z--45 = 127, or 
the meeting point is 45 = 43, minutes after the mark IX; 
or ths of 45 minutes, i.e. ths of an hour, since 9 o'clock. 
The start in this case is nine times as great as was allowed 
after one o'clock, in the previous question, and accordingly the 
distance before overtaking occurs is likewise nine times as 
great: in 3ecordance with common sense. 
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The constant occurrence of 11 in such sums shows that 11 

must have a decipherable medning: it means the extess , 


„Or relative velocity, of the quick hand over the slow. And 


when this has been perceived, the easiest way to do such * 


sums іп th head is self-suggested, viz. to treat it as a case of 
relative velocities, with the hour hand stationary, and gimply 
ask how soorf the minffte hand will move to where the hour 
hand was, if it (the minute hand) (vent at 1105 of its real 
speed. 5 LÀ 2 

The integval between successive overlaps is therefore always 
iiths 6f an hour, or 65,5 minutes. , 

Exercise.—The hands make a straight line at 6 o'clock, 
when will they be at right angles? Ans.: One has to gain 
relatively 15 minutes on the*other, and since its relative 
speed is }}ths of an hour per hour, the time required is 
15x11 minutes, that is to say 144 minutes more than a 
qyarter of an hour, ° . 

Pains should always be taken to express an'answer com- 

_ pletely and imellgibly. If any joy is taken in work, it 
shpuld be'decorated and embroidered, so to speak, not left 
witha minimum of bare nfcessity. 

Moreover, never let #6 be faught (as Todhunter taught) 
that the z or other symbol so employed is always necessarily 

оу а рше number. When we say “let æ be the velocity of 
the train," or “the weight of the balloon," etc., we should 
mean that z is to stand for the,actual velocity, the actual 
weight: however they be numerically specified. (Appendix II.) 

Some teachers of*importance will demur to this. І assert 
with absolute egnvietiom that it is the right plan, and will 
justify it hereafter. But it is a matter for adults to consider, 
and is only incidentally mentioned here. 

The dislike felt by teachers of arithmetic to the intro- 
duction of x prematurely, is because there is a -tendency 
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thereafter to do arithmetical problems so easily that their 
features are not grasped, and sb some useful perceptions are 
missed. If this were a necessary consequence it would be. 
a valid argument against the introduction of an algebraic 
symbol, but it is not a necessary consequence. 3 

For instance, in examples about the supply of a cistern by 
pipes, or the work of men per day, it is admitéedly desirable 
to realise that we are here often dealing with the reciprocals 
of the specified quantities; and this may be masked by tho 
use of algebra, possibly, but it need not. I suggest that 
algebra is the right way of discovering the fact, but that after 
its discovery the fact itself may be properly dwelt on, and 
thereafter directly applied. There is indeed too much ten- 
deney to hurry away from’ an example when its mere 
“answer” has been obtained, without staying to extract its 
nutriment and learn all that it can teach: sometimes without 
even trying whether the answer found will really fit ог 
satisfy the data in question. That is altogether bad. ‘The 
full discussion of.a.sum, in all its bearings, after the answer 
is known, is often the most interesting and insfructive part 
of the process. 

Children should always be’ encouraged to do this,” and to 
invent fresh. ways of putting things, or detect or devise a 
generalisation of their own for any suitable special case. Here 
is afforded a first scope for easy kinds of originality of а 
valnable kind. 

Girls especially would find the benefit of being encouraged 
to seek the general under the mask of the special It seems 
to fail to come to them naturally. ~ 


э 


Illustrative Examples, showing the advantage of intro- 
dueing symbols for unknown quantities. 
Three „pipes supply a cistern which can hold 144 gallons. 
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One supplies a gallon a minute, another 2 gallons, and the 
sthird 3 gallons per minute. How soon will the cistetn be full? 
Let! be the number of minutes before the cistern is full 
after the pipes are all turned on simultaneously; then in ° 
minutes tif first pipe will have supplied ¢ gallons, the gecond 
2¢ gallons, and so on, 
hence ы P+ 2t+3t = 144. 
So t= 9. 
This is easy enough, but І thmk even this is made"easier 
by the intgoduction of a symbol for the unknown quantity. 
Take however the following variatjon of the same problem : 
A cistern is to be filled by three pipes labelled А, B, and С; 
Pipe 4 alone would fill the cistern in 2 hours 24 minutes. 
Pipe В alone in 1 hour 49 minutes. 
Pipe С alone in 48 minutes. 
How soon would they all three fill it? а 
^ This form of statement evidently makes the problem haader, 
and it is clearly desirable to simplify it by ascertaining the 
rate of supply» of each pipe. This can be done at once if we 
“say, let л, Бе the number of gallons corresponding to the 
contents of the cistern, fot then the data give us that 
Pipe 4 supplies at the rate of л gallons in 144 minutes 


or ig gallons per minute, + 
В supplies at the rate 5 gallons per minute, 


and (04 supplies at the rate E gallons per minute. 


So the set of pipes together supply, at the combined rate, 


REE 4 if 
ma m aTr 
that is to say, n gallons in the unknown time /, which time is 
the thing to be found. e 
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We now see that the contents of the cistern is immaterial, 
when tHe data are thus specified, for n cancels out of the 
equation, and leaves us with the relation 
1 lx 1 
; FE BP UE 

We, have thus discovered the mode of dealing with problems 
of this kind, viz. to take the reciprocals of the times given. 
In other words, to say that the rate of supply is inversely as 
the time taken, or that it fs proportional to the reciprocal of 
that time; and hence, writing the combined габезаѕ the sum 
of the rates, we get the equation directly as last written. 

Now it is true that a mathematician would have seen this 
at once, and written the equation as above without appearing 
to think about it; but a child” cannot be expected to think 
out such a relation, at least not for a long time, unless he is 
encouraged , to consider; either tacitly ог" explicitly, the 
contents of the cistérn; when it at once becomes, not exactly 
easy but, possible. 

The above equation may be called “the solution" of the 
problem, so far as it involves reasoning or thought ; the 
subsequent arithmetical working necessary to obtain a 
numerical result is comparatively niechanical, but it should 
not be omitted. 

1 Е 1 в Y 9-*42*1 8 1 

48 12 144 144 „М4 24 
This is the reciprocal of the time ; x thus the time required 
for the conjoint filling is 24 minutes, as we found in the first 
or easy mode of statement, where the rates were explicitly 
specified among the data. 

Another question of the same kind: If 4 can build a wall 
in 30 days, B in 40 days, and C in 50 days, how soon can 
they all build it, if they can all work together without 
interfering with each other? 


» 


xr] 2 PROBLEMS. 115 
е, е . 
_ Answer іп a days, where 
‹ ac LI Shes 
30 4050 z 


оше during each day, 4, does у, of the wall, B does 
Toth, and Û does J;th; so the three together do, eacheday, 
what is represented by these fractions added together. Hence 
the number of days wilf be the reciprocal of the sum of these 
fractions. 5 

It is probably undesirable to asist a beginner to so базу a 
solution ofgthis class of problem prematurely, or until he has 
been dflorded an opportunity of expending some thought 
upon it; for it is difficult to get a good grip of a thing which 
is too smooth and slippery. 
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Involution and evolution and beginning of indices. 
BECAUSE 6x6 = 36, which may be called 62 (six. square), 
and — 6x6x6 = 216, and may be called 6? (six cube), 
6x6x6x6 = 1296 — 65, (six to the fourth power), 
and so on, t 
it is customary to call 6 the square root of 36; 
‘it is also the cube rcot of 216, 


» R the fourth root of 1296, 
and so on ; 


and the process of finding, or extracting, the root of any 
number is called evolution,—though the name is of small 
importance. Ӯ 

The idea of roots and powers however is of great importance 
and it is necessary to know how to find them. 

The square root of 49 is 7; as we know from the multipli- © 
cation table. So also we know in the same way, that is by 
direct experiment, that the square root of 64 is 8; because 
this is only another way of saying that 8 square, 8, or 8 x 8, 
equals 64. ; 

The statement that 92 = 81 is identical, in everything except 
in form, with the statement that the square root of 81 is 9. 

The square root of 100 is 10, 

that of 144 is 12, 
ò and of 400 is 20. 
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A notation or mode of writing is necessary for Toots, to 
avoid having constantly to write words, and for compactness ; ; 
gust as 3 is handier to deal with than “three,” though it 
means the same thing. e 

The notation employed in involution or raising to powers 
we, have already stated (р. 56), viz. little«figures or indices 
placed after the main figure, as for i instance 4°=16, the index 
denoting how many fours are to be multiplied together. 

So 6° means that thtee sixes are to be multiplied together ; 
and that is ell that the index shows. 

95 méans that five nines are to be meıltiplied together; and 
the result is a big number, which a child may at once be set to 
calculate. He might also calculate such numbers as 2%, 3%, 44, 
55, ..., 99, 1010, 

Moreover, he should at once write down the values of the 
following : t 102, 108, 104, 105, 10%, Be б 


and perceive that in each саве ће number of ciphers following 
the one is indichted by the index. So he бап write down in 
full 10% without consideration, and can be told that the short 
form's a compact and handy and universally adopted method 
of expressing large numbers. 

From all this, if a sharp child were asked *to invent a 
notation for roots, he might perhaps, though it is much to 
expect if really ignonant of the convention, but he might 
Suggest that since 42 = 16, perhaps 16% = 4; or perhaps 
he might suggest 16-2 as a suitable notation. In either 
case he should be much encouraged. 

Of the two netations? thus suggested, the first is correct 
and is employed. Тһе segond is empleyed for something 
also, but for something totally different from a root, viz. a“ 
reciprocal. 

Let us get used to the notation for roots by fractional 
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indices, and at the same time justify it as a consistent and 
conyenieht method. А 

First of all it must be admitted as not easy to put into, 

= words. The index 2 signifies that the number is to be raised 
to the second power, or dae 9 by itself, so that. 
E > =4x4= 16; 

hence we might say an 16) means that the number is to be 
raised to the half power, or multiplied,—how? It is hardly 
an interpretable phrase ; ; во we must proteed more gradually. 

First of all, it is simple to suppose that if the index is unity 
it should be understood'to leave the figure unaltered, so that 

4! — 4 and 16! — 16; 

therefore we may write indices on both e thus, 161 = 
let us next suppose that we may halve the index on each 2 
getting 16 = 41, and read this, root 16 equals 4. We might 
halve the indices again, and get 16* = 4^; which equals the 
square root of four, or 2; so that we may surmise that tne 


fourth root of 16 is 2; and verify it thus, à а 
2 x2x £ x2 = 16. 
Similarly, = 35 ? 
Mt 
which agrees, with the fact that the cube root of 27 is 3, 
(27 = 3x3 x3). 
Again, sit = 9, 
О 81* = 9% = 3. 


All that we have here assumed (and it is a large assumption) - 
is that in an equation involving terms with indices, if we - 
perform an operation on the indices—proyided we perform 
the same operation on both sides,—the equality remains 
*undisturbed. 

This is an assumption, a guess, an expectation, to be justified 
or contradicted experimentally by results: We shall find that 
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its truth depends entirely on the kind of operation so per- 
formed. We happen to hav? hit first upon trying multipli- 
„Cation and division as applied to indices, and that seems to 
work correctly. But we shali try other operations shortly © 
and will fiftl them fail. " 

Those who imagine or assert that experiment has ng place 
in mathematfes do nof know anything about mathematics. 
Sometimes results are arrived at By theory, sometimes by 
experiment, sometimes by a mixture of the two ;—either 
theory firsj and confirmation, by experiment, or experiment 
first and justification by theory: jugt as in Physies or any 
other developed science. 

Let us now press our assumption to extremes and experi- 
ment on it in various ways so»a6 to see whither it will lead us. 
Start with any equation, such as 


° 42 = 161. • } А 
» Double each index, and we get E s 
‹ 
44 = 16° = 256. 


E 

So the fourth root of 256 is given as 4; and the eighth root 
will,accordingly be 2, op 256 is asserted to be the eighth 
power of two; which is the, fact: eight twos multiplied 
together do yield 256." 

Treble the index, and it becomes 

46% 163 = 256 x 16 = 4096, 

or conversely, 40965 9 4. 

Непсе the sixth root of 4096 is given as 4, and 

° 4096 = 44% = 2, : 

that is, its twelfjh root & 2. Again fact agrees with theory, 
2 multiplied by itself 12 times does equal 4096. 

Hence it appears that the operation of multiplying indices 
by any the same factor on each side of an equation may be 
trusted to give true results. ^ 


° 
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So also division of indices by any the same number may be 
trusted tod; thus starting as before with 


161 = 4, 
“quarter each index 16t = = 2, 
halve each again 16% = 44 = 91. 


How?are we to calculate 211 Thats not an easy matter: 
we will leave it unvalued, for a time and merely call it the 


square, root of 2. 1618 ‘often denoted Jy a sort of badly- 
written long- tailed fi in front of the digit, thus, 4/2 or ,/2. 
Try again, 27 —'35 Y 
ота = 3, 
278 = 3%, 


there is the same difficulty about interpreting 34; no whole 
number will serve. We can call it the square root of 3, or 
briefly “root 3,” and can denote it by writing y3 as before. 

A/16 means the same as 164, namely 4; and /4 = 44 = 2; 
but whereas the fractional index contains an important and 
valuable idea, which remains to be developed, the symbol E) 
is nothing but shorthand for the word “root,” and is itself 
trivial and inexpressive, though Led harmless and of constant 
service. ° 

What we have learnt from the above examples resulting in 
A/2 and /3 is that when employing fractional indices we can 
arrive at something, easy of interpretation indeed, but not 
easy,of numerical evaluation ;, there is no need to mistrust the 
result but only to wait till more light can fall upon it. 

Now try some other operations applied ‘to indices, we shall 
find that wariness is necessary, and ‘that more guesses and 
surmises as to what it is permissible to do to equations are 
not worth much. Everything must be tested. Suppose we 
try squaring them on both sides as thus: Starting with 

5 42 = 16), 
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squaring indices would give us 2 
44 جد‎ 16, А 
esince the square, ог any other power, of 1 is 1, 


° 1х1хХ1х1 = 

The result, that 16 is both the square and the fourth power 
of 4, is falsesand absurd: and hence thé sham equation is 
erased, в 

So we learn that whereas multiplication of indices by any 
factor is an operation that can be trusted to give true results, 
and división of indices by a factor can probably be trusted 
too, since one operation is the inverse of the other, yet that 
involution is not an operation that can legitimately be per- 
formed upon indices, but only дроп the numbers themselves, 

Suppose we try addition, equal additions to the indices on 
each side; add 1 for instance, we get 4° X 16%, which is a 
falsehood if the equality sign is left unerased. ® 

“It is time we began to consider what operations are really 
legitimate and what are not; and gradually i in both cases we 
must proceed to ask, Why ? 


D 


Снова ХІН. P 


Equations (treated by the method of very elementary experiment). 

Ir is therefore convenient at this stage to introduge the idea 
of an expressed equality, which is called an equation, and to 
consider what are the operations to which an equation can be 
subjected without destroying the equality. 

It is customary to postpone this-subject to Algebra, but we do 
not wish to perpetuate any sharp distinction between algebra 
and arithmetic, and it is useful to begin experimenting with 
equations while still they are expressed in terms familiar to 
beginners. — ^ . 

Typical equations are of many kinds, of which, we may 
now consider the following : 


The addition kind, 342 — 5. К 
The subtraction kind, 3-9 = 1.2 

The multiplication kind, 3x2 = 6. 

The division kind, 97-2155. 08. 

The involution kind, Bees 

The evolution kind, > OF = 3. 


There are plenty of others, but these will do to begin with. 
Every equation has two sides, called respectively the left-hand 
side and the right-hand side; the symbol =,is the barrier. 
It is not an impassable barrier, but terms get reversed when 
they are taken across it; positive becomes negative, and vice 
versa. In order to find out what may be done to equations 
we can experiment, 
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Take any of these equations and try experiments on it. 
For instance, add something to or subtract something from 
, cach side. So long as we add the same thing to each side no 
harm is done: the equality pérsists. For instance, start with 
the first two of the above equations and modify them by 
addition or subtraction in various ways :— e 
р 34247 = 5+7 = 12; 
зато; 
342-6 =5-6= -1, 


M 3-244 = 1+а, 
2+3-9-а = 3-@+1, 
3-2+2 =1+2=3, 
342416 5}. 


So far everything is very simple and safe. 

Not only may we add the same, thing to each side, but we 
may add equal things to each side (which may be regarded as 
ân illustration of the axiom, that if equals be added to equals 


tite wholes are equal). < е 
Thus *. 3+2 = 5, 
and also , “+6 = i 
So 3424740 = 5413 = 18. 
Or again, 3-2=1, 4 
and З= о] 
So ° 3-243 = 149 = 10. 
Also take the following : ed 
3-2=1, 
and d 5-6- -1 4 
Fe 3-245-6=1-1=0. 
But take an equation of the multiplication kind, 
$х2=6, 
а little caution is necessary in adding anything to the left- 
hand side. D 
LI à . 
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We might have (3x 2)+1 = 6+1 = 7, 
ог we might have 3х(2+1) = 3x3 = 9. 

If we only write 3 x 2 + 1, without brackets, it is ambiguous ; # 
for the value depends on whether the addition or the multi- 
plication is performed first: that is, on whether the 2 is 
grouped along with the 3 or with the l, but the brackets 
enable us to indieate the grouping clearly. 

Take another example, 

z 7х8 = 56, ^ 
(7х8) - 4 = 52, » 
although 14(8-4) = 28; 
but the last is quite a different equation, and is not deduced 
by simple subtraction of 4 from both sides. 

About the other forms of equations there is no difficulty ; 
we will just write them, with something shies added to or 
subtracted from rd side : 7 

: t51215-1- 5-1 
M 1=9-1=8 
S142 = 3+2 = 5. 

Incidentally we here observe the advantage of the fractional 
notation over the + notation. If we had written 3+ 2-1 we 
should have had to avoid ambiguity by the use of brackets, as 
was necessary in multiplication; but 2—1 is unambiguous. 
Unity is subtracted from the whole fractiol, not from either 
numerator or denominator. If unity were subtracted from 
the numerator it is p be right, 


21 X 15-1 --:5; 
nor will it do to subtract from the denominator; nor from both. 


6 
а 


So much at present for addition and subtraction ; now try 
multiplication and division: start with 
3+2=5; 
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double enaki torn PET LIO 
treble each term, 9'+6 = 15; чүш 
halve each of these terms, 
. . 
So her we are safe. >; n 5 
Proceed now to the factor or multiplication form of equation: 
» *  $x226; 
double each digit, 6x4 x2, А 


and we get wrong. * 

We leatn that we must not double each factor in a product, 
though we must double each term ова sum ; hence the expres- 
sion 34-2 is commonly spoken of as containing two terms, but 
3 х 2 is spoken of as a single term. 

То double the single tern! ft is sufficient to double one of its 
factors; so if we write 


. 6x2 —12 < 
„o get right again. М H 
Similarly we must halve one of the factors oaly, 
: ° 1}x2=3, . * 
orelse + T 3х1 = 3. 
Now attend to the quotient form, 
1-215; d 
double every digit, 1X3 
and we get wrong. , 
Double the denominator only, = 
з 
5х3, 


it is still wrong. ° 
Double the pumerator only, $ = 3, 
and we get right. * 
So in multiplication айа division of a quotient by a whole 
number, the factor has to be applied to the numerator 
only. G 
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Take another example, 22 = 4, 
* 6—4 #9 
gaa = 2, 
Ы $4] 
SR 
= 244 x 2 8, 
Finglly, take the involution form, 
gu, 
What are we now to double if we? want to double both 
sides t 6? = P8 ів wrong, 


d 34 = 18'is also wrong. 


We cannot do it quite so simply ; so we must write merely 
PET I 
which leaves the step really undone and only indicated. 
But take another example, 
3x3? = 21, 
This could be written 38, 5 
Again ° 33x3? = 27х9 = 243 = 35, 
and a rule of extraordinary interest and usefulness is suggested. 
Think it over, we shall return to it in Chapter XVI. е 


Further consideration of what can be done to equa- 
tions. * 

À sentence like the following : 

“If both sides of an equation be treated alike, the equality 
Will persist," might easily be considered axiomatic ; but so 
much caution is required before we can be sure that both 

; sides have been really treated alike, that it is highly dangerous 
to employ such an axiom. We have already come across 
some cases of the danger, but, the subject is very important 
and will bear fuller treatment. 

The general doctrine may be laid down that before we 
understand properly what can be done, or what it is per- 
missible todo, in any subject whatever, we should take pains 
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to ascertain also what cannot be done under the same circum- 

stances, ie. what it is nob possible to do without error. 

This latter part should not be too long dwelt upon, because 
* error is most simply excluded by attention to and familiarity* 

with the eorrect processes, 50 that presently all others instine- 

tively feel wrong; but once at least we should examine the 

whole mattet and learn, if we can, why one set of things are 

wrong and another set right. THis remark applies also to 

other things than arjthmetic. , z 

An equation consists of two sides, and each side consists of 
terms Frequently the right hand side is zero, especially in 
algebra and in higher mathematics. Sometimes, instead of 
being zero, it is some constant or other independent quantity, 
and is called “the absolute tem,” because it is undetermined 
by anything on the left hand side: to which however it is 
equated, = 

An equation is the most serious and important thing in 
thathematics. The assertion that two quantities or two sets 
oft quantities are equal to each other, whether it is meant 
that they. „are always equal, or only that they are equal 
under certain circumstanees which have to be specified, is a 
very definite assertion,and mây carry with it extraordinary 
and at first unsuspected consequences. 

'The equations we are now using as illustrations are by no 
means of this high “character ; ; they are usually mere identities, 
and depend on the trüism that a combination of things grouped 
or expressed, in one way are unchanged in number when < 
grouped or expresséd in another way.* But although it may 


* We call this & truism ; A DU. it isa dangerous term to employ, and 
when we come to Chemistry we must be on ouf guard against assuming 
that the volume of H,+0 is equal to that of H,O, under the same 
external circumstances. It is true of weights (as nearly as we can tell) 
but it is not even approximately true of volumes, f 


: 
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be some time before they realise the vast importance attaching 
to equations, children will take it on trust that they are now 
entering the central arcana of the subject, and will be willing 
^to give the needful attention: to the processes which have 
constantly to be employed. An initial account of them is 
given in the following chapter, parts of which may be read 
before the whole of the following introductory niatter. 

When а number of quantities are multiplied together, they 
are held to constitute one serm. Whenever the sign + or - 
intervenes, it interrupts the teym, and each such,sign has a 
term on either side of it, 

Thus a+b, 70 —6, are each two terms; but ab, and 70 x 6, 


and abe, and 10%, and 5a/2, and ae are all single terms. 


What about such an expression as 
> bab-z 


X х айд? 
where there is one (or more than one) addition or sub- 
traction sign in the numerator f У 
Answer: So long as it is kept all together it сап be called 
one term, but it can easily be split mto two, viz. 0 
Бо 
z ab 
and for some purposes its terms can be considered plural 
without re-writing. 

The long line of division in the original expression however 
may be held to weld the whole into one term; and brackets 
have the same effect. Thus, д 

(a+b), (70-6), 5(a+b)a, J(az – by) 
are all single terms once more; until the brackets are 
removed. And removal of brackets is an operation to be 
performed cautiously. Rubbing them out is not a legitimate 
way of removing them. 
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For instance, 3(7-4) = 9; 
but 37-4, and 3x7-4, and 37-4 © | 
anre all different. 

Again, J(164*9) = 5, 
but т J16+/9 = 7, + 
апа A164 9 = 13, , . 
while * 16+,/9 = 19; 


the three are entirely distinct statéments from the first, and 
are not deducible from it. y ^ 

So we learn that the right removal of brackets is a matter 
to be Studied. . 

When we assert that the same operation. can properly be 
applied to each side of an equation then, we must be careful to 
interpret it always as an оретФйоп applied to the whole side, 
and not to any part of it. We may not tamper with one 
term and leave the others alone, nor must we tamper with a 
part of a term only. Nor must we repéat the operatior for 


each of the factor components of a single term. - 
This must bé illustrated : St 
Given that a+b = 0 


it is correct to say that r 
"2a4+2b = 2, 


or that 2(a+b)= 2c; + 
but given that ^ axb= 
it is not correct to say, that. 
2a x 2b = 
For here the term ab is one, and it pee needs doubling once. 
Given that a = 13, 
it is true that а "bat =, e (1) 


but it is not true that (5a)? = (50, .-(2) 
for that would mean 25a? = 12588, 

which, subject to the given data, is absurd, unless a and 6 are 
both zero. i * 


L.E.M. i 1 


> 
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In reading the two lines labelled (1) and (2) it is customary 
to read them carefully in order to discriminate what otherwise 
would sound quite similar. The former of the two lines is 


read “five a-square => five b-cube” ; 


the latter of the two lines is read 
А “ fivè а, squared = five ^, cubed”; 
and these are quite differunt. They cannot under any circum- 
stances be both true (unless indeed a and 0 are both zero). 
They are therefore called “ inconsistent " equations 
(like д = у, and z — 2y, which cannot both be true). 


To illustrate the inconsistency, take an example : 
82 = 45, both being 64, 
and so also 5 x 8 = 5 x 45, ‘both being 320, 
but (5 x 8)? x (5 х 4)*, the one being 1600 
3 and the other 8000. 
Read the sign X as “does not equal. " 


Given again that , gi = 03, 4 
it does not follow that @ = 1%, 
although we have done the ваше do that is added 1, tu the 
index on each side. 

Nor would. it be true to say that 

at = b, 

although we have now squared the index on each side. 

But it does turn out trus that if we double or treble the 
index, the equality persists: given that a = 18 
it is true that а= 6 
and that af = 9, o 
во that it appears as if it were permissible to multiply the 
index on each side by any the same factor. We must examine 
this later, but at present we will merely verify the truth of 
these las? assertions by an arithmetical example: 
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5 е . 
For instance 8° 4s 
whereas 83° з 44, е 
„опе being 512, and the other 256 ; i 
but 8% ® 4, 
both being*(64)* or 4096. e 
Likewise 86 = 49, £ ë 


both being (64)? or 2627144. 
Now take a slightly more o general type of equation. 


* = by, 
it follows that (aa) = (by), 
but it is by no means necessary that us shall equal by’. 
For instance, 7x4 = 14x2, А 
and (7 x) = (14x 2)5; 
but 7x49 € 14x 28, 


for one equals 448, and the other зае 112. 


Таке, аз given, the equation ab = zy, and let*us multiply, 
айа, and divide on both sides, so as to illustrate legitimate 
and illegitimate operations; the pupil being left чә devise 
numerical illustrations and tests for himéelf. 

First multiply or divide by any quantity whatever, say c. 


F abe = oY j 
or, assuming another quantity z — c, we may write it 
abc = tyz. » 
So also с ab _ ك‎ 
ПМП 
ахь+с = rxy +z = ух+?, e 


2501 
= 9X5 = Ug) 
Next add or gıbtract something to or from each side. 
+e = ttt, . 
abb = zy -b N ay - 9, 
ab-z = ty- t, 
ab-zy = zy - zy = 0. = 


{ 1 


lg eus Ue =gx 
с с с 
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This last is worth attention. The result has been to 
transfer & term from one side of the equation to the other, 
its sign being changed in the process. This is important and 
"demands further illustration. 


Let, 2 = 6. 
We сап equally well write it, by d. 6 from both 
sides, z-6=0, * 
and the 6 has been transferred, with change of sign. 
Or let ж = y. 3 
Subtraet y from both sides, 
then g—-y = 0. 
Again let a= -y 
then add y to both sides and we get 
£y = 0. 
Or let az+by = -¢, 


add c to both sides, az -- by-- c = 0. 

Tais kind of simple operation has constantly to be per- 
formed. 

One more illustration therefore: 
Let az +by = cs + dy. 

We can subtract the right hand side from both sides; in 
other words, transfer it to the left, T change of sign; 


x 


getting ax + by - cw - dy = 

which is more neatly written ^ 
(a- oe (6 -d)y = 9; ki 

or again, (a-c)& = (d-b)y. à 


Here the last mode of expression is deserving of attention. 
We will arrive at it more directly. 
То this end start again with 
` ant by = ca+dy; 
transfer by to the right, and cz to the left; thus we get 
9 az — cu = dy - by, 


\ 
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» 
. 
or what is the same thing, 


(a - c) = (d - Dy. 2 
» Divide each side by the «product (a—c)(d—5) and thee 
equation becomes e 
dee oor (2-y E 
Jis =)(d=b) ~ (а—с)(4@-)' e 


In each of these terms there gis a common factor in 
numerator and denominator, so we can cancel them, and are 


left with 2 у 
ә 


d-b*a-c 
Or we might have divided otherwise, and arrived at any of 
the following : 


г? 0-5 
у woe 
жу = (d -b):(a— c), 
* y: = (a-c):(d- D), : у 
> _d-b 
Р = ЗЕ 50 А ees 
_ a-c E 
b у= 00 
(0-2 _ 4° 
a-y” : 
(a — с) a 
= Ty 1-79 
+ а-су A 
З 23-9 


АП these are entirely equivalent forms; and as an exercise 
they should all be deduced, any one from any other. 
And all can be numerically illustrated, by attributing to 
the symbols some partieular values ; for instance by taking 
z—94 у= ab} b= —19, c=], d= 28; 
Let this be done, as ап exercise. 1 s 
1 
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Among things that can legitjmately be done to equations 
are:certain operations which are by no means obvious, and 
demand attention. 

Suppose we are told that 


za 
sym (1) 
We are not allowed to say Cini. a but we are entitled 
to say that ELA 
z-y 4- b (2) 


because this is equivalent to subtracting unity Кош: both 
sides, i.e. is equivalent to 


q m 
16-1 
So also we might have truly written 
) ory ab 3 
v КОТ АНТА (3) 


But from the truth df these two operations it follows that 
we might also have written 


For this would be obtained if we had divided each side of 
equation (2) by the corresponding side of.equation (3) ; for if 
equals be divided by equals the quotients are equal. 

Let us D DRE this important result arithmetically. 

Start with 1 = E which can be easily proved true, and 
may be taken as corresponding to (1). 

Then it follows that b 

14-6 49-21, 

сакы in other words 5 = 2s which 
corresponds to the form numbered (2) ; 


хш.] * nner ON EQUATIONS. 135 
е 


14+6 49421 | ^20 70 
also, like (3), that Е SIS е. that 7p 
A TEP ài TORTS 
* and, like (4), that 14-6 = 3591 or that $ “98 x 
Or васї? member of any of them may be inverted: for 
instance the last : 8 28 а . 
: e rd 
20 7 ў 
Starting once more with 3 
: zo 
y, b 
we might ‘equally well write it » 
z 
== р EX КЕКЕК КИД (5) 


for this is the result of multiplying both sides by H ; 80 there- 
fore it is true to say that 


EU 
айд : ero. gut RR OE docs 
als that ا‎ aa y-b 


and that is really, though by no means obviously, the same 
thing as equation (4). 
Illustrate this foo, numerically, with the same numbers as 


before : 3 и = 2 corresponds to (5) „ 
* уе 215 corresponds to (6) 


Where the minus signs may equally well be omitted or can- 
celled by multiplying each side by —1; 


and 80 000 corresponds to (8) 
е 


L4 
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» » $ 
or again any of them may be inverted, e.g.: 
> 49 21 


: пе F ete. 

Now let us apply the so-called involutional operations to 
both sides of an equation, and ascertain what we may do and 
what we may not до. 

Begin with у ab = ay. 

Square both sides, (ab)? = (zy). 

Square each factor, айа = gy. 

Square one of them only, and’ we get wrong, 

al? X др. 
Take the square root of both sides, 


(d) = Jay), 


also of each factor, alo = as], 
or what is the same thing, 


" apt = ay}, З 

So far we are all right except іп е one marked instance : 
as can be tested hy giving suitable numerical values to the 
four symbols. 

But now take an equation with more than one term on a 
side, say 2+0 = с. 

Square both sides (#+y)? = c 

Square each term, 2+2 X c, 
and we get wrong. Р 

This is à mistake constantly being made by beginners, and 
it must be further emphasised. As an example, 


445 =9, 
(4+5) = 92 = 81, 
but 424.52 = 16425 = 41 X 92 


The following fallacy may serve as an illustration : 
„/25 = J(16+9), ~. 5 = /16+,/9 = 7. 
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Observe that these numerical instances, if they lead to 
error, show quite decidedly that the operation tested is wrong. 
They do not prove with equal validity that it is right, 
"if they turn out correctly; cerf&inly a single instance of correct-' 
ness is insffficient. They render its rightness probable, but 
the rationale of it has to be further investigated. A, single 
instance of feal error However is sufficient to invalidate any 
operation under test. £ 

Exercises, —Test the correctnessof the following horizontally 


juxtaposed, statements 3 T 
. 9х3 = 6. „2+3=5, 
22x 32 = 6%, 224.82 X 5% 
5x6 = 30. 54-6 = 11. 
52x 62 = 302. „с 52462 x 112, 
93 x 65 = 128, 28+ 68 X 12, 
2 2468 x 83, 
4x9 = 36, 49 = 13, ; 
3 4ixgh— 368 6. 4t49h = 5, 
9« 144 = 1296. 94,144 = 1537 
M9 x /144 = (1296). „/9+,/144 = 
е 27 х 216 = 5832. 274216 = 243. 
274 x 216% —5832k" 97442163 = 9. 
ог 3x6 = 18. В 


But now it must be admitted that this experimental mode 
of treatment may not be considered the best mode of beginning 
the experience of equations: andeit is certainly not the most 
conducive to-rapid progress; it may be better therefore to 
apply treatment like that of the present chapter at a rather 
later stage and ğo use if as a cautionary and salutary exercise. 
The importance of the subject is so great that it can hardly 
be over-emphasised, nor is one mode of approach sufficient, 
In the next chapter a somewhat more orthodox and quite 
effective mode of procedure is adopted. е 


t > 


е 


2 > 


CHAPTER xiv. 


Another treatment of Equations. 


EQUATIONS may be classified in various ways: There are such 
things as differential equations, there are quadratic equations 
and equations of the fifth degree, etc., but for the present we 
will classify them under three zimple heads :— 

Ist. Statements of specific or particular fact, such аз: 

344-7, 
or ! 9,/(144) — 108; 
these involve only definition and re-grouping. 
2nd. Statements of go or universal truth, such ав: 
-1 = (n+1}(n-1) b 
ы = #1050; > 

these are called identities, and are frequently denoted by а 
triple sign of equality =, for instance a + b= ù + a, whenever it 
is desired to emphasise their distinction from the third class. 

8rd. Equations proper, or statements of condition or in- 
formation such ав: 

172 = 34, 

or 523 = 40; 
statements whieh are not by any means generally true, but 
are only satisfied by some implicit datum, such as, in the 
above instances, z — 2. 

4th. There is also, from this point of view, a fourth class of 
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equations, expressive of a relation between two quantities, 


such as 3z-4y = 12, T 
or Bu = 25; ё 


which are» satisfied not by all possible values of w and y, as 
an identity is satisfied, but by ап exclusive and definite 
though infirfite series of values. е © 

The first is satisfied, on a certain geometrical convention, by 
all the points which, lie on a specific straight line, the second 
by all the points which lie on a definite circle. 

Tf she equations are given simultaneously, they are satisfied 
together by two and only two points, viz. the points where 
the straight line cuts the circle. 

With this fourth class we have nothing to do just yet: it 
opens up a large and exhilarating subject. 


With the first kind of equation we have constantly had to 
do already : all purely arithmetical equations are necessarily of 
this kind. = 

The second kind is constantly ercovntered throughout 
algebra and trigonometry ; identities represent the skeleton 
or framework of mathematical science, all its universal and 
undeniable truths can be thus expressed. 

The third kind of equation, or equation proper,—equations 
which have a definite solution, equations which convey specific 
information about an unknown quantity, and express it in 
terms of numbers or known quantities of some kind—those 
are the eqilations, with which we deal in this chapter, and 
that is the kind which gives immediate practical assistance 
towards the salving of problems. 7 

The process of “solving” an equation is simply the act of 
reducing it to its simplest possible form. Written in any 
form the equation conveys the same information, but in some 
forms it is not easy to read ; the solving of it is analogous to 

5 3 


° 
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the гран. of a hieroglyph or the translation of an 

unknown phrase. 

For instance the following equations 

Tz - 2) = 1ш+80 
ج‎ 13z = 65 
a= 5. 
all express the same fact and convey the same information 
concerning z, but the last obviously conveys it in simplest 
form, and itis called the “solution” of the first, the second 5 
being an intermediate step. 

The two sides of an equation may be likened to the two 
pans of a balance, containing equal weights of different 
materials or of the same material differently grouped. 16 
is permissible to take from oz -to add equal quantities to 
both pans, the balance or equality being still preserved ; but 
a weight must not be taken out of one pan and added to the 
other. unless its force be reversed in direction and made to, 
act upwards instead of downwards; which can be actually 
managed by hanging if to a string over a fixed pulley, the 
other end of the string being attached to the pan. ~ 

This fact is most simply expresséd by saying that if any 
term or quantity is transferred" from спе side of an equation 
to the other, it must be reversed in sign, if the equality is still 
to persist, i.e. if the equation is to remain true. 

This is a simple but important matter of constant practical 
use, and it requires illustration : 

Let the equation be given 

$-9-238. 
We can transfer —2 to the other side of the equation, where 
it will become +2, giving us z = 3+2 or in other words 
2 = 5, (We шау consider that we have added 2 to each side.) 

The value 5 obviously satisfies the equation in its original 
form, becayse it is true that 5—2 = 3; and the substitution 
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of the found value in the original equation and then | seeing if 
it fits or holds good, is called « ‘verifying’ the solution. 
e Take another case: 
3 4+18% 402—8. : 
Getting the unknown quantities on one side, and the known 
on the other, it becomeg . LI 
322 – 42? = -&-17; 
if we like we шау TOW. reverse the sign of every term, which 
- will give us 


е 4a? — 32% = 17-8 
or : g? = 25 o 
or g = б. 


Thus all the equations we have written recently happen to 
be expressive of the same fact : namely that the particular z 
denoted by them is merely the number 5. Substituting this 
number in the above equation, it Noe s 


Ы 3x95417 = 4х25-8 


ог ° 75+17 2100-8 , yt 

which we ‘perceive to be an arithmetical identity, since both 
sid& * = 99, 

thus the solution is verified, of the value ж = 5 is proved to 
satisfy the given equation. ~ E 


We do not know, for certain that it is the only value that 
will satisfy it, but gt any rate it is one solution. 16 so 
happens that the equation last written will also be satisfied 
by the solution æ =- 5; and this is characteristic of square 
or quadratic equations in general, that there are two answers 
instead of only one. ® 

An equation of the third degree, that is an equation 
involving 2, will in general have three answers ; and so on. 

Take one more quite simple example, for practice : 
given 72-12 = 52+6, to find a. © 

е = 
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Subtract 5x from both sides, or, what is equivalent, transfer 

5z over tà the other side with change of sign, 

we get 22-12 = 6. 

‘Now add 12 to both sides, or, viat is the same thing, transfer ' 

— 12 over to the other side, and it becomes 


е „ 22 = 6+12 = 18; 
wherefore a = 9 is the solution. 
Try it in the original equation in order to verify it and we 
get 63-12 = 45+6, > 


which is an arithmetical identity. 

As to algebraic identities, it is probably needful to remind 
young beginners occasionally even of such simple facts as 
these: at the same time making mysterious hints that there 
are possible interpretations, to be met with hereafter, wherein 
even these simple statements lack generality and are open to 


reconsideration, a+b = b+a, ^ 
and з ; ab = ba; У 
and they, should be frequently reminded of such usefu 
identities as fo (a+b) = a2 +2ab+0%, + 
(a-b)? = a? – 2ab +b, 
(a+b)(a—6) = а= 0, : 


Oral questions should be asked аё odd times concerning 
equivalent expressions for such things as 


(p- 4) (e-0), (a+ y) 9) 

(c4- 1)(c — 1), (n+), (3-1) 

(1+), (1-4) (a+3), 

(c - By (3+ ,/2)?, (7+ 42)%, etc., etc., 


since а pupil’s knowledge of such fundamental things should 
be ready for immediate application—like a well constructed 
machine. 

We have not yet taken an example of an equation involving 
2? as well,as 2, because they are not quite so easy to solve; 
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.but a parenthetical remark may be introduced even at this 
stage. We know that quantities of different kinds do not 
„occur in опе expression ; in other words, that all the terms 
‘of ап expression must refer ёе same sort of thing, if they ° 
аге to be flealt with together or equated to any one value. 
Nevertheless an expression like a3 + 5z + 2z +6 is common, 
and z may be a length’; which looks as if we could add to- 
gether a volume, an area, a length, and a pure number. 
Not so, really, however: see Appehdix. 

The equation (2-3) (0-4) = 0, 
writtef out, becomes 22 – 72+ 12 
ог a = 72-12. 

We may guess at numbers which will satisfy this equation, 
and we have been told these must be two, because it is a 
quadratic: it contains z?. Ву trial and error it will be found 
that the number 3 and the number 4 will both satisfy it; for 
insertion of the first gives the identity 9 = 21 — 12, and ixser- 
tion of the second gives the identity 16 = 28-12; but no 
other number whatever, when substituted, ewill result in an 
identity, that is to say no other number will satisfy the 
equation ; the equation his two, and only two, solutions, or, 
as they are often called; “ roots?” 

Looking at the factor form of the equation with which we 
started, . @-3)(@-4) = 0, 
it is obvious that either, 3 or 4 will satisfy it; because the value 
3 makes the first factor zero, and the value 4 makes the second 
factor zero. Ié is not necessary that both factors shall be zero 
—either will do—hence the useful answer is not necessarily 
both 3 and 4, buf either or 4, or possibly both. 

"The factor form of writing the equation, therefore, contains 
the solution in so obvious a manner, that it is sometimes 
spoken of as “the solution”; and if an equation like 

322+ 12-31 = 11-82 е 
P . 
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were, by any process of manipulation, reduced to the form 
(z-2)(r- 7) = 0 
it would be considered solved ; because it is then obvious that 
the values + 2 and — 7, that is "to say either z = 20rz = —7, 
or both, satisfy the equation. Inserting them successively, 
for the purpose of verification, we get for the valne x = 2 
1944-31 = 11-16 

which is an identity ; ^ 
and for the value z — —7 

147-49-31 = 11 4-56 
which is another identity. 

In collecting the terms of the given equation the two # 
terms can be put together, making 152, and the two absolute 
terms can be put together, making 42, but neither of these 
pairs can be merged in the other, nor in the term 32? ; there 
are essentially three distinct kinds of terms in the equation, 
and they must be kept distinct. 


Introduction to Quadratics. 

When beginning quadratic equetions, it is a good plan 
to give them first of a kind that can easily be resolved into 
simple factors, so as to remove the appearance of difliculty, 
and yet to suggest a real method of solution. 

For instance, w—Te+12=0 ' 
has roots 3 and 4, for these numbers add together to 7 and 
multiply together to 12. So the expression on the left, hand 
side can be resolved into factors as 


@-3)(@- 4), 
and the equation can be re-written 
(2-3)(2– 4) = 0. 
Again 22 52+6 = 0 


is plainly‘ satisfied by the values z = 3 and x = 2. 
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Once more, 22—11e4-30 = 0 Li 
has the roots 5 and 6, and is ve to = 
. (z— 5) Gs <6) = z 
If we hasl chosen the E " 
a+ 11+80 = 0 3 


the roots would have been —5 and er and the equation 
written in the factor form would have been 
* (z-- 5)(z-4- 6) = 0. 
And so ongaccording to innumerable examples given in every 
text büok of algebra. Q 
| When a quadratic expression equated to 0 is solved, it is 
always really resolved into two factors, for it is always 
virtually expressed in the forin“ 
(z—-a)(z-b)-— 
where @ and û are the two numbers ute satisiy the equa- 
| tion, its two “roots” as they are called ; a term which is thus 
used in a new Sense, having no reference to squafe or cube 
l root. ^ 
Multiplying out the aboye expression, it takes the form 
2—(a+b)a+ab = 0 
80 that the coefficient of the middle term is the sum of the 
roots, and the absolute term is their produet; provided that 
the coefficient of tHe quadratie term is unity, and the sign of 
the middle term is neghtive. T 
The process of solving the equation is the same as that of 
resolving the above*expression into factors, and one way of 
achieving it is to thinkof two numbers which add together 
| into the middle term and multiply together into the absolute 
| term, provided the coeffieie&t of the quadratic term is unity. 
Suppose, for instance, the equation given were a general 
quadratie in z, е 
E f В+0 = 0. Я 
LEM. = K 
e 
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Divide eyerything by 4 in order to reduce the coefficient of 
the quadratic term to unity, getting : 


» B 56 5 
vq. = 0. p 


Нега! we know that the sum of the roots of the equation must 
be equal to the ratio — В/А and that the product of the roots 
must be equal to the ratio C/A. (See also Appendix III.) 

In the above cases it was easy to guoss the roots, but it is 
by no means always easy. A process must be used for find- 
ing them, and as far as possible the pupil should be left to - 
find it out: with guidance, but no more actual telling than - 
may be found necessary. But time and perseverance will be 
required. If the child has no head for it the attempt may be 
useless, and should not be persisted in unduly; nor should any 
disgrace attach to failure; success is a triumph rather than | 
otherwise, ` 

If the equation «+102 = 24 is given, it happens to be 
rather obvious that 12 and 2 must be the nun.bers concerned, 
if the signs are properly attended to; but the rule for finding | 
them in general will have to be efoly ed from a considerütion - 
of the chief quadratic identity; 


(+a)? = 2? + aa + a? 
Suggest a trial of this to the pupil, and'if necessary suggest. 


trying the value 5 for the auxiliary and gratuitously intro- 
duced symbol a, because that will give 


2? + 107 4- 25, 
whieh imitates the only hard part, the left-hand side, of the 
given equation; for a little complication of the easy, t 
numerical, part on the right-hand side, does not matter. So 
we might write the given equation now if we like, 


а2+105+25 = 24425 = 49; 
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L е . 
but directly we have Ea that, the equation is practically 
solved, for it is plainly equivalent to е 
^ (+5) = 73 , 
and therefore to ai tT; 
that is to Say z — either 2 or —12, as the case may bé; for 
either will satisfy or solye the equation. , e 


Wherefore the given канон with the roots wrapped up 
2?--10z-24 = 0, 
may likewise be writtén (z—2)(z412) = 0, 
with the roets visible. а 
Another example or two to clinch the matter : 
let it be given that +14» = 15, 
here if we try to throw the left-hand side into the form 
(z-- a), the auxiliary number wis given by 
2а = 14, so а? = 49; 


and the equation becomes € 

. 2?--14z--49 = 15+49 = 64, * 
or (2+7)? = 8°; * 
whence * а= TE, ° 


wherefore 2 = either 1 or — 15. 
One more plainly numerical example : 
* g? — 62= 20, 
here a is manifestly 3, and the equation becomes • 
. —6ш+9 = 29, 
ог „ @-3#=99; 
wherefore х= 8 + (29) ы 
and it can only be carried further by extracting the numerical 
and incommensurable root. 
Now a slightly, more Lucie touch : 


given — 122 =n. . 
To reduce this S io form (z — 6)?, we must add 36 to each 
side, getting —]122--36 = n4-36 


whence the An is (w—6) = ± (n + 36) s 
4 . 
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Finally let the given equation be 

" $- laz = nt 

Complete the square on the left hand side, 
کے‎ – Заг + = nt+at 


it becomes (2-а)? = +a 
or f 2 = at, /(n?+a);, 
which is essentially а gereral result. 


The form of this result is easy to remember, and it is 
really general; for if the quadratic equation had been given 
in the manifestly general form ' 3 

Az + Ва+0 = 0, 
where the coefficients 4, B, C, stand for any known quantities 
of any kind whatever, it can be reduced to the above form by 
first dividing by А, and then instituting comparisons between 
it and the above ; for we then see that correspondence requires 
the following identities : * 
é : 
c B 
Y = Fy and, 2 = “7 
: dC 
so that а? = T 
wherefore the solution of the Eeneral quadratic is 
*7 aat Von 4) 
1 
= zd (BER -440)). 

But this should not be given to pupils for a long time yet, 
and perhaps we have already been attracted a little further 
than in the present book is legitimate. Tha pupil should by | 
no means be thus harried. A month's practice at the numerical 


and factor forms of expression may be desirable before passing | 
to even slightly more general forms, 


\ 


OHAPTER ХҮ. s к 


Extraction of Simple Roots. „ 


Тнк last, arithmetical lines of Chapter XIII. practically 
asserted that 18458325; and it can easily be verified by 
multiplication that 

18x18 x18 = 5832 
or that 18 is the cube root of 5832. 

Here then is a method, automatically suggested, for finding 
cube and other roots:—Analyse the number jnto factors 
Whose roots are known, as 5832 was afialysed into 27 sand 
216, at the end of the chapter referred to. It canpot always 
or often be dont, but whenever it can itis quite the best way. 

But to be able to apply this” method we must cultivate an 
eye "Tor factors, and we must also recognise or know by heart 
a certain collection of edbe апа square numbers. 

Thus 1728 = 12x 12x 12 . 
or the cube root of 1728 is 12. 

This is easy to remgmber because it represents the number 
of cubic inches in a cubic foot. «Іа a country with a purely 
decimal system of measures, this fact would not be known 
with the same ease. They would know well however that 

1000 = 10x 10x IO 
or that the cube root of a thousand is ten ; and so do we. 

We may also know that 729 has 9 as its cube root, since it 

evidently equals 81 x 9, that is 92 x 9 or 9%. The cube root of 


343 is 7. р 
" . 


150 EASY MATHEMATICS. [снАр. 


The square root of 10,000 is 100, and the square root of 
this is 10; but what its cube root is is not so easy to say. 

The cube root of 1000 is 10; but what its square root is 
is not so easy to say. 7% 

The fifth root of 32 is 2, but neither its Square root nor 
cube root is simple. , ә 

It is valuable to remember thoroughly that 2 is the cube 
root of 8. 

The square root of a milfion is 1000, = 
the cube root of a million is « 100 5 
the sixth root of а million is 10. 

But there is no need to trouble about remembering any 
more than a few ordinarily occurring square roots and cube 
roots; for the sixth and higher roots are seldom wanted, and 
they can usually be derived from square and cube roots, 

A number, like 64 can resolve itself into 8 х8 
» 3 or into 4 x 16. 

Its cube root is therefore easily stated as 2 x 2, viz. 4, and 
its square root as2 x 4, viz. 8. 

144 again — 12 x 12 and also — 9x 16, 


and either pair of factors gives its square root but not its cube 
root. i ў x 


Surds. 


1 Now let us proceed to ask what is the root of a number 
like 12 [where the word “root” is used alone, square root is 
understood]. We can resolve it into factors and find the 


root of each 
12 = 4х3,” К 
so > X12 = Ji x J3 = 2x 3. 
So the result may be stated that 
Ла = 273, 


Similajly 48 = 2. 
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Again, let us find the cube root of say 24. 
24 = 8x3'and 28 = 2; 


„50 245, which is often written 4/24, = 24/3. 


Note the following : " 
J32 = J16 J2 = 4,/2, ч 
® 64 * » 
J32°= AG ЭЕ, 85 


Thus it would appear that 4,/0 must n m If we 


multiply of divide each of ебе numbers by ,/2 we can easily 
verify this asserted quality. For muttiplication by „/2-makes 
them both 8; division by /2 makes them both 4. 
Verify the following statements : 
2/56 = 23/7. 
430 = 2/5. 


Ji8-39. Ж : 
* „27 = E 
1 = 3/8 = 6/2 — = 
. /50 = mue 7 
B (200) = 10/2. 
4/216 — 6,/6. 


(360) = 6/10. 
A/(810) = 9/10. 
* /(490) = 7,/10. 
*/125) = 5,/5 
(1000) = 10/10. 
e (1728) = 12,/12. 
2/343 = 7/7. 
° J512 = 8/8 = 16,/2. 
The last five are all cube rfumbers, and their value suggests a 
Tule for expressing the square roots of any cube number; eg. 


J21 =3,/3, or Jn = n/n. e 
; : 
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N.B.—The best way of interpreting the word “verify” at 
the head òf the above set of examples, or in any similar place, 
is for the pupil to take the left-hand expression, and try as an , 
exercise, independently, to simplify or otherwise express it, 
and sae if he can reduce it to the form given on the right- 
hand side. Не will thus perceive that numbers which have 
two factors can have the, expression for their roots put into 
another form, which is often a more simple form ; and that 
а large number of roots cóuld be found numerically if the 
roots of a few prime numbers were known, А 

The number ten, as usual, has an unfortunate disability, in 
that neither of its factors is a perfect square, as one of the 
factors of 12 is. АП we can do with 4/10 therefore is to 
say that it equals /2 A5, whish is of extremely little use. 
It is better kept as \/10 and considered to be one of the 


сап easily do this» by, multiplying 3:1 by itself. By this 
means he can gradually eorru& its value, He сап in a 
similar way make guesses also at /20 and /30 and /50. Теб 
him try. в $ 3 
No simplification, by resolution into factors, can be made 
with any such numbers as 
М2, 3/8; 3/5, AIT, МАП, 4/13, „17, ‚/19, 4/23, 
and. so on; that is, no simplification of this kind сап be 
applied to any root of any prime number, naturally. 
The roots of even numbers may always have a /2 exhibited: 
„6 may be written Ja, 2 
TORE оа В 2, 
E MR EEN 
but it is scldom useful to express them in this way. 


D 
ə 
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Let us see if we must draw a distinction between (,/9)* and 
/(9), that is between the cube of root nine and the root, of 
gine cubed. Now 

(V9) = 38 =, 
while — (9з) = (729) = 9,/9 = 97 likewise. © 

So they tutn out to be the same. . 

The cube of a root appears to be alui to the root of a cube. 
That is curious, and may well be pnexpected. It is not the 
sort of thing at all Safe to assume. Plausible assumptions 
are always fo be mistrusted and critically examined ; occasion- 
ally, as in this instance, they turn out*true. 

Let us consider the fact more generally, and see whether it 


is always true that 
An?) = (Jn). 


The other and more expressive notation for roots will here 
come to our aid.” Я $ 

$ (®) may be written (л®)%, 

and (Jn)! may be written (ns, 

80 it looks ás if both could bez-ritten as лї or n, or, more 
proptrly, ni +4, * 

This last is'a thing we have 106 yet learnt how to interpret. 
We may assume however, as an experimental fact, that 

(8) = Jn? Jn = т, уп, 

hence the interpretation nn, that is nxn, suggests itself 
for alt or nl +4; and it is the rigltt interpretation. a 

Here again (аз on page 126) we have arrived at a striking 
circumstance about indices, which is now well worthy of 
examination. ۾‎ 


СА 


B 


CHAPTER XVI. 


Further consideration of indices, 1 


"THERE are two things to which we might now appropriately 
turn our attention: one is the numerical calculation of all 
manner of roots, for instance, /2, „/3, /10, 3/9, 2/3, ete, J2, 
4/100, and so on; evidently a large subject, since we may 
require to find any root of any number; the other is the 
discussion of that curious property of indices, which has been 
dimly suggested by certain of the examples “chosen, viz. the 
suggestion that 

ч? = шоу"; 
and that ` (фу = (ay = am. 


Of these two directions along which we could now continue 
the discussion, the latter is undoubtedly the easier, and so we 
will proceed this way first; and incidentally we shall find 
ourselves led to a very practical and grown-up way of dealing 
with the former more difficult line of advance, 

What we found experimentally (on pdge 126) was that 

3x 3? = 27 = 33; 
also that 3? x 38 = 9x27 = 943 = 35, 
And so we might have taken other instances : 
2 x 2* = 4x16 = 64 = 96, 
2x25 = 9x 32 = 96 


= 96, 


93x93 = 8x 8 = 96 


, 2x2 x2 92x 4x8 = 96 
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What does all this look like? я 
Manifestly it looks as “о effect a product among the 
„powers of a given number, we “must add the indices of the 
several powers. It looks like’ e ® 
* gx = 97, e 
e 98 х 28 = M, BAS С 
68 x 6% = 6533 и t 
93х99 = 2 = (J2) = „/(25) = 4/32 = 42, 
ےو »یو‎ 2% = 23% & (29) = (,/2), 
А = 519) = ‚/@ x 256) = 1642. 

Now when the indices are whole numbers it is very easy to 
see the reason of this simple rule. What does 24 mean? It 
means that four factors each of them 2 are to be multiplied 
together. The index is only*an indication of how many times 
the similar multiplication is to be performed. 

24 means sinfply 2x2x 2x2; the number of multiplication 
signs being one less than the index, $e. one less thafi the 
number of factors of course. Similarly 2% is. merely an 
abbreviation for 2 x2 x2. Hence و‎ 

= 90x 99 = 2x 02x 2x 2x 2x 2, 
that is seven 2’s are to be myltiplied together; and so it is 
naturally indicated by yr. 

The index counts the number of similar factors ; hence 
when the factors are increased in number the index shows 
the simple increase ; ebut the effect of the continued multi- 
plication on the resulting number may be prodigious. s 


The anecdote about the nails in the horse's shoes here 
appropriately comes ine 
A man, who objected to the price asked for a horse, was 
offered the horse as a fred gift, thrown into the bargain, if he 
would buy merely the nails in its shoes, of which there were 2 
6 in each foot; at the price of a farthing for theefirst nail, 
¢ e я 


е 
° 
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2 farthings for the second, 4 farthings for the third, 8 for the 
fourth, and so on. The offer being accepted, he had to pay 
£17,476 5s. 31d. for the nails; and he did not consider the, 
horse cheap. m 

"Thé number of farthings in this sum is very great, but it is 
simply.one less than 234, 3 

If a beginner wishes te} verify the above by multiplying 2 
by itself 23 times, he can easily do it, though it will take a 
little time; and he can tlien reduce the result to pounds 
shillings and pence, as he has een no doubt so well taught 
how to do. It is поба grown-up way of ascertaining 2°, but 
it serves. (Reference to pp. 166 and 259 may be convenient.) 

If he is properly sceptical about the magnitude and correct- ` 
ness of the above sum, he should do it. It is good practice in 
easy multiplication ; and sums which are веб by the pupil to 
himself are likely to secure greater attention ‘from him than 
those. enforced from “outside. It is probably desirable that 
children should often set sums as well as work at them. I 
would even sometimes. encourage them to set examination 
papers. Tt is a good way of getting behind the scenes. 4 

Ав regards the verification of a^ xq" = qm therefore, the 
idea is very simple, so long as m and n are whole numbers ; 
because it is a mere matter of counting the number of similar 
factors. T 

When we say that five sixes multiplied together equal 7776, 
we are employing the number five in this very way. The 
expression 6° does not mean five sixes added together, or 30; 
but it means five sixes multiplied together, Yielding a much 
larger result, P 

So also six tens multiplied together make a million, whereas 

: е 60. In fact, as we said before, page 56 

and Chap. XII., while multiplication is abbreviated addition, 
involution їв abbreviated multiplication. 
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Fractional indices. 3 p 

When the indices m and 7 are fractions, the idea they express 
is not so simple, and the above relation а" xa" = а"*" is not 
so easily justified; but we ‘ney be willing to accept it by 
analogy and see how it works. i 

If asked wherein the proof consists fr fractional ёпаісев, 
we must answer in “consistency,” constant coherence and 
agreement with results so obtained, and in corresponding 
convenience of manipulation. 

At опе «ime 2! and such like were called irrational quan- 
tities because it was difficult to attagh a commonsense signifi- 
cance to “2 multiplied by itself half a time”; and it is 
certainly not to be interpreted as half 2 multiplied by itself, 
for that would be unity. — ** 

There is nothing irrational about this quantity however : 
it has a value approximately 1:4142 ... though it avill hereafter 
be found that it will not express itself exactly by a ‘finite 
series of digits in any system of notation whatever. 

It may rightly be styled “incommensurable” therefore, 
but it is in no sense irrationfft:" 

“ Irrational” however was a term at one time applied to 
any power of a number whose index was not a positive integer. 

The thing has to be mentioned, for histories? reasons, but 
the term “irrational” should now cease to be used. The term 
“surd,” being meaniggless, may be employed if we like, but it 
is never really wanted: it only serves as a heading to a 
chapter to indicate jts contents. 


Negative indices. * 
But let us go on and ask how shall we interpret the ex- 
pression if one of the indices be not fractional but negative? 
For instance, how shall we interpret 


Sor А 
3-2, or 270, 
ГА E 
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Suppose for instance we had 
аха" 

we should naturally say that the result must be "7", 

Very well, let m=2andn = 3, 
then аха = a7, 

What does a~! mean? | 

How сап we multiply a number by itself а negative number 
of times? At first the term “irrational? was applied to such 
quantities as these: but a consistent interpretation was soon 
found for them. If addition of indices means multiplication, 
it is natural that subtraction of indices shall mean division. 

Make the hypothesis therefore that a"-" can be interpreted 
as a^ +a", and let us see how that works. 

Suppose we had 25+ 23, it could be written out in full, 

z 2x2x2x2x9 * 
à , 2x2x93 ' 

and the result after cancelling would be 2 x 2, 
that is > oot 32. 95-8 Gir 


\ 


"The whole thing is therefore quite in| С 


Take other examples : \ 


36-9 _ = PS 

ge = 5 
quen ہے‎ Еа СА 
q- м E > 73 = 343, 
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. 

This last is a most interesting and uspful result. 
If the index is zero,the quantity) whatever it шау» be, is 

reduced to unity ; for 


а" = ж 1; 


it equals lewhatever a may be? 

a? = 1 is the brief summary of this important consequence 
of our notation. The index 0 would have been hard to 
interpret, just as fractional and negative indices were hard to 
interpret, but fortunately it thus interprets itself. 

‘A negative sign applied to an index turns out therefore to 
have the effect of giving the reciprocal of tke quantity ; 
fer since 2 ۹ 


жсп © 
° j ЖА" gee 2 
we have only to take the саве where m is zero, in order to get 
З Fa tl, 
Мыйз но, eae 
Непсе 2-1 = B Р 
ә 
° 9-2 = E $ 
А E У 
3-2 = =, 
e 9 
LJ 
1 é 
35 = 5р 
1 
О а кеч 
Pus) : 
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Hence while 2! means ,/2, we thus find that 2-1 means 19 
ог, in general, ENSIS te 
== and 271 = T 


Take the last simple and useful mode of expression. То 
verify it, simply multiply both sides by-z, thus 


gix ogi igi 2 _y 
x 
ET NE 1\2 т 
Similarly 272 = z^ Ө = (2-1) 
а ee Fay art ia ENA E 
a" = е (E) = (a). 


And this suggests powers of powers ; like (109)? that is the 
square of a thousand, which is a-million, 1 followed by 6 ciphers, 
or 105, 

So also (105? = 1012 = a billion; the indices being in this 
case multiplied to give the result. 


So now-we leave addition and subtraction among indices, 
which merely meant multiplication and division among the 
quantities themselves, and begin'to study multiplication among 
indices. 

Consider for instance what the meaning should be of 482; 

it equals 4° = (49? = (42s = 4096, 
a (amy — (anys 

So multiplication among indices meuns involution among 
the quantities themselves. 

So also division among indices will sigrify evolution among 
quantities, thus 

7 = (y = (riy, 
am = (ат) = vem iy (zn, 
the order of the faetors (which in this case are m and 3 
being indifferent. K 
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ТЕ it were worth while we might proceed further, and con- 
sider what would be the meahing of the process “involution” 
„applied to indices; how would that affect the quantities 
"themselves? What for instare is the meaning of 2°? but if 
is a mere turiosity and is hardly worth while. Suffice “it to 
say that the, numbers во reached bd:ome rapidly prodigious. 
1019 is a number with ten ciphers afgor thé 1, or ten thousand 
million ; but 10!” possesses a hundred cyphers, and represents 
a number far greaterethan that of all the atoms of matter in 
the whole ylar system—earth, sun, and all the planets, —not- 
withstanding the fact that а speck containing a million-million 
atoms is only visible in a high power microscope. 


Е.М. . Fh M 
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CHAPTER XVII. 
Introduction to Logarithms. 

THE equation y = 2", that is, the n power of 2, may be 
equally expressed as z — у", that is, the n™* root of y; this is 
not an inverse expression, but the same in inverse form. 

So also the equation ay = 1, which represents a multiplication 
sum, ean also be written у= 1/z, which represents a division 
sum; and «êy? = с can appear as с = «zy, the double sign 
repzesenting an ambiguity or double solution, because either 
+e or -& would when squared give the right result. 

If у is the п? power of z, it is easy to say that æ is the nt" 
root of y; we can also say tha’ n is the index or exponent of 
2 which yields the value y; but how are we to express the 
relation that т bears to у? z 

Tt is a thing we have not yet come across. 

lt is called a logarithm; it involves a reference to both 
«and у; it is called the logarithm of y,to the base a, 

Let us understand this matter, 

Write down . 100 = 10%, 

2 is called the logarithm of a hundred to the base ten. 

Conversely 10 = 1003, so } might be called the logarithm 
of ten to the base a hundred, 


Write down 25 = 53 


2 is the logarithm of 25 to the base 5. 
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The logarithm of а number is defined as the index of the 
power to which the base must be raised in order to equal 
the given number. t x 

Thus if we are told that 3 ёз the logarithm of a thousand to 
the base ten, it is another mode of stating that 10° = 1000, 

So 3 is the logarithm of to the base 2, 

® is the log&rithm of 4$ to tlfe base 7, 

5 is the logarithm of 32 to the base 2, 

3 is the logarithm of 246 to the base 6, 

4 is the logarithm „of 81 to the base 3, 
and зә on. 

It looks a cumbrous and roundabout mode of expressing 
what is more neatly expressed by the index notation, but it is 
an exceedingly practical and convenient mode of statement all 
the same, and is a great help in practical computation. 

What is the logarithm of 343 to the base 7? Answer, 3. 

What is the logarithm of a million to the base 161 Answer, 6. 
* What is the logarithm of 64? It is 6 to the base 2, and 2 to 
the base 8. ۾‎ "E | 

What issit to the base 101, Answer, something less than 2 
and more than 1. . 

What is the logarithm of "10 to the base 10, or of any 
number to its own base! Answer, unity, for @ = al. 

What is the logarithm of unity itself? 

The answer is Ofto any base, because 1 =a", 

What is the logarfthm of a fraction, say 3, to the base 21 
Answer, a negative quantity, in this instance — 2, because 
12231 , 2 

So also —2 is the lagarithm of 435 to the base 10, because 
iis = 10-2, And the fact that zu = 10-5can be expressed 
by saying that —6 is the log of a millionth to the base 10. 

Tt appears therefore that the logarithms of reciprocals or of 
numbers less than 1 are negative, the log of 1 itself being 0. 

4 " 
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This is satisfactory. Everything greater than 1 has a positive 
logarithm, everything less than 1 has a negative logarithm ; 
provided always that the base itself is greater than one. 
"rhe further a number is removed from 1 both ways, whether 
in tite direction of greatness or of smallness, the larger 
numerically is the logarithm; but it is positive bigness in the 
one ease, negative bignes} in the other. It is natural there- 
fore that the logarithm of 1, to any base, should be zero. 
Mathematicians know how to calculate the log of any 
, number, no matter how complicated, and they haye recorded 
the results in a book called a table of logarithms ; jast as 
grammarians and scholars know how to translate any foreign 
word, and have recorded the results in books called dic- 
tionaries. A Table of Logarithms is to be used like a 
dictionary. It can be readily used, and is used every day, 
by those who would find it difficult to construct it. It should 
puzzle children sometimes how the meaning of words in dead 
foreign languages were ascertained ; they mostly take it for 
granted and do not think about it. So also, for a time, and 
until they make some арргоао ҳо becoming budding mathe- 
maticians, they need not learn hoW to compute a table’ of 
logarithms; but they must imbibe a: clear idea as to their 
meaning. They must also, and that is an easier matter still, 
learn their practical use, and be able to use a table as they 


have learnt how to use a dictionary. 
› 


t б 
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, CHAPTER хўш . ” 
Logarithms. 3 E 
WHEN ye express a number thus : 
ы 64 = 8°, Е 
1000 = 10% 
32 = 25, 
or, in general, де a, 


we are said to express it “exponentially,” that is, by means 
of the index ор “exponent” of the power to which a certain 
other number called a base is to be raised in order to be equal 
to the given number. 

In the above equation n stands for, theenumber, a for the 
base, and # for the index or ponent of that base. 

The question naturally’ arises, what relation does æ bear to 
т, for it manifestly depends upon both n and «? If the base 
has been specified and kept constant, then = will vary only 
as т varies. It is plain that æ will increase as n increases, but 
not nearly so fast.” 

Take a few examples, and first.take the number 2 as base: 


A 9-9, 
e 4-8, 
: е 8 = 9, 
16 = 9%, 
* 32 = 96 
64 = 95, 

: 
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1024 = 910, 
16,777,218 = 2%, 

' Here the index runs up slowly, 1, 2, 3, 4, etc., according to 
what'àre called the “natural numbers” ; whereas the numbe: 
on the left-hand side run:| up very quickly. The ‘ndex is said 
to progress “arithmeticaty,” that is, by equal additions ; the 
number on the other hand is said to progress “ geometrically ” 
(a curious use of the word), that is, by equal multiplications. 
There is evidently some law connecting the index and tho 
number, when a base is given; and the following nomenclature 
is adopted : 

5 is called the logarithm of 32 to the base 2 3 

3 is the logarithm of 5 to the base 2 a 

4 is the log of 16 to base 2; 

6 => log 64 (base 2), 
which is usually abbreviated still further: 

Б ‚ 6 = log, 64; 
10 = 1551094, 

the base being indicated as a small Suffix to the word log. ' 


Ш 


Make now a more complete table ; first of powers : 


1= 2, 

dup RIT Ын aay’ O 2-1 

4= 92 - { i = 2-2, 

Sis дш кү ы ы. 
1072988 P SES Л 274 
920090 а 5 - = 25, 

1004. 98 2 4 аа 


тоз: = 


and then vf the corresponding logarithms : 
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om the above table it follows that (with the base 2) 
log 1 = 0, 
log2 = 1, t log} = -1, t 
log4 = 2, е log? = —2, € 
log8 = 3, log = -3, £ 
e log 16 = 4, logi = -4 s 
log 32 = 5, lof, js = -5 


It would be a geod thing tos plot both those tables on 
squared paper, representing for the first the indices 1, 2, 3, 4 
as hofizontal distances, and the numbers 2, 4, 8, 16 as vertical 
distances; and for the second measuring distances to repre- 
sent the 2, 4, 8, 16 numbers horizontally, and the logarithm 
numbers 1, 2, 3, 4 vertically, с 

The first is called an exponential curve, or curve of exponents 
or indices ; the second is called a logarithmic curye, or curve of 
logarithms, The two curves turn out to be identically the game, 
only differently regarded,—to make their identity apparent, 
the paper can be turned round and looked through at the light. 

If drawh on the same sgr‘of squared paper the curves 
wift fit. They may eithér of them be said to represent the 
relation between Geometrical and Arithmetical progression : 
in one direction distances proceed arithmetically, or by equal 
differences; in the other geometrically, or by equal factors. 

These curves will do for any base, if their scale is suitably 
interpreted. The divisions we have labelled 2, 4, 8, ete., may 
equally well. be considered to represent 3, 9, 27, etc. or 
а, aê, a3, etc., or 10, 100, 1000, ete.” 

That is the advantage of acurve. Once drawn, it represents 
to the eye a general kind of relationship; and nothing but an 
interpretation of its scale is necessary to make it fit any 
required instance of that relationship. The shape of the above 
suggested curve is Grawn on pages 101 and 179. е 


« 
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Verify the following statements : 


3 = log 27 to the base 3, 
4 = log, 81, 
6 = log, 729," 


2= Е 16, 


4 = Icy, 256, 

5 = lo}, 1024, 

2 = log, 36, 2 
3 = log, 216, 

3 — log. 343, 

3 — log, 729, 

2 = log, 81, 

but 9 x log, 81, 
2 = log,, 144, 


3 = log, 1728. 


This last séems a enrious and roundabout; way of expressing 
the fact that 12x 12 x 12 = 1728, and if it did not turn out 


по use—or let us say of no 
obvious and well-known use—anything which should not be 


familiar {о every educated person—ig not treated of in this 


xvm.) > LOGARITHMS. 169 
ae © е 


Common. practical base. 


The case when the logarithnfic base is the same as the 
?base adopted for our system ef numerical notation, is wortk 
special attention, because it is the one most frequently ased 
in practice. Ww hat the base for EROR notation may | be, is, 
as we know, à pure contention ; and,fas wê have explained, it 
is perhaps an unfortunate but now irremediable convention 
that the base of notation is ten. dt does not follow that the 
logarithmic | base must also be, ten: it is perhaps possible to 
find a natural base, involving. no convention. If so, such a 
base would of course be importanf and interesting; but 
meanwhile we will take ten as the base also of a practical 
system of logarithms. 

Let us first make a table 29 powers of ten. 


: = 10°, | 
, 10 - „09 3$ = 103, 4 
100 — 10% ais = 1073, 
1900 = 10%, tern 1075, 
ә mn tee - [edid tm E 
* 1,000,000 — 105,* Я 10015505 = 1075 
Whence it follows that (with base 10) ` 
log1 = 0, 
log10 = 1, „ logy = 1051 --1, 
log100 — 2, log êy = log ‘01 = -2,% 
E 1000 = log тоор = log 001 = —3, 


log 1,000,000 6, "log eî = log -000001 = 


Hence (vith base 10) the logarithms of numbers between 
10 and 100 lie between 1 and 2, that is to say consist of 1 
and a fraction: the log of A1 will be 1 and a small “fraction, 


B D 


170 EASY MATHEMATICS. [снар. 


the log of 99 will be 1 and a large fraction—very near to 2 in 
fact. Consequently with al] doubleligit numbers the char- 
acteristic property of the logarithm is that it begins with 1. 

All numbers which consist,of three figures lie between 100 
and 1000, and these haye the characteristic 2 ; that is to say 
they ell consist of 2 a fraction. This is true even of such a 
number as 999:99, provilled the 9’s are not repeated for ever ; 
because although the log of such a number is very nearly 3, 
it is not quite 3 until 1000 is reached. * 

A number consisting of five digits will have л log whose 
characteristic is 4, and, so on; the characteristic is always 
equal to the number of digits on the left of the unit digit, 
which is taken аз а zero of reckoning. Thus the characteristic 
of the log of any of the following numbers (1200, 1728, 5760, 
9898, 1431-8, 1696-25) is 3. 

The logavithm of every fraction between 0 and +1 will he a 
negative fraction : it will not be quite equal to — 1, but it may 
be put equal to — 1 plus a positive fraetion. 

The logarithm"of every number between *l'and ‘01 will lie 
between —1 and – 9, and tli&efore may be'expressed either 
às — 1 minus a fraction, or as — 3 plus a fraction; and the 
latter is the usual plan. Е à 

The rule-for the characteristic therefore is to count always 
to the first, i.e. the most important significant figure, starting 
from the units place as zero, On this method of expression 
is is easy to write down the characteristic of the logarithm of 
any number at sight. 2 

The best plan is to employ the term “ order,” connoting by 
the order of the number the index or the power to which the 
base say ten must be raised in order to give a number with 
that number of digits. E.g. the order of 100 is 2, because it 
equals 10°, and all the numbers 121, 256, 780, 900 may be 
technically designated as of the same “order”; because, 
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though greater than 10%, they are less than 10°; and the 
amount by which they 6568 2 is shown by the "аср 
a part of the logarithm, not by ре integer part or characteristic, 

But 1000 is of the order 3, “and so likewise is 1728, ete, 

17 is of the order 1, and sf, is 14:58, 

» "t is of the erder 0, and $ is 4:6, t 
`3 is of the order - 1, and so are :35 and 78, 
‘02 and ‘085 and -016 are of the order = 2. 

Accepting this nomenelature, which is useful in quite rudi- 
mentity arithmetic, e.g. in long division and the like, we are 
able to say simply that the characteristic of a logarithm is the 
“order” of its number. 

Let there be no confusion between the table on page 169 
and the one on page 167 to base 2. They involve different 
bases ; and though the base is not expressed every time, but 
gnly in the heading, that is merely because of the needless 
trouble of frequently printing or writing suffixes, like this: 

Ў = 105,8 = пази 10510 2000. 


Examples, 


The characteristic of the URS of the following numbers 
(also called the “order” of the number itself) is ds here given: 
The logarithm, &o base 10, of each of the numbers 

5, 8&7, 1:23, 9:99, 1-111 has the characteristic 0; 
and this is the “ order” of each number. 
Of each of the numbers е 

17, 94, „ 17:65, 1171 the orderis 1 


of 300, 9814, 10101, BAS 
» 17, 592, +1101, itis —1 
m 08, 07, 0999, itis -2 


” 002, +0056, 909846, itis -3 
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Examples for Practice. 


Write down the characteristic of the logarithm of each of 
the following numbers, (in other words express the “ order " of 
each number) : s 

56, 108 + 5075 108001, 17-9909, 

83, 8300 50953, 50652, 8 x 108, 

“56, "0056,  -008309, 1 *0056, 10:001, 

99:9, 9:9, ۰099, 256060, 0000256. 
Fundamental relations. 

There are a few fundamental properties appropriate to 
logarithms belonging to any base whatever. 

One of them is that log'? — 0, 
and another is that log (base) = 1, 
but there азе others which we have already several times 
hinted at. к » 

Let us recollect once more what an index or exponent 
signifies. Ié signifies’ the number of similar factors which 
have to be multiplied together? “For instance, 

2 = 2x2x2x2x9, 
65 = 6x6x6x 6, 
or, in general, а = ахаха, 


a = ахахах... ton factors, 
So now if we write a number JV equal to any of these, as for 
instance N = a3, > 
the index, or exponent, wiich we shall now call the logarithm 
of N to the base a, simply counts the number of times the 
base occurs as a factor in the number XN. 
N-axaxa, 

Suppose now we took some number not quite so easy to 

deal with"as those in the examples we have hitherto considered, 


» 
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a numbef which cannot be represented as any simple power 

of any integer, say for instanée the number 30; and ask what 
Will the logarithm of 30 be to thé base 10. г 
First of all we see that it mst be between 1 and 2, because 

1 is the logarithm of 10, while 2 is the logarithm of 1007 and 
the logarithm increases with the nynber, but arithmetically 
instead of geometricalfy. So as 3) lies’ roughly half way 
geometrically between 10 and 100, it may be expeeted that 
its logarithm will be Somewhere about halfway arithmetically 
between lgand 2. It will bee1+a fraction; and what that 
fractidh is can be approximated to more or less closely by 
examining and measuring the logarithmic curve which we 
ought to have carefully drawn, as indicated on p. 179, and 
specially labelled so as to sw the base 10. Measuring that 
curve for the logarithm of 30, it suggests a value something 
like 1} or 1-5. » This would be the result to “two significant 
figures,” but if the curve has been carefully drawn, it might 
give us 3-figure accuracy, that is, would enable us to express 
the result correctly to 3 significant figures; in that case we 
E estimate log 30 to be арой 1:48. 

, The number which feally lies geometrically half-way 
between 10 and 100 would bé ./(1000), since 10: 4/1000 = 
A/1000 : 100; and „/(1000) is accordingly called thy geometrical 
mean of ten and 100. Hence the logarithm of 41000 is 
exactly l:5 or jp Similarly the logarithm of J/10 is ‘5 or $. 
lt is a curious thing that though we do not yet know how to 
calculate the «root of 10, we know its logarithm ; and this 
suggests—what frequently happews—that the logarithm of 
the result of an arithmetical operation is easier to perceive 
than the result itself. 2 

We can examine the duarve again, to see if it will show 
us what number has а logarithm exactly 0:5; we shall see 
that it indicates something like 3:1 or 3:2, and df it were 


е, 5 
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drawn carefully it might indicate 3-16. This is one of the 
values that we ought already to have arrived at by trial and 
error, as recommended on Е 152; taking different numbers 
between 3:1 and 3:2 and squazing them, to see how nearly 
the square would approach 10. 

No number that we gan select will, when squared, exactly 
equal ten. It has no "quare root that сап be expressed 
numerically with exaetness, "Nor has any number except the 
Square numbers, 1, 4, 9, 1€, 25, ete. These numbers, i.e. the 
group ordinarily denoted by these symbols, Are square 
numbers in any system of notation, their square roots'ean be 
numerically expressed precisely ;* and for no other numbers 
can the same be done, however many fractions or combina- 
tions of fractions, or however many decimal places, are 
employed. Nor ‘can it be done in any other system of 
notation. In other words, 


À N2, /5, N5, 4/7, 1000, etc., ete., 9 
are all incemmensurable, 


But their logarithms are, easily expressed, te any base 
whatever, in terms of the logarithm of the number itseli to 


the same base. Thus > 
log УЗ = } logo, 
log J3 =} log3, , 
| log 3/5 = 4 logs, 
log у10 = $log 10, 


* Caution.—It is not intended, and it is no5 true, that the above digits 
express square numbers when interpreted in accordance with any scale 
of notation; for instance, the amount of money represented by 2/5 is 
not а square number of pennies, but the number we are accustomed 


to designate by 25 is a Square number, and 25 coins can be easily 
arranged t« form a square, 


INI 
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Hence to the base 0, 


lg410-* 410510 = 05, 
3 log /100 = {8105100 = 10, E 
log /1000 = * 4log 1000 = 15, 2€ 
log /10000 = } log 19000 = 29, € 


e 1067100000 = } 10610, RU = 2:5. 

Similarly we may guess that j 

log 2/10 = } log 10 = :3333..., 
and so we may refer бо the curve’ and see what number has 
the logarithm 3, for that willebe the cube root of ten. We 
find dia it is 21544347, or approximately 2:14; and if we 
multiply this by itself three times, 2 14x 2-14 x 2'14, we shall 
get a number not far off ten—a trifle greater than ten. 

Similarly 21-4 will be approximately the cube root of ten 
thousarfd, and 214 of ten million. 

No exact numerical specification of the cube roots of any 
nymber can be given, except of the cube numbers, that is, 
those numbers which, given in the form say of marbles, can 
be built up to represent cubes ; namely,suchsnumbers as 

° 1, 8, 27, 64,4125, and so on. 
For" the cube root of айу other number, if it could be 
expressed, would be a fraction’; and a fraction multiplied by 
- itself necessarily remains a fraction; it can neyer yield an 
integer. You cannot fractionate a fraction into a whole. 

This remark is further developed in Chapter XX. 

We now know how: to find the logarithm, to the base ten, 
of any power of ten, whether ше negative, or fractional, 
Examples : 

log 10° = 3, №107 = -3, 10510 = 3; 
log 10! = 4 10510 = –4, log 10? = i 
80 generally log,10* = 2, 
and this may be easily generalised so as to apply toany base. 


> x 
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For loga* = zloga, 
but we know that log (base) = 1, 
so we see that the logarithm of any power of the base is equal 
to the index or exponent of the power, or 


log (base) = a. 
We' have thus arrived at the original definition of a 
logarithm from which we started, —having reasoned “in a 
circle." " 


The advantage of reasoning in a circle is that we thereby 
check and verify to some extent the intermediate ‘steps, for if 
any of them had been inconsistent we could not have worked 
round to our starting point; unless indeed we had happened 
to make a pair of errors which cancelled each other: a thing 
which is sometimes done—especially when the conclusion is 
consciously in our minds, Working round a circle of reasonin g 
is in that сазе no adequate check. It is not possible to get 
round by any odd number of errors, but with an even number 
Of errors it is possible though not very probable; unless 
indeed we know our destination well beforehand. 

The real test of truth is that it shall turn out te be 
consistent, with everything else which we know to bo true. 
No one chain of reasoning, however apparently cogent, is to 
be absolutely trusted, for there is always the danger of 
oversight due to defective knowledge. Complete consistency 
is the ultimate test of truth j and convergence of a number of 
definite lines of reasoning is an admirable practical test. 


єс 
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CHAPTER XÍX. 
E E [ . 
Further details about logarithms. 


INVOLUTION and evelution become easy directly we employ 
„logarithms : 

To obtaif any root, say the D root, of any number : 

Find ше logarithm of the given number to any base, 


calculate ES of this logarithm, then find the number which 


has this Um for its logarithm to the same base; that 
number is the 7* root of the given number. 
Or put it thus? utilising the logarithmic curve, page 179. 
"Таке a length on the horizontal line as representing*the 
given number ; find its Lee as the vertical distance to 


the curve at. this point; calculate E of this length, and find 


on the curve a point whose FA height is equal to it; 
then the foot of the perpendicular from this point marks out 
on the horizontal line a length which represents the rth root 
of the given numbgr, on the same scale as the number itself 
was represented, Thug, for instance, 3rd of the height of the 
curve at division 8, projected back horizontally, should meet 
the curve above the division 2; because 2 is the cube root of 8. 
You see it is worth while to draw the curve neatly and 
carefully, so that, fairly*correct measurements may be made 
upon it. Besides, accurate drawing is a useful art, and it 
takes a little time to employ drawing instruments accurately 
50 as to make no blots or smudges, and to get all lines 
uniformly thick and accurately passing through the points 
L.E.M. M 
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intended. It is an art worthy of cultivation for future use. 
Much information can be ge ned from such curves, not only 
in science but even in business and in politics. 

l may be said that by this process of drawing and 
measuring, a logarithm эг a root can after all only be attained _ 
approximately. Yes, bat the same is true of any process, 
so far as accurate expression is concerned. A logarithm or 
a root in general requires an infinite Series of digits to express 
it; all finite expression is approximate. 

-I do not however say that a mathematician would calculate 
logarithms or roots by such a curve: he would know plenty of 
other contrivances for such things, and perhaps we may know 
some of them later on; but he would not despise the curve 
method, at least in more reaily difficult investigations. He 
would use it frequently. But for mere logarithms he would 
use a table, somewhat as indicated in Chapters XXIX. and XXX. 

Now let us see if we can calculate a few other logarithms. 
We can obtain any we want from the curve, but if we could 
obtain a few once for all.and label them, and then be able 
to express the logarithms of other,numbers in terms of these, 
it might save us time and trouble; and besides it is a de- 
sirable and useful thing to be able to do. 

We have managed to find the logarithm of any power of 
ten (p. 175), let us see if we can manage the logarithm of any 
product containing ten as one of its factors. 

We have indeed already tried one of them, viz. 30 (see 
p. 173); let us try another, say 50, likewise to the base 10. 


We want to find to what power 10 must be raised in order 
to equal 50. 


Let z be the power, then 
50 — 10* 
is an equation from which we have to find z. 
This is only another mode of stating that z = log; 50. 


[| 


* 
> 
2 
2 3 = ? 
D s 
3 : 
2 
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3 
7 x 
2 
D 
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> 
` 
3 
E > 
3 » 
E 
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Jut nov resolve 50 into two factors, and write 
5x10 = 10, å 
10* 
then 5 = i10 a 107; а 
ћепсе 2-1 = log 5} 
ог * а= 14025 = 1°7 about (by the curve). 
Thus log 50 = 1055 +10510, 
which is a special case Of a general assertion that 
° log nm = logn +log т. 


Examine this : E 
Let n = a’, so that û = log m, 
and let m = a”, so that y = logm; 
then nm = da = d+”; 
<. lognm = x+y = logn+logm. 

Hence by using logarithms, multiplication is turned back 
ifto addition, just as involution was turned back into mfulti- 
plication. So а]во division is turned into subtraction, just as 
evolution was turned into divisiogn- — * 

"йе fundamental relatigns*are as follows; and although we 
have stated them several times before, they are supremely 
important and will bear repetition. 


Let а =n and а? = m, f 
so that e g= logn and у = logm, 
then nm = Фа? at 
= 
J. lognm = 2+0 = log т + log m. 
б z » 
Furthermore, ms 5 = at; 


° 
n 
; t -2-4- -dogm. 
Ло жЕр. log n -dog m. 
Moreover, т" = (2) = a”; 
. logn” = gy = mlogn. 
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Likewise logn™ = —mlogn, 


ie log п» = en = окп. 


q 

TON pply these ideas. We can write at once that to the base 10. 
log 5000 = ‘og 5 +log 1000 = 3+log 5, 

log 500 = log5+log 100 = 2+log5, 

log 50 = log5+log 10= 1+log5, 

log 5 = log5+log l= 0+log5, 

logy = log 5 =log5-log 10 =-1+log5, 
log :05 = log5-log 100 = -2 + log 5, 

log :005 = tog 5 – log 1000 = – 3 + log 5. 

If we know log5 therefore we should know the logarithm | 


of five times any power of ten, or even of five times any root - 
of ten; for 


log 5/10 = log5+}log10 = -5+log5, 

+ log 5,/1000 = log 5+}1og 1000 = 1:54-log 5, р 
lg  vig-logó-iloglü = ~ 5 +]og5, 
lg 52/10 = 1055 +10510 = 3 +1055; 


but this is perhaps hardly wort stating. 


© 
How are we to find log5% We сап, if we choose, express 
it by means of log 2, thus : 


log5 = log 4° = log 10 -log 2 = 1-log 2, 


or log 2+log 5 — 1. * 
. Similarly log 20+ log 50 = 3, 
log 20+log 5 = 9. 
So also log 2+log 6 = log ‘12, 


log 3+log 4 = log 12, 
log T+log 9 = log 63, 
log 8+log 8 = log 64, 
log 9+log 9 = lg 81, 
log17+log 13 = log 221, 
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e 
e log“ ĉ-log 2 = log 5,“ 

log 9-log:3 = log 3, 

log 4-log 3 ра lg 13, : 


log 5-log 2 = log 15, 
lg 5-log 3 5 log 1$, 
log 7-log 5 = lg 14, 
log 9*-logló = log 144, 
21og12 = log 144, 
* 3log 12 = log 1728, 
110612 = log /12 = leg 2/3 = log 2 + log /3 
= log2+}log3, 
210516 = log 4, 
blog 8 = log 2, 
} log 49.= log 7, 
4log 25 = log 5, 
llog72 & 1100 (36 x 2) = log 6 +} log 2 
а = 4log( 9х8) = log 3+ log 2/2 * 
= log 34-log 2+ $ log 2. 
This might have been set as an exercise. “Prove that 
* log 72 = lôg 3 + 15 log 2. 
One way to prove it would We to double both sides, 
log 72 = 2log 3 +3 log 2 & 
log 3°+ log 28 
= log 9 +1028 
= log (9 x 8) x 
° = log 72. Q.E.D. 


E E 
Exercises, —Verify, by means of the curve in this chapter, 
the following approximate statements, 
log2 = ‘3, log 4 = ‘6, log8 = 9, 


1 


1 


ЛО = 316... 3/10 = 215..., 
J116 = 34... 3/115 = 4:86..., 
JI = 2:6... , J841 = 29:0. 


3 € 


CHAPTER XX. 


On incommensurables and on discontinuity., 


By this time it should;have struck pupils with any budding 
aptitude for science, and for such alone is this particular 
chapter written, that it is strange and rather uncanny, un- 
expected and perhaps rather disappointing, that magnitudes 
should exist which cannot be expressed exactly by any finite 
configuration of numbers; not only that they should exist, 
but that they should be common. Draw two lines at right 
angles from a common point, each an inch long; then join 
their free ends, dnd measure the length of the joining line 
(which is often called the iypotenuse of the right-angled 
isosceles triangle that. has been constructed) : that is one of 
the quantities that cannot be expressed numerically in frac- 
tions of an inch, i.e in terms of the sides. Its value can be 
approximated to and expressed, say in decimal fractions of an 
inch, to any degree of accuracy we please; but the more 
carefully it is measured the more figures after the decimal 
point will make their anpearance: the decimal is one that 
never stops and never recurs. An infinite number of digits 
are necessary for theoretical precision, though practically six 
of them would represent more accuracy than is attainable by 
the most careful and grown-up measurement. It is therefore 


incommensurable, and сап only be expressed exactly by another 
incommensurable quantity, viz. ind 


this ease the square root 
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of 2. 'Phé length 18 A/2 times an inch, or about 1:4142 ... 
inches, Draw a square upon if and it will be found to be 
ewo square inches in area,  That(is just the fact which (when 
proved) enables us to assert ак, each of its sides is of Тете 
2 ; since that is the meaning of the fhrase “square root.” 
It may besproved by the annexed figure : % 


Fio. П. 


Where the shaded area ARC is an isosceles right-angled 
trianglé, the area of which is repeated several times in the 
figure ; four tinfes inside a square drawn on the hypotenuse 
4D, and twice inside a square drawn on one of the sidese 40. 
Wherefore the square on 4B is twice the square on AC. 

Observe however that there is nothing necessarily incom- 
mensurablé about a hypotewusé itself; it is only incommen- 
surable when the sides “are given. Tt is easy to draw a 
hypotenuse of any specified length, say 1} inches long, and to 
complete an isosceles right-angled triangle; but now it is the 
sides that will be incommensurable. The real incommensura- 
bility is not a lengtþ, but a ratio, that is a number from 
which dimensions have cancelled out. No length is incom- 
mensurable, but it may be inexpressible in terms of an 
arbitrarily chosen unit, i.e. it may“ be incommensurable with 
the unit selected, and the chances are infinity to one that any 
length pitched upon at random will be jn this predicament. 
Tt will not be precisely expressible in feet or metres, nor even 
in fractions of them, though it can be expressed with any 
degree of accuracy required. f 
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The hypotenuse of most rightangled triangles will be 
incommensurable with both the sides, but there are a few 
remarkable exceptions; one ix, especial, known to the ancients, 
vis the one where the sides are in the ratio of three to four. 
If such a triangle be dr: wn, with the sides respectively three 
inches and four inches long, the hypotenuse will be found to 
be five inches long; the more accurately it is measured the 
nearer it approaches to 5. It can indeed be shown theoreti- 
cally, it is shown in Euclid I. 47, that it equals 5 exactly 2а _ 
surprising and interesting fact. - is 

With an isosceles rightangled triangle however, no such 
simple relation holds: the hypotenuse is ,/2 one of the sides, 
and ,/2 is incommensurable; for, as we have previously _ 
suspected and may now see, &yery root, whether square or 1 
cube or fourth or any other root, of every whole nuinber, is - 
incommensurable, unless the number be one of the few and 
«specjal series of squares or cubes or higher powers. Cf. p. 175, 

To prove this we have only to observe that : 

The square ór any higher power of a fraction can never be 
other than a fraction; for yüu cannot fractionate a fraction — 
into a whole. * ‘ 

The square of a fraction Gannot be an integer. Hence 
no integer can have a fraction as its Square root.* Yet every 
integer must have a square root of some kind, that is & 
quantity which, squared or multiplied by itself, will equal the 
given number ; but this quantity, though it may be readily 
exhibited geometrically and otherwise, can never be exhibited _ 
as a fraction, i.e it eanncs be expressed numerically by any 
means, either in vulgar fractions or in decimals or in duo- 
decimals or in any system of numerical notation; in other 
words, every root of every integar except unity is incom- 
mensurable (incommensurable, that is, with unity or any 


* * Attend here. It is easy tc miss the meaning. 
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other integer), except of those few integers which are built 
up by repeating some one and the same integer as a factor ; 
for instance the following set: ( 


4-5x2 E 
8=29х2х% 
۰ «9= 3х3 4 . 
16 = 4х4 
x = 5х5 
20 2 3х3х3 
e 32 = 2x2x2x2x2 
36 = 6х6 , 
49 = 1x7 
and so on ; 


which class of numbers аге «therefore conspicuous among the 
other and are called square and cube numbers, ete. Every 
root of every “other number is incommensurable, and most 
«roots of these are too. z ۰ 

Not roots alone but many other kinds of naturgl number are 
incommensurdble: cireumference of circle to diameter, natural 
base of logarithms, ete. » ete ; everything in fact not already 
based upon or compounded of, number, like multiples, ete. 

Incommensurable quantities are therefore by far the com- 
monest, infinitely more common in fact, as we shall find, than 
the others: “the others” being the whole numbers and 
terminable fractions, to which attention in arithmetic is 
specially directed, which stand out therefore like islands’ in 
the midst of an incommensurable sea; or, more accurately, 
like lines in the midst of a continous spectrum. 

What is the meanirfg of this? The meaning of it involves 
the difference between continuity and discontinuity. There 
is something essentially jérky and discontinuous about number. 
Numerical expression is more like a staircase, than 2 slope: it 
necessarily proceeds by steps: it is discontinuous. 
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A row of palings is discontinuous: they can be vounted, 
and might be labelled each with its appropriate number, 
Milestones are also discontinueus, but the road is continuous. 
Thexdivisions on a clock face are discontinuous and are 
numbered, and, oddly ейоцоћ, the motion of the hands is 
discontinuous too (though it need not theoretically have been 
80, and is not so in clocks arranged to drive telescopes). The 
hands of an ordinary clock proceed by jerks caused by the 
alternate release of a pair of pallets by a tooth wheel—an 
ingenious device called the eseapement, because the teeth are 
only allowed to escape one at a time; and so the wheels 
revolve and the hands move discontinuously, a little bit for 
every beat of the pendulum, which is the real timekeeper. 
The properties of a pendulum asa, timekeeper were discovered 
by Galileo ; an escapement of a primitive kind, and a driving 


weight, were added to it by Huyghens, so that it became a 
clock., - 


" 
"Telegraph posts are discontinuous, but telegraph wires are 
continuous, They» are discontinuous laterally %о as to keep 
the electricity from escaping “But. they are continous longi- 
tudinally so that it may flow along tó a destination. s 

But, now, are we so sure about even their longitudinal 
continuity? {The pebbles of a beach are discontinuous, plainly 
enough; the sand looks a continuous stretch ; but examine it 
more closely, it consists of grains ; 1 


; examine it under the 
microscope, and there are all sorts of interesting fragments to 
be found in it 


‘it is not continuous at all. The sea looks 
continuous, and if you ехайїпе that under 
will look continuous still. Ts it really ‘continuous 1 or would 
it, too, appear granular if high enough magnifying power were 
available? The magnifying power 
be impossibly high, but Natural 
good reason for believing that it, 


the microscope it 


necessary would, indeed, 
Philosophers have shown 
to, is really discontinuous, 


n 


| 
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that it tonsists of detached atoms, though they are terribly 
small, and the interspaces between them perhaps equally 
small, or even smaller. But(even so, are they really dis- 
continuous? Is there nothing іп the spaces between пеш, 
or is there some really continfous medium connecting 
them ? e n " б 
The questions are now becoming hard. Quite rightly во; а 
subject is not exhaysted till the questions have become too 
hard for present answer. 
There are several curious Kinds of subterranean or masked 
continuity possible, which may be yoted for future reference. 
Look at a map of the world; the land, or at least its islands, 
after a fashion discontinuous, the ocean is continuous ; but 
land is continuous tooreunderneath, in a dimension not 
sented on the map, but recognisable if we attend to 
ickness and fiot only to length and breadth. 

Human beings are discontinuous : éach appears complete 
and isolated in our three-dimensional world. , If we could 
perceive a fourth dimension, should- we detect any kind of 
cgntinuity among them? * | 

'The questions have now become too hard altogether; we 
have left science and involved ourselves in speculation. Tt is 
time to return. A momentary jump into the гат is invigorat- 
ing, but it is ungupporting, and we speedily fall back to earth. 


e 

But how, it may be asked, does this discontinuity apply to 
number? The nagural numbers, 1, 2, 3, ete., are discontinuous 
enough, but there are fractions fill up the interstices ; how 
do we know that they are not really connected by these frac- 
tions, and so made continuous again? Well, that is just the 
point that deserves explánation. 

Look at the divisions on a foot rule; they represent lengths 
expressed numerically in'terms of an arbitrary length taken as 
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a unit: they represent, that is to say, fractions of an inch; 
they, are the terminals of lengths which are numerically 
expressed; and between the’: lie the unmarked terminals © 
of lengths which cannot be so expressed. But surely the 
subdivision can be carried further ; why stop at sixteenths _ 
or thirty seconds? Why proceed by constant halving at all? E. 
Why not divide originally into tenths and then into hun- - 
dredths, and those into thousandths, ard so on? Why not 
indeed! Let it be done. It may be thought that if we go on 
dividing like this we shall use up all the interspaces‘and have 
nothing left but numerically expressible magnitudes. Not so, 
that is just a mistake ; the interspaces will always be infinitely: 
greater than the divisions. For the interspaces have all the 
time had evident breadth, indeed they together make vp the 
whole rule; the divisions do not make it up, do not make any 
of it, however numerous they are. For how wide are the 
divisions! Those we make, look, when examined under the” 
microscope, lile broad black grooves. But we do not wish to — 
make them look thus. We Should be better pleased with our 
handiwork if they looked like very fine lines of unmagnifiable 
breadth. They ought to be really lines—length without 
breadth; the breadth is an accident, a clumsiness, an unavoid- 
able mechanical defect. They are intended to be mere 
divisions, subdividing the length but not: ecnsuming any of 
it. All the length lies between them; по matter how close 
they are they have consumed none of it; the interspaces are 
infinitely more extensive than the barriers which partition 
them off from one another ; they are like а row of compart- 
ments with infinitely thin walls. Г : j 
Now all the incommensurables lie in the interspaces; the — 
compartments are full of them, and ‘they are thus infinitely _ 
more numerous than the numerically expressible magnitudes. — 
Take any point of the scale at random : that point will eer- 


"Те 


D 
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tainly lie їп an interspace : it will not lie on a division, for the 
chances are infinity to 1 against #6. 

e Let a stone—a meteor—drop {от the sky on to the earth 
What are the chances that it will hit a ship or a man? Vary 
small indeed, for all the ships are bufa small fraction of the 
area of the Whole earth; still they are a finite portioneof it. 
They have some size, and so the chances are not infinitesimal ; 
one of them might get struck, though it is unlikely, But the 
divisions of the scale, considered as mathematically narrow, 
simply coulé not get hit accidentally by a mathematical point 
descending on to the scale. Of course if a needle point is 
used it may hit one, just as if a finger-tip is used it will hit 
several ; but that is mere mechanical clumsiness again. 

If the position is not yet quite clear and credible, consider 
а region lof the scale quite close to one of the divisions already 
there, and ask how soon, if we go on subdividing, another 
division will come close up against the first, and so encreach 
upon and obliterate the space between them. The answer 18 
never. Let the division be decimal, foreinstahee, and consider 
any,one division, say 5. As the dividing operation proceeds, 
what is the division nearest to it? 

At first 4 of course, 

+ then 4-9, ` 

then 4'99, 
then 4'999, , 
and so on. 

But not till the subdivision has been carried to infinity, and 
an infinite number of 9's supplied after the decimal point, will 
the space between be obliterated and the division 5 be touched. 
Up to that infinite limit it will have remained isolated, stand- 
ing like an island of nurfber in the midst of a blank of 
incommensurableness. And the same will be true gf every 
other division. A 
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"Whenever, then, a commensurable number is really associ- 
ated with any natural phenomenon, there is necessarily a 
noteworthy circumstance inyolved in the fact, and it means 
soxaething quite definite and ultimately ascertainable. 


For instance : E 

The ratio between the velocity of light and the inverted 
square root of the electrie and magnetie constants was found 
by Clerk Maxwell to be 1; and a new volume of physics was 
by that discovery opened. 

Dalton found that chemical combination occarred between 
quantities of different substances specified by certain whole or 
fractional numbers; and the atomic theory of matter sprang 
into substantial though at first, infantile existence. 

The atomic weights are turning out to be all expressible 
numerically in terms of some one fundamental unit; and 
strong light is thrown upon the constitution of matter therehy. 

Numerical relations have been sought and found among the 
lines in the speutrum,of a substance ; and a theory of atomic 
vibration is shadowed forth. - 

Electricity was found by Faraday to be numerically "con- 
nected with quantity of matter ; and the atom of electricity 
began its hesitating but now brilliant career. 


On the surface of nature at first we see discontinuity, objects 
detached and countable. Then we relilise the air and other 
media, and so emphasise continuity and flowing quantities. 
Then we detect atoms 4rd numerical properties, and discon- 
tinuity once more makes its appearance. "Then we invent the 
ether and are impressed with continuity again, But this is 
not likely to be the end; and what the ultimate end will be, 
or whether there is an ultimate end, are questions, once more, 
which аге getting too hard, 


CHAPTER XXI. 


Concrete Arithmetic. 


Ir is highly desirable that arithmetical practice should be 
gained in connexion with daboratory work, for then the 
sums acquire a reality, and interest is preserved. It is 
absolutely essential that all concrete subject-matter be based 
upon first-hand experience, for unless аё can be appealed to, 
abstractions have no basis, but are floating unsupported in 
air. It far tod frequently happens that a thild, constrained 
to do sums expressed in terms of weights, has never weighed 
a thing in its life. It is the same mistake as is made when 
a child is drilled in the formal grammar of a language about 
which it knows absolutely nothing. In every case concrete 
experience should pe the first thing provided, and abstractions 
may follow. The teagher is apt not to realise this, because 
grown persons have necessarily acquired some first-hand 
experience in the ordinary course of life ; but a teacher who 
is really educated all round and “has a living acquaintance 
with a great number of subjects should be able to enliven a 
lesson into something quite exciting, if only he or she can 
cultivate the patience necéssary to allow time for the indi- 
viduals of a elass to attain some first-hand experignee for 
themselves. d 

LBM, N 


194 EASY MATHEMATICS. [cuar. 


"This is the real objeet of school laboratory work, and the 
mathematical teacher should week to keep in touch with, and 
to be aware of, what thejpupils are doing under other 
teacisers, во as to illuminate his abstractions with concrete 
instances and examples.’ By far the best kind of exampics 
are not those contained in books, put those which arise 
naturally or are invented by a stimulating teacher in the 
course of his exposition, or as a result of actual manipulation 
on the part of the taught. 

"The result of a laboratory measurement is always an incom- 
mensurable number; for the mere counting of a number of 
distinet objects is not to be called a laboratory measurement. 
No measurement of length, for instance, could ever be 
expressed as a whole number of inches, nor yet as a whole 
number plus a definite fraction of an inch, No measurement 
that ever was made could be expressed by ‘either a termi- 
nating or a recurring decimal, nor by a vulgar fractions 


for any of these modes of specification would imply infinite 
accuracy. 


Suppose that an astronomical measurement is expressible 
by the number 17-4673, it is absolutely certain that 3 cannot 
be the last digit of the series if it is to be expressive of 
absolute fact: It may be that the next is 0, and perhaps the 
next also, but unless you can guarantee that all tho digits 
to infinity are 0, the only reason for stopping at 3 (and it 
is a good reason) is that we can measure no more. 

So a decimal expressing the result of measurement cannot 
terminate, neither can it recur. For, “suppose the result, 
as nearly as we could get it, were 4:6666, how do we know 
that the next digit-is going to be 6, and the next and the 
next also? We cannot know it, " 

I it did recur it would be the vulgar fraction 42; hence, 
this also is strictly an impossibly accurate result of measure- 
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ment. The same with every vulgar fraction: it may be an 

ар proximate result, but no mors. 

The phrase a quarter, or (a half, or талоя із 
appropriate therefore to rough specifications of approximate 
magnitude, but is inappropriate*to precise specification of 
anything b&yond counfjng of objects and fractions of an object. 
Measurements should be expressed in decimal notation, and 
the number of significant figures given should be characteristic 
of the order of accuracy of the work. 


. 
The meaning of significant figures and practical 
accuracy. 

Rough workshop measurements are accurate, let us say, to 
3 significant figures. Students’ measurements in Physics, 
which аге natur. ally more difficult: than those of the workshop, 
if of the schoofboy kind, do well if they are accurate to two 
significant figures. For instance, if the latent heat of melting 
ice came out 79 or 80, it is quite as good as canebe expected. 
A great deal of trouble is necessary torget d third figure right, 
fog of course it means just*ten times the accuracy. А good 
student would however try te get the third figure right, and 
might succeed, if it were not too complicated a measurement. 
The Demonstrator, and senior students who give*some months 
to the work, would aim at 4 figure accuracy, and, if they 
attained it, would do well. A few exceptionally skilled 
experimenters with a genius for the work, ‘devoting a year to 
а research, might aftain 5 figure accuracy, but such accuracy 
as this is generally limited to the astronomical observatory, 
where the measurements are fairly simple and the theory of 
the errors to which instruments are necessarily liable has been 
studied for centuries. If taking the mean of a number of 
astronomical observations, even 6 figure accuracy is attainable, 
but beyond this it is extremely difficult to go. 


= E 


196 EASY MATHEMATICS. [снАр. 


The fundamental measurements that have to be made are 


the following: > 
length 1%; 
* time Е 
angle $ 
inass 


o 


and of these, oddly enough, length is M far the bardest to c 
accurately, though the easiest to do approximately. 
Time is measured with considerable accuracy, even by apocket 
watch. Suppose the watch were uncertain by 3 seconds a day, 
it would not be bad. If, it lost or gained regularly it would 
be a perfect time keeper, for a regular loss can be estimated 
and allowed for; but that is not feasible except in elaborate 
chronometers carefully preserved. What is meant by the 
above is that having allowed for any known regular ‘loss, it 
may lose or gain 3 seconds a day irregularly, so that to be 
quite’ safe we might consider it uncertain to the amount of 
plus or minus 3 seconds, or 6 seconds altogether. There are 
86,400 seconds in a day, go the outstanding possible error 
would be 6 parts in 86,400, or 1 part in 14,400, or 7 parts in 
a hundred thousand, or ‘007 par cent., and it would ther olore 
be liable to cause a bad error in the fifth significant figure—an 
error which éven slightly affects the fourth. Still for a cheap 
wateh that is good performance, and means long hereditary 
skill on the part of makers of watches. „ 
"You could not hope to measure a mile with the same 
accuracy as you can measure the length of a day. 

Angles are not very difficult to measure, because a number 
of disturbing causes have no effect on the divisions of a circle. 
If the weather gets- warmer or colder, your. yard and other 
measures change, and clock-penduluins and watch hair-springs 
change too; but though a circle expands and its divisions 
grow wider with heating, their number is not affected; the 


| 
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expandet circle is still divided into 360 equal parts or 
з. There is something essentially numerical about the 
ions of a circle; and measurement of angle is subject to 

fewer disturbing eauses than "méasurement of length, + 
But the really easy thing to determine accurately is mass or 
weight. For it never changes whatever you do to it, The 
weight of a, piece of matter is constant, whether it be hot or 
cold, or whether it be evaporated to a gas, or dissolved in a 
liquid, or whether it be molten, or boiled, or vaporised, or 
chemically» decomposed, or burnt up, or subjected to any other 
operation. So far as is known, its weight continues absolutely 
unchanged; although in combustion it appears to inerease in 
weight, because it combines with other things. Moreover the 
balance is an easy and aa accurate instrument. Even a 
beginfer can weigh on a reasonably delicate balance to 4 
significant figufes, that is, he could weigh ten grammes to the 


“nearest milligramme. He could hardly do better than that. 


It is possible, however, with elaborate care tp weigh to 6 
significant figifres, i.e. to weigh 10 grammés to the hundredth 
of a milligramme ; but it needs a good balance and precaution 
against currents of air, dust, warmth of observer's body, acci- 
dental electrification, in some cases, and other disturbing 
causes. These things do not really disturb either the weights 
or the thing weighed, but they disturb the balance. 

However, this is а digression, so as to make clear what 
is meant by a reasonable number of significant figures. We 
see that the number that is properly to be recorded will de- 
pend upon circumstances, that evefy additional figure expressed 
is a claim to greater Accuracy, and that it is always better to 
aim at too many than too few; but we should cultivate an 
instinct for knowing whén we have recorded as many as the 
experiment, or the observation, or the circumstances will 
justity. ' 


CHAPTER XXII. 


Practical manipulation of fractions when decimally 
expressed. 


SINCE the results of all actual measurements yield incom- 
mensurable numbers, it is desirable to be able to deal with 
them freely. The present chapter will be considered very 
elementary, but it is inserted thes apparently out of place in 
order to emphasise the desirability of reintroducing familiar 
matter with variations, and also, more particularly, to uphold 
the doctrine that the other things treated are equally easy: 
ease is only z-matter of use and custom. 

In the easy manipulation, of fractions there is much to be 
learnt, and considerable practice is necessary to attain facility. 
Tt is not worth while to exaggerate this practice, because the 
resulting art is not an accomplishment capable of giving plea- 
sure to othér people, like some other arts which can be 
attained by practice; nevertheless, some practice in arith- 
metic is essential, and on this part of the subject some of the 
time which has been saved from hogsheads and drachms 
can be usefully and interestingly expended 

First of all, we may notice that the manipulation of frac- 
tions is much simplified when they are stated, in the ordinary 
arithmetical notation, utilising the same system as is em- 
ployed for whole numbers. The ейзе conferred is similar to 
that gained by abolishing strange denominations of every kind. 

Thus it is simpler to deal with 17°34 ewts. than it is to deal 
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with it when expréssed as 17 ewts. 1 quarter, 10 pounds, 1 

ounce, 432 drachms, which is the way that helpless children 

ined to deal with it. , 

So also it is simpler to deal with a fraction when expressed 
as 4-4 inches, than when pred as 25 * mils" more than 
4 inches ang 3 eighths, or 4 + + 4559 inches, which is, how- 
the way the British НАМ Sc to prefer to have 
d—to the detriment of international engineering 


are con: 


ever, 
it 


operations. 

In other, words, it is always simpler to express a thing 
numerically in a single denomination than to employ a multi- 
tude of denominations or denominators. 

Even such a thing as 1+34+}4+1+ 5 i ШО; simply 

ressed as 1°9375, though still better as 2 – 3, or 33. Sim- 
в attained by use of a single denominator, whether 
sixteenths or tenths, or whatever it may be. It is the admix- 
(ure of denominations or denominators that is troublesome. 

So also the manipulation of fractions ‘when expressed 

decimally is as easy as the manipulation of whole numbers. 

Care has tobe taken about the position of the digits in either 
cafe, and the explicit writifig of the decimal point almost makes 
the matter easier. The essential rule is, keep the decimal 
points under one another, and they will then keep the 
places of the digits right. 

Thus, add together 


4-375 + -025 4- 53:1. ^ 
The sum is written 4375 
° 025 o s 
s 531 
ә 51:500 


and the result is yerbally expressed as 57}. 
For just as various denominations, inches, weeks, 
months, ounces, tons, gallons, are handy in speeeit. and. for 
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realising and speaking of magnitudes after they have been 
calculated, so vulgar fractions are often handy enough to 
express a result at the end, When they are complicated, 
however, they should only be used to quickly express approxi- 
mate results, For instance, 5:12 inches might be spoken of 
as about 53th inches. So also 35-9 inches might be spoken of 
as about a yard. And the number 14:34 might be spoken 
of as about 141. For instance, if it expressed a length in 
feet, the length should be called 14 feet 4 inches if we were 
speaking to a carpenter. And similarly 5:67 feet would 
be approximately 52 feet, or 5 feet 8 inches. 

In subtraction just the same rule holds; keep the decimal 
points vertical. 2.0. to subtract 15:43 from 304, 

write it 304-09, 

15:43 
288-57 

and there is nothing more to be said. А 

In countries with decimal coinage, this is all the arith- 
metic that book-keeping clerks have to employ. Although 
they may use the terms dollars, und quarters, and dimes, and 
cents in ordinary speech, they do not express a sum of money 
after our fashion, as 

* Dollars. Quarters, Cents, 
17 3 18 

but they express it simply as 17:93 dollars. 

"Во, also, if another amount of 3 dollars, 2 quarters, and 
17 cents has to be added, it is never expressed in that way, 
but as 3°67 dollars ; ы 17°93 

3:07 
the addition is then quite easy, viz, 91:60 dollars, АП addi: 
tion becomes simple addition ; and compound addition no 
more exists. 


To express the resulting amount in the form given by com 
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pound addition (which try), viz. as 21 dollars, 2 quarters, and 
10 cents would be unnatural ;“ abut it might, of course, be 
spoken of as 21 dollars and 60 cents, for that etymologically 
means precisely the same as 21 laha 60 hundredths, i.e. 2160. 

The use of variegated and picturesque units, like weeks, and 
fortnights, and centuries, and acres, and hundredweighis, and 
quarts, is to relieve the monotony of conversation ; they should 
not ho introduced into the workings of arithmetic. The end 
result can be interpreted into them, for vivid realisation, as осса- 
sion arises, gnd the instructed person should always be able to 
speak to the uninstructed person in his own language. For 
an instructed youth to expect workmen and others, who have 
not had his advantages, to appreciate his scholastic mode of 
expression, is barbarous, and hows a pitiful lack of sense on 
his раге 

So long as popalar units exist they should be employed in the 
proper place : they are part of folklore, and are often inter- 
esting enough ; it is only when they are allowed to get out of 
their proper plate and spoil the lives of children that they are 
to be eondemmed. In arithmetic proper they are out of place. 

Now take multiplication.” Tt is a little more troublesome, 
of course, but not much. 

Keep the points vertical, as before; in other avords, keep 
the digits expressive of the same denomination under each 
other, i.e. the units under the units, the tenths under the 
tenths, ete.; then the “denomination of the answer looks after 
itself without any trouble. 

For instance, multiply 30:57 by #3. Write it thus: 


0559-05 
43 P. 
6122-28 
9171 3 
31:451 
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I need not have written the last figure of the result, fOr 
most purposes ; for since the {ata are only given to two places 
of decimals, an appearance of three decimal places in the result, 
may give a notion of spurious and deceptive accuracy, and so is i 
often better eschewed. 

But, this idea of approximate accuracy does aot apply to” 
results in pure mathematics, such as the properties of numbers, 
and things like that: it is the results of practical measurement 
that are not wanted to impossible accuracy, just as the price of — 
а ship, or a railway, or a war, is not wanted closer than the 
nearest penny, if indeed so close. 

I may say, however, that when we are dealing with the 
results of practical measurement, it is the number of significant 
figures in the whole specificatiqu, rather than the number of | 
decimal places, which is the thing to be attended to. * In the’ 
above sum the data involved four significant figures, and so & _ 
sixth significant figure in the result would be without meaning, 
and ought not to be written. 

Now take a further example in multiplication: suppose — 


we had 5:4306 grammes to multiply by 70:2: the whole sum - 
would stand thus : - y 


54300 grammes 
70:2 
380-142 
1°08612 y 
381:99815 grammés Ё 


The weighing was only given to 5 figure aceuracy, so any- 
thing more is delusive in tue result, Six figures may perhaps 
be permitted, that is as far as 381°228,"but the last two figures - 
after this the 12, which are really :00012, have no useful 
meaning, and need never have been written. And even Ө 
8is quite uncertain, so that the way to state the result with 
the same accuracy as the data is 381-23 grammes. Three being - 
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put as thé last digit instead of two, because the next digit, 
viz. 8, carries it more than half way to the higher figure. 

„ We observe then that when we multiply by a figure in the 
units place, we place the digits ofithe product under the cor- 
responding digits of the multiplicand. When we multiply by 
a figure in the ten’s place, we shift each digit one place fo the 
left. Tf we multiplied by a figure in the Rundred’s place we 
should shift them two places to the left. Whereas when we 
multiply by a digit in the tenth’s place, that is one place to the 
right of the glecimal point, we shift the resulting figures of the 
product one place to the right, instead of writing them im- 
mediately under the corresponding digits of the multiplicand. 


The rule about division is similar. Let us divide 47082 by 

5:7. Waite it in its first stage! 
5-7 ) 470:82 (8 

2 456- : 

Now, here 8x 5°7=45:6, whereas іп order to perform the 
subtraction we “really require 456, else the decimal points 
would not be in the rights position : hence the 8 is not 
really 8, but 80; that is it Îs not in the units’ place, but in the 
ten’s place, and so the decimal point is to be placed after the 
next digit. 5 

Performing the subtraction indicated above, we see that the 
next digit of the "quotient is a 2, and so the sum goes on 


without any further trouble or attention : « 
t 5:7 ) 470:82 (82:6 
i 456 жоу = 
[^ 148 
А 114 j 


And there happens to be ne remainder. But, if there were, it 
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would give no trouble; we should not take it up aud express 
it as a vulgar fraction, but should continue the sum in the 
same way as before, bringing down ciphers as long as we chose, 
that is until we had got the quotient to the required degree of 
accuracy. 

Dealing with fractions then in the decimal notation is just 
as easy as dealing With whole numbers in the same notation. - 
The process is just the same, only we must be careful to put 
the decimal point in the right place. So, however, we must. 
with whole numbers, only we do not have to actually write a 
decimal point in their case (except in the quotient perhaps); „ 
but we always have to be careful to interpret the quotient as 
meaning hundreds or thousands, or whatever it is, correctly, ` 
and that is essentialy the same thing as attending to the 
position of the decimal point. а 

For instance, divide 729 by 14. 


, ° 14) 729° (59:07143 D 
d 70 


7 99 
100 * 1 
“98 
f 020 
014 
60 
56 ® 
40 
The last figure in the: quotient is not exactly 3, but that is the - 
nearest, and it is quite time to stop, as ive have already reached _ 
the extravagant accuracy of seven significant figures. If we - 
wanted to go on, however, there іѕ поб the slightest difficulty. 
We simply go on till the remainder is negligible, not because 


it is itself numerically small, but ‘because it occurs so many 
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decimal р1йсез away from the left hand significant figure that 
only an utterly insignificant fraction is left. For instance, in 
¿he above sum, the last remainder which is indicated, as giving 
the quotient 3 in the fifth decimal place of the quotient, is 
really ‘00040, and the multiplication of the divisor by 3 would 
give -00042,*which leayes a remainder of -2 in the fifth 
decimal places to be divided by 14; with a result wholly 
trifling. z 

In the above sum the decimal points and a few preceding 
ciphers are indicated to show where they really occur, and to 
show how they might be indicated gll the way along, if we 
chose; but there is no real need to indicate them anywhere 
except in the quotient. At the same time it sometimes helps 
to keep us right and clear £o put all the points into the 
process, where they ought by rights to be, and always to see 
that they keep strictly vertical. 

“Order” of Numbers. ы 

As has been said before, in another connexion, p. 171, an 
extgemely useful idea is tke “ order" of a number, that 
is to say the index of its order of magnitude: in other words, 
the power of 10 which it represents. This сап be definitely 
specified by the distance of its highest significant figure to the 
left or the right of,the unit’s place : distances to the left being 
called positive, to the gright negative ; the unit’s place itself 
being characterised by the order 0, and everything being 
reckoned from that as the zero position. — 

For instance, any single digit, like 6,<vould be of the order 
0; 26 would be of the drder 1; 526 of the order 2; 8526 of the 
order 3, and so on; the order being given by the position of 
the highest significant figure, and by nothing else. Thus 
8526/79 would still be of the order 3; so would 8000, or 7000, 
or 1000. 
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26°79 is of the order 1. 

. 6°79 is of the order 0. 3 
‘79 is of the order — 1. 

' 709 is of the order – 2.) 3 
What, then, is the order of 00058? Неге the highest sig- _ 
nificant figure is 5, and its position is 4 places to the righ _ 
of the units place ; hence the order of this number is — 4. So 
also the numbers ‘0001 and ‘0009578 are of tho minus-fourth _ 
order; but 1:0009 is of the order 0 again, and 27-0009 is of 
the order 1. r х 
In the example :00058 it is right to say that the digit 5 
is of the order —4, the digit 8 of the order —5; and it is 
right to say that the number 58, which it contains, is also of _ 
the order —5. Again, in theynumber 525, we may say thal 
the 52 which it contains is of the order 1, that 1s to say; 
that it occurs one place to the left of the unit’s place. a 
Kis often in practice convenient thus to attend to the ordar _ 
of particular digits, or pair of digits. 1 


The rule for multiplication and division сап now be given - 
thus: * t 


orders of the two digits taken, For instance, multiply 36 by 
745. You take the two highest digits, 3 and 7, the sum of 
whose orders is 1+2=3, The product, which is 21, has to he 
placed so that it shall have the order 3, that is to say, the 
iy figure of the ivis té be 3 places to the left of the unit's 
place. Д 1 
Or take this example :—Multiply 081 by 742. We say 8 
times 7 is 56, and this is to hîve the order compounded 
of -2«nd — 1, that is to say —3. “Hence the 56 is to be placed 
so that its unit's digit is 3 placés to the right of tho units. 
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place ; or "in other words, there will be one 0 between the 5 

and the decimal point. s 

„ The rule for division is to be „Stated similarly :— 

Take the first significant figure of the divisor, and the first 
one or two of the dividend: enough, that is, to be able to 
effect a division. Then the resulting quotient will have the 
order of this, part of the dividend minuš the order of the 
figure taken in the divisor, 

For instance, if we had to divide 81 by 742, there would be 
no difficulty, We should take the 7 from the divisor, which 
is of the order 2, and 8 from the dividend of the order 1; and 
the quotient, has an order equal to the difference of the two 
orders, viz. — 1. 

But if, on the other hand, we had to divide 742 by 81, we 
should fake 8 from the divisor, where it is of order 1; but it 
would be useless to take 7 from the dividend: we must take 
74, its place being also of the order 1; so’ that the resulting 
quotient will be of the order 0. 

These matters are not particularly easy, they can be much 
simplified by* employing powers of 10, as we will soon show ; 
but meanwhile we will do sums of this kind on commonsense 
principles, as follows: Divide 742 by 081. A simple and 
favourite way of doing such sums, is to get rid of the 
decimals as much as we please by shifting the decimal point 
їп both equally, that i is, multiplying them both by the same 
power of ten, so that it would be transformed into 742 +81 
simply. The answer comes out about 9:1605. - 

One more example. Take the птуегзе 27 this sum. 

s 742) 081 (C1 
:0742 


Here the first product 742 Ws required shifted one place.to the 
ight in order to come under the proper digits of the dividend, 
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so the quotient must be not unity, but one tenth, or `1. That 
once determined, the rest is quite ordinary. 


‘742 ) ‘0810 ( 109164 
ora 


Now, here it must be admitted that people elever at arith- 
metie do not write long division sums in so full and lengthy a 
manner. They do both the multiplication and the subtraction 
in their head, and write down the remainder only ; so that 
the sum just done would look like this when people have done 
it by aid of the “shop” method of subtraction : 

“742 ) 0810 ( 109164 
6800 
1220 
4780 
328 
I сап do it this way if I am put to it, but it seems to me a 
needless tax upon the brain, at least when grown up; and I 
am more likely to make mistakes and am less able to check 
them when made. Consequently for’ myself, I prefer the 
longer method, for it is the same sum in reality, the only 
difference is in the avzount of it recorded on paper. I suppose 
that very clever people indeed woukl record nothing of it 
except the quotient; all the rest they would do in their head, 
as if it were a short division sum, gr would even perceive, in- 


0810 09164. Boys have been 


tuitivély as it were, t] 575 
y , that 715 
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known to be able to “do things like this, and they are called 
calculating boys. They are, however, rather rare. Never- 
theless, people when young are much cleverer at learning 
things than old folk, so perhaps they will get used to the 
"eoe method of recording, if they begin young enough, 
and may like it better. than the other. It is, I believe, 
found so. а 
One other point, however, I must not forget to mention 

herc, and that is that if I had a sum like "742 --:081 to do, 
I should firs write it thus : zm , and then proceed to look for 
factors. If they do not occur easily, it is not worth while to 
spend time in hunting for them; still less is it worth while 
to go through the farce of finding G.C.M. or H.O.F., or what- 
ever it %s called: one might | as wel be doing the long 
division sum as that. And then І should proceed to look 
out logarithms, and so turn it into simple subtraction. In the 
particular instance I have chosen, however, it is hardly worth 
while taking even this trouble, for directly yeu write 81, you 
see that you oan divide by 9 ip two ‘stages ; and although this 
might be found a little unsafe in old-fashioned times, when 
one had remainders to express as vulgar fractions, now that 
we know how never to be troubled with remainders, we 
proceed to divide numerator and denominator by 9 twice 
over, as follows: А 

749. 89444... о. D a 

SECUN 9 шен joe E 
that is, for all practical purposes, 91160575. we found before 
(p. 207) by long divisiorf. 


CHAPTER XXIII. 


Dealings with very large or very small number: 


Bur there is a mode of dealing with all these sums which is 
of great simplicity and service, and is more particularly useful 
when the figures to be dealt with are nowhere near the region 
of unity. In ordinary life we, usually have to deal with a 
moderate number of things, or a few simple fractions of things; 
we seldom have to deal with billions or trillions, or with 
billionths or trillionths ; but in science there is no restriction 
of this kind: we may have quantities of every order of magni- 
tude to deal witi. The human body is our natural standard 
of size, and on it our measuring units are or ought to be 
based. Everything much bigger than our body requires à 
large number to express it; so also anything incomparably 
smaller requires a very minute fraction to express it. We 
must be prepared to deal easily and familiarly with very large 
and very small numbers, and we need never suppose that à 
darge number requires а great number of significant figures to 
“express itz. for by that means it would not bevof any different 
size, it would only se: expressed with preposterous accuracy. 
A number like 17,199,658 is for must purposes quite suffi- 
„ciently expressed as 17:2 millions ог 17,200,000. 

So also our lifetime constitutes a. natural human standard of 
time, and our walking and other movements are standards of 
velocity ; but, to express the facts of nature in general, these 


H 


CHAP. XXIIT.] ORDER OF MAGNITUDE. 211 
magnitudes may have to be multiplied or SENS to almost 
any extent. The distance of the*fixed stars, and the velocity 
of light, and the age of the earth, are examples of one kind of 
magnitude. The size of atoms [and the duration of their 
collisions lie towards the other end of the scale. 

In many cåses the prepise numerical specification is of less 
importance than is the order of magnitude; sometimes because 
it is not accurately known, sometimes because it may be 
variable within certain limits. The “order of magnitude” 
way roughl® be said to be given by the number of digits 
involved in its specification ; in other words, by the power of 
ten concerned, without much regard to the particular figures 
that precede that power. Thus, for instance, in 3 х 1010 it is 
the index ten which gives the order of magnitude; the numbers 
4 x 101% And 5 х 109 and even 8 x 10" or 1x10! are of the 
same * order," viz. ‘ten.’ 

eo also the numbers 30 and 70 are of the same order of 
magnitude, viz. ‘one,’ though one of the two numbers is more 
than double the other. REI Е 

‘The closeness of specification required depends upon the 
subject matter and the object for which it is wanted. Occasion- 
ally, though not often, it would be possible to consider ten and 
a thousand as practically, though not technically, of the same 
order of magnitude; they would be roughly alike as compared 
with either a billion or,a billionth. 

Now let us take some examples of the index method of 
dealing with figures, Take first mere numbers of different 
orders of magnitude. For instance? diva, multiply, add, and 
subtract the following pair of numbers in every way: 


а 17,400,000, b= 00155 


which may be called 1T-4hmillions, and 1'5 thousands, or 
17-4 x 105, and 1-5 x 107? respectively. 


. = 
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First we notice that when numbers differ greatly in magni- 
tude, addition and subtracticn are operations that are useless; 


a+b and а— are to all intents and purposes the same as @ in, 


the'above case; the larger n'agnitude dominates the smaller, so 
far as addition or subtraction is concerned, A million plus or 
minus three is practically the same as a million. “So no finite 
quantity added to infinity makes the smallest difference to it. 
This is a frequently useful fact: small quantities can be neg- 
lected when added to or subtracted from large ones. 
1+2=1, when z is small enough. E 

a? — 22 = а, when 2 is small compared with a, 
which may happen either when a is very big or when = is 
very small or even when both are big or both small so 
long as a is much bigger апе; in other words, so long as 


XD ч 
the ratio P small. The term “small,” so used, signifies small 


compared with the other quantities concerned in the expression; 
or sometimes, as in this case of the ratio, small compared with 
unity. ; : 
But when we proceed to multiplication or to division, we find 
a very different state of things; there is then no domination 
of a big quantity over a small one; the bigness may be 
exaggerated, or it may be partially destroyed, by the influence 
of the small one. 
Take the example suggested above : 
4h = 17'4 x 10° x 1:5 x 10-9— 26:1 x 105 96100................(1) 
$= #2108 + (15 х 10-8) -$ x 17-4 x 109=31°6 x 109.....(2) 
b _15x10-8 1037 107 
DESI T ILS 1467 ВБА eee (3) 
These results are numbered (1) (2) (3) for reference. The 
three results are of different orders of magnitude. Тһе 
middlsresult is about half a million times the first ; it is so 
much greater because a number has been divided by the small 
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© 
quantity û instead of being multiplied by it. ‘The ratio between 
results (1) and (2) sis therefore: exactly equal to b°, that is 
41:5) x 1076 or 2:25 х 107* or "00000225. 

The first result is more than ja hundred billion times.the 
third; the ratio between them being a?, that is 

(17:4)? 8101? = 302-76 x 1017 = 3 x 1014 approximately, 

an enormous, number, "but not bigger than what we have 
frequently to deal with in physies. The particles in a candle 
flame are quivering with about this number of vibrations per 
second, otherwise we should not be able to see the light. 
Everything seltluminous must be quivering at this or at a 
somewhat greater rate, consequently "such rates of vibration 
are quite common, 

The result (2) compared with result (3) shows a still greater 
differenfe in order of magnitude. To express the ratio, 


whieh is Ec. 10, a number of 21 digits is required, viz, 
the number 1:3 х 10%, more accurately 1:2993 x 10%, a 
number which is of the same order of magnitude as the 


number of atoms in a drop of water. 
+ 


Now take another example. If light travels a distance 
equal to seven and a half times round the world in a second, 
how long does it take to come from the sun, a distance of 93 
million miles? How long does it take to travel 1 foot, or 
say 30 centimetres. And how long to travel from molecule 
to molecule in glass, supposing that they are the ten millionth 
of a millimetre apart ? EUM ea сыш 

The circumference of the eartheis je:6/40 million metres, 
by the definition of & metre. It therefore equals 4x 10? 
centimetres. 7} times this equals 3 x 10! centimetres ; and 
this distance traversed per,second gives the velocity of light. 

А mile is about 1:6 kiloigetres, so the distance of атр is 
93 х 1:6=149 million kilometres, as nearly as it is a present 


Li = 
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known; in other words it is 149 x10°x 105 centimetres = 
1:49 x 10" centimetres. Hence the time required by light for 

its journey from the sun is 
149 x 1013 centimetrs 1490 
ошеа 3 

: second, 
or about 8 minutes and a quarter. - 
This begins to illustrate the right method of dealing with 
units, We shall have occasion to illustrate and empl i 
later at much greater length; but it will be seen already 
that the “centimetres” in numerator and denominator cancel 
out, and that the “seconds” in a denominator of the denomi- 
nator come up to the top, and gives us the units of the answer. 
If this is not clear, never mind, we shall return to it and to 


much more like it. We might have written the whole working 
thus; 


=497 seconds, 


93 million miles 93 mile 

1:5 x 40 million metres per second ^ 300 metres qe 
="31 x 1600 seconds = 496 seconds 
78] minutes approximately, А Е 
and that is really the best, and safest way to do it, We hive 
here put the actual data into the fraction, and then cancelled 
out the “ millions ”; next expressed numerically the ratio of 
miles to metres, which is 1600, since 1:6 kilometre is a mile ; 
and then we bring the “ per second" out, or the denominator, 
and call it “seconds” in the numerator, 
* „1р pe fan. as the two answers are not identical to the near 
second, that is вилу because of the approximate working, 
which is justified by reason of the uncertainty of the data. 
If the result were expressed as 496:666 secónds it would be 
merely dishonest. The velocity of light and the distance of 
the sun are both quantities which have had to be experi- 
mentally determined, and neither 


second. 


egt 


‘is known with more than 


| 
| 
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three figure accuracy? “th fact, the latter is hot known quite 
so closely as this. Moreover, it isat best only an average value: 
jhe sun is not always at the same distance from the earth, 
since the earth's orbit is not tiyzular ; the distance we have 
chosen is an approximation to ai mean or average distance. 

Now takethe latter parts of the question, viz. the time 
required by light to travel a foot, or say 30 centimetres; and 
the time required to travel a molecular distance of the ten 
millionth of a millimetre, or 1078 centimetre. 

These are quite easily ascertained, since the velocity is 
given as 3 x 1010 шацы рег second. To travel 30 centi- 
3 x 1010 
means the thousand millionth part of a second. 


metres light takes second, that is 10-9 second, which 


$ -8 
To tvel from molecule to molecule, it takes 973 10-18, 


or say the third part of the trillionth of a second. Here 
the digit 3 is quite unimportant. The order of magni- 
tude is all that is of any use, and that is the, trillionth or 
10-18 of a second. Molecular magnitudes aré not known more 
acgurately than that. It may be considered remarkable that 
they have been measured at all. The way they are obtained, 
a way necessarily indirect, can only be understood later. 
With attention to these early stages, this and mach else can 
presently be understood by everybody. At present, grown 
people are ignorant of, all these things, because they have not 
prepared their minds. . 


Now take a morê childish example skin to the horseshoe 
nails, page 155, and perhaps equally surprising. ; 
A country the size of England was being besieged by a 
Hostile fleet, and its inhabjtants were in danger of starvation 
because they did not dp their own corn. Under these 
circumstances the captain of a merchant steamer craved 
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permission from the enemy to run the blockade with a chess 
board full of wheat for his sterving wife and family, the board 
to contain a single grain of wheat on the first square, two, 
grains on the next, four on the next, and so on. 

But when the enemy’s admiral had had the necessary 
calculation made, by a Japanese sailor who happened to be on 
board, and was informed that the corn thus to be passed 
through his lines was sufficient not only to feed but to 
smother every living soul in the country, in fact to cover 
the whole land with a layer of grain more than a dozen yards 
thick, he declined to grant the request unless the whole 
supply were delivered at one Operation. 

To do the sum, proceed as follows:—The number of grains 
is 2%, or, strictly speaking, опе „grain less than this number. 
A mode of arriving at this, if it is not obvious, will be given 
below, but it could be reasoned out by an intelligent beginner. 

Call the number a. 
then | logn=64 log 2, 
and log 2, either from the curve (p. 179) or trom a table of 
logs, is approximately -3, more accurately ‘30103 ; 
hence logn = 19:266. 

_ mis therefore a number with twenty digits of “order” 19; 
їп other words, it is approximately eighteen trillion; more 
accurately it is 1-845 x 1019, 

This number is not so great as the number of atoms in a 
drop of water, but it is a large number. To see what it 
zsensa-huy, half A pound of wheat as imported, without its 
husk, eu —it costs aly а penny—and devise a plan of practi- 
cally counting the grains in say a cubic*inch, without actually 
counting so many individually, This should not be beyond a 
youth’s ingenuity. 

I find that on the aver а grain Is 
inch broad. So if ee TEN 


1 inch long and + of an 
y arranged, in what is 


t 
xxi] GRAINS OF WHEAT PROBLEM. 217 
° 


called square order, there would be 28 of them lying in a „ 
square inch; and if piled up an fneh high, also in regular order, 
there would be 7 x 28=196 in, the cubic inch so constructed. 

An allowance for irregularity should doubtless be made, 
but it is uncertain ; it is not even quite clear whether more or 
fewer could*be got intq a given space by a higgledy piggledy 
arrangements than regular packing in artificially square order. 
It will be near enough,if we take it as about the same, and so 
estimate 200 grains of wheat to the cubic inch. Ў 

We аге wow prepared to go on with the sum set, The area 
of a country the size of England is,given in the geography 
books, or the Penny Cyclopedia, as 50,000 square miles. A 
mile is 1760 x 36 inches = 6:336 x 10* inches, so a square mile 
is the square of this, viz. 40:145 x 105 square inches, of which 
the first two digits are sufficient for our purpose. 

Hence the area of a country as big as England is 5 x 10* x 
40 х 105—2 х 104 square inches. Now the’ number of grains 
which are to be distributed over this area is given by our 
previous workihg as 1:845 х 101%, amd we have ascertained 
that, roughly speaking, 200 of the grains will occupy a cubic 
inch. Hence the number of cubie inches which have to be 
provided to hold all the corn, is the 200th part of 1-845 x 101, 
that is to вау, -922 x 1017; or just less than thé tenth of a 
trillion eubie inches. То provide this capacity on the surface 
of the country, the grain would have to be spread all over it 
in a uniform layer, of thickness Р S 

:922 x 10% eubie inches , TT А 

2x 101 square inches EEE ei 

In other words, the Gorn would flood the whole country 

to a depth of 461 inches, or 384 feet, which is as high 

аз an ordinary house. „ АП eottages would therefore be 

completely submerged by, the chess board full c£ grain 
distributed uniformly over the face of the country. 
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Perhaps, however, our initial step, that the nümber of 
grains is precisely 291 — 1, was'not obvious. Tt can easily be 


seen thus, The number on any square will be one grain move , 


than all those on the precling squares added together. 
Thus, for instance, the number on the third square is 4, and 
the two previous squares contain one grain and two grains 
respectively, or 3 grains together; which is one less than the 
number on the next. The number on the next following 


* square is 8, and the three previous squares together hold 7, or 


again one grain less, and so оп. Hence the number on the 
tenth square would be the number on the nine previous 
squares added together, plus one. The number on the tenth 
square is 2°, so the number on the 9 previous squares added 
together will be 22— 1. The number on the sixth square is 
22—39, hence the number on the five previous squares added 
together will be 31 ; and so it is, viz. 1+2+4+8+16, which 
equals 31, Compare page 323. . 

Now the total number of squares in a chess board is 8°, or 
64; the number of grains on a 65th square, if there were one, 
would be 2, hence the number--on the 64 previous squares 
added together (which is just what we want) is 99!—1. ` 

This peculiar result of continued doubling, that the product 
each time just exceeds the sum of all the preceding products, 
has suggested a plan of what is called “breaking the bank,” at 
a place where you stake on one of two events, either of which 
is equally probable, say red or black, ‘and win back double 
‘your stake. m dus is receive your stake and another 
added to it by the *z»k."^ The simplest rule for “ breaking 
the bank” is simply this: Bàgin small? and double your stake 
every time you lose; whenever you win, begin again. 

It it were feasible to continue this process you could never 
really lose, because your stake wold always just exceed the 
sum of your previous losses, so that whenever you won you 


» 
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would get them all back plus 1 counter mors. Winning would 
be slow but sure. To work thé process you must be prepared, 
however, with a considerable number of counters to stake 
with, if you happen to lose шат times in succession, And as 
~ matter of fact every ‘bank’ protects itself against so simple 
an arithmetical device by declining to receive mores than a 
certain maximum stake. If therefore you have staked the 
maximum and lost, ypu have no way of getting your losses 
recouped ; and so it is universally conceded, even by gamblers, 
that theresare more profitable, as well as more useful, ways 
of earning a living. $ 

The operation of constant doubling is a particular case of 
what is generally called geometrical progression, and it 
is remarkable how rapidly, we can thus reach enormous 
magnifudes. 

Of course, if instead of doubling we treble or quadruple 
gach time, the large result will be reached still sooner, bat, as 
а matter of fact, any constant factor greater thyn 1, repeated 
often enough, ‘will grow to any magnitude; whereas any 
constant factor less than 1 rapeated often enough will obliterate 
or reduce to insignificance any initial magnitude. 

Take an example. Let the factor be 1-1, that is one and a 
tenth. Multiply it by itself 20 times, so that the result is 
(11), whose value can be found by logarithms easily enough, 
thus : 2 

Call itz, then logz=20log 1-1 = 20 x E NN 
502—6:6; showing that the initial rate of-szresé 15 slow. 
Look, for instance, at the geometrifal g-dEression or compound- 
interest curve оп pige 357, which is the same as the 
exponential eurve on page 101 taken backwards, and note 
that it begins slowly. But continue the process until we have 
reached (1:1)199, whose logarithm will be 100 x -0414,or 4:14, 
and already the result is 13,800. To get really large numbers 


.. again. In such case the rapidity of increase can be still more 
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with such a factor as 1:1, we should therefore have to repeat 
the operation very often indeed. 

So also to reduce to insignificance by means of such a factor 
as 9, we should have to repeai\the multiplication very often : 
for let (‘9)! = x " 
then dogg = 100 log:9 = 100 log $; " 

= 100 (log 9 – log 10) = 100 log 9 – 100 
= 9542-100 = —458 =~ 5+ 42 =5-42, 

wherefore = 0000263, 
a number which is of the “order” — 5. E : 

Illustrations of excessively rapid multiplication by geomotri- 
cal progression occur in Natural History, where certain 
organisms are known to increase at a prodigious rate, this rate 
of increase being the cause of plagues, like a plague of 
locusts, or blight, or like certain kinds of disease. Fér sup 
pose a parent insect laid and hatched a thousand eggs - 
(which is indeed a Very moderate number), and suppose each _ 
of these also hatched a thousand, and suppose each -genera- 1 
tion only required’a month to come to maturity, and lived for 
а year; the number of descendants in the course of twelve 
months would be a thousand raised to the twelfth power, E 
that is to say a number of the “order” 36, or 1 followed 
by 36 ciphers, or a trillion-trillion. 

Some diseases are caused by the fission or splitting up 
of cells into two or more, which rapidly grow and split up 


prodigiotisye-onse the time which need elapse between 
the splitting Kor pan of cells may be short. Йй 
16 does not follow that these geometrical-progression rates 
of inerease apply without qualification to every kind of 
population, nor to one whose needs, are in excess of available 
supply For some actual tacts, “Wee see Appendix ТУ. 


7 CHAPTER XXIV. 


Dealings with Vulgar Fractions. 

Havine now exhibited the easy mode of dealing with frac- 
tions, we must proceed to the more difficult method where the 
division operation has not been performed, but is only indi- 
cated: the same sort of indigation as has been used in algebra. 
For fhstance, to divide а by b you cannot really do it in 


algebra, you ean only indicate it, as a + hor So also in 
B * 


arithmetic if one has to divide 3 by 4, we can, if we choose, 
do it, and write "75 simply, but for many homely purposes it 
is sufficient to indicate iteonly, and leave it in the,form of 
P24 or 3, Fractions left like this are not so easy to deal 
with, but they usually apply to such simple magnitudes that 
they are simple enough. For anything complicated, however, 
they are unsuitable, and they must be simplified ; moreover, 
as we have seen in Chapter XXI. on concrete arithmetic, they 
seldom occur in practical measurements ; nevertheless we 
must learn to perform the fundamental „орозо pon 
vulgar fractions without having nge=ssarily to reduce them 
first to a simpler form. One way of dealing with mixed 
units, such as ewts. quarters, and lbs, or pounds, shillings, 
and pence, is to reduce, them all to some one denomina- 
tion; but it would be rather stupid if we did net know 
how to treat them in any other way. So also one way 
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of treating collections of vulgar fractions is to reduce them 
all to some one denomination, or to decimals ; but we ought 
to learn how to manage ther: without this preliminary 
operation. \ 

So we will proceed to illustrate by example some simplifying 
processes, first reminding ourselves of the fundamental opera- 
tions of addition, subtraction, multiplication, division, involu- 
tion, and evolution, applied to vulgar fravtions. 

No further explanation is needed beyond what has gone 
before, Chaps. IIL, IX., ete. For addition, make à common 
denominator and cross multiply. 

v. bray, 


a b n 
or another example = 
mo _т+ау 
qt 
For subtraction, tlie same. 
RY Ebaby A 
oxi Gs a 
se z А "7 — 
or if given anh it equals 20g. 


а 
For multiplication, multiply numerators together and 
denominators together. 
zog cy 
a b аў 
е commo 


пе n case wh i 
MANET Жады) еп one denominator only appears, 
na - 


uem! 


or 


^ 


{ 
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For involution, Operate similarly on both numerator and 
denominator. qM" og 
(9-2 


АШ, $ d 15 
For evolution, just the same sponly we may write n as a if 
it is a fraction, if we like, 


» 1 ES 
> Gy VONT cd" 
mcm s 
a NL бы a 


+ 


- Numerica? Verifications. 


The simplest fractions of all, to deal with, are those which 
are not really fractions, but integers in disguise, like 12 or 24, 
and these serve for testing апу operation easily and quickly. 

If these two are added, forgnstance, the result according to 
the above rule is 12 24 96472. 168 т 

ire гута 


* Subtracted, the result is 


96-72 294 1 = 
DLE A 
Multiplied, the result is ® T 
288 
= 12. 
Divided, they hecome x 
Та REND 
3 x 3173-! 933... 
Squared, the results are 2 
та 78р 576 е 
-g =16, and =, respeciively. 
Square-rooted, we gét 
wo = ap- 2 for one. 
` and VE _ 26_68 _ 3 for the other. 


J8 зу Và 
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‚ Of course, in practice we should get rid of such pretence or 
imitation fractions, by expressing them as whole numbers at 
once, before beginning operations on them, But we may often. 
have fractions not unlike them ; composed, that is to say, of a 
whole number and a prope? fraction in addition. Those 
fractions, larger than unity, are sometimes callea “improper 
fractions,” and when expressed as an integer + a fraction, they _ 
are called “mixed numbers”; but these terms are hardly ever 
used out of the schoolroom. 

A pretended fraction like 12 cannot be concretely exhibited 
to small children unless there are several things to be cut up. 
With several apples we can do it; for if we cut them all up 
into thirds, and then pick out 12 of the thirds, we shall find 
that we can build up with them 4 apples. 

So also 12 would give us 4 apples and $ of another; and we  — 
could not exhibit it properly unless we had 5 apples to start 
with, Lu E 

"These fractions are called improper fractions because they 
are not fractions of one thing, but fractions of ù lot of things. 

To exhibit a proper fraction like { is easy, for we have only 
to cut an apple into half quarters and then remove five’ of 
these, leaving 3ths of the apple behind. Е 

It is from this point of view that vulgar fractions are simpler 
than decimals. There is always some good reason why а 
popularly employed nomenclature has been hit upon. Ёог 

these simple things it is excellent: it is only when we come to 
“COtlipteavedSbings that we find it rather difficult, In practice, _ 
however, difficult sine never ocenr in this form, and there is ` 
no reason for wasting the time and’ brains of children in | 
simplifying unwieldy artificial complications ; for these things 
may give them much trouble when young, whereas later, if 
they ever learn mathematics, they will experience none at all, 
even if they come across the most complicated of them. 


LI 


CHAPTER XXV. 


Simplification of fractional expressions. 


WE will attend now to certain gimple operations which 
constantly occur in practice; it is easy to get accustomed to 
them and to take an interest in them, as in any natural 
exercise of intelligence. First of all we will take < cancelling,” 
that is? striking out of common faetors, a process in which 
useful ingenuity can be trained. Examples are better than 
precept, so try the following: Simplify ~ * 

36 х 108 х 91 E 
17:28 x 65 x 8-1" i 
Here we see at a glance that a lot of factors сап be*struck 
out, because 
36 =3 x 12, 108 =9 x 12, 91=7 x 13, 
though that last is not so likely to be known, unless an 
extended multiplitation-table has been learnt—a very useful 
accomplishment ; moréover 
1728 == 128, 65=5 x13, апа 81=9йх == 

As to the position of the deciviaL-roint, that is a matter 
that gives no tr ouble аё all. The decimal point must always 
occur somewhere ; it is understood and not written at the end 
of integers, but it is there all the time; and its influence can 
be attended to after the cancelling has been done. Of course 
we might shift it equally to the eet in both numerator and 

„Е.м. 
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denominator, and:so get rid of its explicit appearance, and 
we shall do this ultimately, but we will not do that at present 
since we want to use it as an example; we will cancel factors 
as they stand, and leave the decimal points unchanged in 
position till the end; and the result, written down in practice 
in a few seconds without all this talk, is 
3x93-07. 3x07 -07 7 
J2x5x81 6x9 18 18 
This will not simplify further, because 7 is a prime number 
and does not go into 18. › М 
It would be very seldom useful to write the result as 
1 1 
3t °° FOTIT 
but it would often be useful to write it as 
355 


$7 :3888 ... or approximately `4. 


y M y 
Take another example : one less likely to occur however, 
one of a doubie fraction. 
LLL x 54S > 
8 2 M А 
тї X too * 
Неге we may cancel out factors among the numerator frac- 


tions, and likewise among the denominator fractions; but: 


We must not cancel a factor in the upper numerator against a — 


factor in the lower denominator. 119 contains the factor 


1 and also the factor 7, being equal to 7 x 17; and obviously 


e-senteing.the оа its digits divide by 3. 100, _ 
as usual, is useless for acto» purposes. 


So we re-write the fractio 


n (with needless elaboration) 
1.4 181 4x 181 
AS Ê 9 
тту =—— 
3 Tet 
11 100 


> 
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the middle line beifig drawn rather longer nd stronger than 
the other two, so as to show that the upper of the two 
fractions is to be divided by the lower. 
We have now to multiply the extremes and divide by the 
means, a convenient rule to remmber, giving us 
к „ 400x181 ‘ 
as; LOTS в 
° 63 
But a rule of this kind should never be given, it should be 
ascertained and, if possible, invented by the pupil. To invent 
а haydy rufe involves a little bit of original thought, and the 
opportunity for exercising that vita! power should never be 
lost. 
Hence we should not a£ first make the above convenient 


short cut, but proceed thus : « а 
тр; 4x181. 7 
This means —9 +100 Е 
Апа is an example of division of fractions, so invert the 
second number,and multiply Tene 
É 724 100 72400 
° ПО TAG id 


To express this in decimals we might proceed thus, for 
although 9 is not a factor of the numerator it will be approxi- 
mately one, and can at any rate be divided out, leaving 

8044-1 
T < 

Digression on recurring decimals.—No importance avtüches 
to the notation of the superposed доро" dots for circulating or 
recurring decimals. Ohildren may write as many of the recur- 
ring places as it amuses them to write. In practice, the result 
would not usually be wanted beyond the first ‘2, which is nearly 
equivalent to six figure accuracy, since the next figure is a 0. 

The interpretation of recurring decimals as vulgar fractions, 


«-1149:206345206349... . 
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with a certain nuniber of nines and noughts in the denomi- 
nator, is of no practical moment. It should be reserved for 
the more intelligent and irrepressible children, and by them it _ 
might be found out, with great advantage. Children who - 
delight in finding out such thi*gs are on the way to acquire _ 
some of, the powers and tastes of the pure mathematician, 

The simplest case may, however, be known, and perhaps 
this amount of hint would be necessary even to sharp boys. 
A recurring decimal is a geometrical progression, with fractional 
common ratio, and extending to infinity. 1 


"Thus the commonest of all Е 
OF SE a3 
3,3 3 
a. 10*100* TOO 777 


the common ratio being pth. 
Hence its sum, by the rule for G.P. [see Chap. XXX V.] is 
: <р 
е л эт oes 
"The precise value of the answer on p. 227 expressed as a 
vulgar iraetion, though never really wanted, is well known by _ 
everybody (needlessly well known for so trivial and useless a 


thing) to be, 1149305349. (End of digression.) _ 
a 
The fact that z ay 
і 7 ge ip 
A ce, y 
as is proved by Writing it 
а Ва 


ay ap ts - 
is worth remembering : most easily remembered as worded їп 


the rule, multiply the extremes for the new numerator and 
the means for the new denominator, 
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The у апау be edlled a double denominator, and we observe 
that it comes up into the ultimate numerator. 
The rule for cancelling may also be similarly illustrated : 


na 2.06 
2 mz 
In š gp or Mm P 
eo А 
. y my = * 


the n’s and the m’s cancel out. 


But in such a fraction as this 


® 
H 


БАЕ ЕЕ 


the 7^s, so far from cancelling, appear in the result twice ovef, 
that is, squared ; for it equals 
ray - E 

° as 
The rule for cancelling in the case of double fractions there- 
fore is: cancel common factors from alternate members i in the 
deuble fraction, then deal "with the extremes and means to 
attain the simplified result. 

It may be preferred, and it may be safer, tq, perform the 
latter operation first, and so keep all the cancelling for an 
expression in simple fractional form; but either is a correct 


procedure, Ф . 


CHAPTER XXVI. 


Cancelling among units. 

Іт is not only numbers that can so be cancelled: we “may 
and often do, have fractions composed of conerete or physical 
quantities—quantities with length, and breadth, and thickness, 
and weight, and velocity, and other things. Tt will be found 
that cancelling can conveniently go on among these also. 

Suppose we had the following ratio to interpret: 

330 yards x 16 square yards x 77 lbs. 

4 inches x } mile x ‘14 ton x 5 minutes’ 
an experienced eye would see at once that the result was a 
velocity, ie. that it could be expressed as so many miles A 
hour, or feet per second. And the working is on the following 
lines, though again the actual operation is much speedier than 
is the explanation of it :— 

First we have the ratio of yards to inches, which is 36, and 
this is most conveniently and safely recorded by erasing the 
word “yard” and replacing it by * 36 inches." 

Next in the-numerator we have square yards, and in the 
denominator we have-» linear mile, which is 1760 linear 
yards, and that value is therefore conveniently substituted for 
“mile.” 

Then we have the ratio’ of tons to pounds, which is 2240; 
and we get left with one of the “ yard” factors of the square 
yards uncancelled in the numerator, and with * minutes" 


me 


t 
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uncancelled in the denominator, The result; before any cancel- 
ling is done, will be the following: 
330 x 36 inches x 16 ygrds x yards x 77 lbs. 

4 inches x } x 1760 yards x 1 x 2240 Ibs. x 5 minutes? 

Now wegan strike out a nufmber of units common to both 
numerator and denominator, and can gt the same time do 
some numefical cancelling, of which we will indicate the 
steps sufficiently, notfng that 11 is a factor of 1760, because 
the sums of its alternate digits are equal. 


7 30x9x32x11 _ yards 
160 x -02 x 2240 x 5 minutes’ 
Now, we see that 16 will cancel out with 32, and of 


course the ciphers can go frem the 30 and the 160. 
So Wwe get it thus 


97x2x1] yards , 
*02 x 2240 x 5 minutes 1 


So many yafds by so many minutes; in dther words a 
velocity of so many yards рег minute. How many! x 
+ 97х11 = 297 
7x11207 112 
Here, perhaps, it is simplest to resort to long division, since 
no more factors are obvious: so we might leave the answer as 
2-6518 yards per inute, which is a sort of racing snail's 
pace; or we might reduce it to other units. This last d$ a 
thing which oftenchas to be done, and so no opportunity for 
showing the right way to do itsmust be lost at this early 
stage. е 
This is the easiest and only safe way : 
297 yards 297x3 feet _ 297 
ТЇ? minutes 112 х 60 seconds 2240 


yards per minute. 


feet per second ; 


. 
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or again 
miles 


297 yards 297 "rs ` 297 x60 miles 
112 minutes 112 зз 112 х 1760 hours 


атха Mb — 
=56 x T6 896 miles per hour. 


Tt may be said that simple reductions like that can easily be _ 
done without writing them down fully. So they can, bul _ 
they can easily be done wrong. Change of units is a subject 
extraordinarily easy to make a slip in, especially by multiplying 
where one ought to divide. It is at best a mechanical process, 
and it should be done mechanically ; that is by a straight- 
forward method which involves no delicate thought, and affords 
no loopholes for mistakes to creep in. 

To check the above result, we can recollect that 4 miles an 
hour is about 2 paces or 6 feet per second ; so that the ratio of 
the above two spocifications for the same thing should be 
roughly as 3 to 2. And so it is; for the first is very roughly 
+ foot per second, while the second is roughiy тт mile per 
hour ; and the ratio of 7 to 11 is not very different from that 
of 67 to 10, which is 2rds. ч 

This rough-and-ready checking, in terms of anything that 
comes handy, and with quite rough approximation to the 
figures, is very useful, and, in real practice, wise ; else we exhibit 
the ridiculous result of academic correctness in minutis, and 
commercially hopeless error in the order of magnitude; so 
that;for instance, a quantity pretending to be accurate to four 
Or five significant figures шау be all the time a thousand 
times too great or too small. з 

This is the kind of thing that always moves the practical 
man to legitimate and sarcastic mirth, because he could get 
nearer than that by his own untutored instinct and common- 
sense. People who have been elaborately tutored, but have 


+ 


t 
ххут.] DEALING WITH UNITS. 233 


not takem care for' themselves of their own birthright of 
commonsense, are denominated‘ *prigs," and their existence 
etends to bring education into contempt. 1 


We must take another example of this cancelling of units, 
and we willtake an instance of/the occurrence of a double 
denominator in them. Suppose the following given: 

* 15 ewt. x (32 feet)? 
1080 grammes х 490 centimetres per second x 4 yard’ 

Here the experienced eye will see that the result must be a 
time, for every kind of unit will cancel out except the “per 
second” in the denominator. This ds what I call a double 
denominator, for the per alone would put it in a denominator ; 
so the result is that it comes up into the ultimate numerator. 

To work the sum, proceüd thus (with full elaboration 
shown, because it is an illustration) : 

15 x 112 lbs. x 32x32 x (feet)? 


о ачаа аба a Duc ‚ 
4 metres... 
1080 grammes х — + х 1:5 feet _ 
1120 Ibs. x 8 x 52 feet 
ә ] metre 


1080 grammes х — Y 


18. 454 grammes x 256 feet E 
Ij grammes х 3°28 feet кш 
° 18x454 x 256 
Sa TE 
To work this out, either a slide-rule or logarithm-table would 
be advantageous. Suppose we take this as an opportunity for 
utilising a table of foureigure logaritfims, and see what we get. 


log 1821-2553 lg 17=1-2304 
log 454=2°6571 log 3:98= ‘5159 
log 256 = 2:4082 

6-3206 | 1:7463 


—- —— 
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Subtracting, wo get 4:5743, 
which is the logarithm of 37530 to four significant figures ; 
and 37,530 seconds is therefore the answer. 

This is equal to 10 hours 253 minutes; and so the com- 
plicated expression, involvijg many kinds of units, with 
which, we started, represents really nothing more elaborate 
than the length of a working day. 

These examples are rather dull and artificial ; but to sake 
а real example, which would lead to this kind of concrete 
result, would assume some knowledge of mechanics or physics. 
Suffice it to say that plenty of quite similar examplés will 
occur when we get to real subjects like those, and, meanwhile, 
all that we can show is that they involve no difficulty 
of dealing with and interpreting. No admixture of units 
involves anything the least difficult: it only wants disen- 
tangling; and, in order to disentangle it securely and 
easily, the best plan is not to be afraid of writing out the 
thing at length, with all the factors present—both the 
numerical and the concrete units, or standards—and so 
gradually boil it down ‘by a mechanical process involving 
no troublesome thought. 

Whenever thought is necessary, it is to be exercised vigor- 
ously, but it should not be wasted over simple mechanical 
operations. Take thought once for all, learn good methods, 
and so economise thought in future. ‘This is, indeed, the 
principle of any mathematical machine. Machines can be 
constructed. and are used, for performing, really intricate 
mathematical operations p for analysing out the harmonic 
constituents of a tidal or other irregularly periodic curve, for 
instance. To devise such a machine required thought, and 
indeed genius, of the highest order: to work it, requires 
nothing beyond what an intelligent,office boy can learn. 


: CHAPTER XXVIE 


Cancelling in Equations. 


Ок mote detail concerning cancelling may here he 
mentioned. It relates to cancelling on either side of an 
equation. One side of an equation may be considered as 
divided by the other, and the result equated to unity, so that 
the rules for cancelling are easily deduced. 


For instance in Re 
a b s 
the n’s may be cancelled, for it is equivalent to М 
nz е 
^ 5 
ə T 1, sp 
b 
or mx е бел, or ba=ay ; ^ 
nya ay 


as might have been seen at once by cross multiplying. 
Suppose, for instante, that it had been written thus : 


° a b 
it would have been the same thing and the left hand of this 
equation might be reduced to a common denominator, with 
the subtraction performed as far as possible, by writing 
bna—nay 9 
ab Б 
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How comes it that this is the same thing гз be=ay? 
Because it.may be written 


gj (be -wy) =0, E 


and, in order that this may! be true, one of the two factors 
must vanish, that is, must itself equal 0. For you cannot get _ 
zero by multiplying two finite quantities together. Hence 


either a must equal 0, which is in some cases possible, - 


but is clearly not here intended ; or else bx-ay=0. And the _ 

latter cannot happen unless ay and bz are equal. 4 
So we get this simple тше, that when an expression is | 

equated to 0 any factor can be struck out, without having 


to be accounted for, provided always that that factor is not itself — 
zero. , 


° 


This last is a most tremendously important proviso, and its 
neglect may land you in the utmost absurdity. If we strike 
out a factor zero, from an expression equated to zero, we may 
he striking out the very and only factor which made it zero ; 
the factor left behind may have any value whatever: the 
equation declines to tell us for certain what that valud is, 
and we must not proceed to work on the assumption that it 
does. Similarly, if a zero factor is cancelled on either side 
of an equation, we can make no deduction concerning the 
equality or otherwise of the residual factors, 

1 


"M 


Caution. 1 


This inequality of zeros is a matter of great importance, and _ 
I must proceed to illustrate it even at this stage, though we 
shall find plenty of instances later on. р 

Suppose an expression like this were given, from which to — 


find 2. 16, Ts —4) (04:02) 
ED 0, 
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ххуп.] CANCELLING IN EQUATIONS. 237 


we should фе quite shfe in striking out 16 ard likewise } (viz. 
the 3.in the denominator), for'these numerical dactors are 
„certainly not zero, so we should get left with 
J(n? — 4) zt y 
Now, if we strike out, the factor J/(n?— 4) and the*factor 
М 


‚ we shall De left with the impossible result z?--0?— 0. 


Sic 


Why impossible ? Because it means that 
o r= – 0, 
and the square of a real number, whether that number be 
positive or negative, cannot possibly be negative;. for two 
similar signs multiplied together give a positive sign always ; 
- 3х -3= +9 justas much as 3 x 3 does. 
What the equation suggests is that, under the circumstances, 
т must equal 2. It is the (n—2) component of the (n?— 4) 
factor, and not the factor containing 2, which is responsible 
for the zero value of the whole; and the equation tells us, 
therefore, nothing at all about the value of z. 

Ido not say that that is all that can be deduced fram the 
equation, but that is all that lies on the surface. 

To clinch the danger of striking out a factor, without at the 
same time recollecting the possibility that it may be itself the 
essentially zero factor, the following absurdity may be given. 

To “prove” algebrajgally that 2=1. 

Let 2 = 1, so that z —1—0, 
* then z?=1, and z?—1— 0. 
So 22- 1—z - 1, since Tiogh equal zero, 

wherefore (+ 1)(z—1)— (= 1) 

Cancel out the factor (z—1) from both sides, and we get left 
241-1; 

but we knew all the time that z— 1, therefore the left-hand 
side is 2, and so 2— 1. 
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Instead of going through the above farce, it «would be 
briefer to say 2x0=0; 
divide both sides by 0, hence ., 

221; 
or instead of 2 you may put ahy quantity you please. 

It isa point that may possibly require emphasis, so we will 

put it still more evidently : Ё 

It is undeniable that „7 x 0 is 0, 

and also that 6» 0 is 0, 

if then it be argued that .'. 7 x 0—6 x30, Я 
and that the 0 factor may be cancelled out, it seems to follow 
that 7=6. 

Tt is unsafe then to press the axiom that things which are 
equal to the same thing are equal to one another, to cover the 
case when “the same thing " is zero. Р 

Tt is a question whether we have a right to say that 7 x 0— 
6 x Oat all, although they are both zero. It rather depends 
on what we mean by 0. It is certainly untrue to say that $= f 
always, because clearly any numbers might be substituted 
for the 7 and the 6. Do not, however, assume that 9 is 
gibberish, A meaning can be found for everything if you 
are patient and persevering. At any rate, we have no right 
to cancel oùt the zero factor which alone is responsible for the 
pretended equality 6х0=7 х0. Of course the expres- 
sion does not in practice occur in this crude form, but it 
occurs in some masked form, such as 

18 (02 4) =39 (z— 2), 
whence, cancelling out tha dommon factor 3 (z- 2), we get 

à 6 (@+9)=13, ог fiu 
which may, however, be quite false, and is not at alla necessary 
consequence of the equation from which it is supposed to 
be deduced; it is a possible consequence, or “solution,” but 
2—2 is another, and may be the only real one. 


j 
CHAPTER XXVIII, 


* 


Further Cautions. 


BEFORE loaving the subject of “cancelling,” it may be well 
to append a caution concerning a small point which does 
sometimes give trouble to a beginner. The fractions so far 
chosen for simplification had both numerator and denominator 
composed of factors; in other words, numerator and denomi- 
nator was each really a sihgle “term”: they were not 
composed of a number of terms united by the sign + or =, 
Compound fractions of this latter kind are “more troublesome. 
In arithmetic they do not often present themselves in this 
form for simplification, because when they occur, the addition 
or subtraction can be so easjly performed that naturally it is 
doile before any process of simplification is thought of. But, 
in algebra, addition and subtraction are operations that cannot 
be done, they are only indicated. Indeed that is one of the 
chief advantages of algebra, that the operations to be per- 
formed are preserved intact and evident, and are not masked 
by the poor achievement of performance. 

m 3n4- 82 

34nz ^ 
the whole thing is full.of factors, bif we may not cancel any. 
If only the + weré replaced by x we could cancel everything, 
and leave nothing but unity; but as it is, the fraction is 
already in its simplest form, unless indeed we choose to split 
it up into two fractions. 


Suppose then we h: 
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Why may we.not cancel anything? “Because a factor, in 
order to be cancelled, must'apply to the whole denominator 


and to the whole numerator. In the above, there is no factor 


which applies to the whole of the numerator, So there we are 
stopped. Let us however re:plve it into two fractions 


+ 3n 8z 
ana + Bina’ 
and from each of these cancelling is easy, yielding 
Йе 
82 * Bn’ ы 


This form may be preferable to the first given form, or it may 
not. It depends on what we want to do with it. 

Suppose however we take another example, very like the 
first, but upside down, i 

36my 
4m+ 9y 

Still no factors can be cancelled, for there is no factor common 
to the two terms of the denominator ; but now we cannot even 


Separate it into two fractions, The attempt is often made by 
beginners ; they try to write it ^ 


“dm + 79у = 99+ 4m, 
a splendid simplification certainly, but bearing no resemblance 
whatever to the originally given fraction of which it is 
supposed by the mistaken beginner “to be a counterpart. 


The mistake is so often made that it is worth numerical 
illustration. 15 


Example (i), aire Example (ii). я: с 

The first can be split into two fractions 
Е IS ape} 
M A e 


t 
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The second can not be split up at all. It, could be written, 


if it were worth while, 
бе кады 
1+ 12916 
Of course both, bemg arithmetiqal, can be written 
ur and m respectively, 
and that is just why these forms do not oceur in arithmetic as 
they do constantly in algebra. 

Is no cancelling ever to be done when a numerator or 
denominator contains more than one term? Certainly there 
is, if each term has a common factor. For instance, 

na+nb o 21+51 
nab 1071" 
If the'4- were replaced by x the л? would cancel out alto- 
gether ; but as it is, only one n cancels out, and the result is 
о a+b 7+17 
‘nab SBT - 

I have found’ beginners who thought that if they used the 
factor in the denominator to cancel one of the terms іп the 
numerator, they could not use it likewise to cancel the other 
term; who would wish therefore to divide the 1071 by 9 
instead of by 3, and to write it 119 in the result, because a 3 
has been cancelled out of each term in the numerator, and 
therefore it looks as,if a 9 should be cancelled from the 
denominator. But there is every difference between striking 
out a factor from each of two terms, and striking it out from 
each of two factors. The mistake arises in fact from a 
momentary confusion vetween + and x. 


When the expression is тзт, Я 
Р z 
the result is 231 ; 


Е.М. 
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but if the expression had been E 
max my 
mz 


, 


zx. 
3 


the result would be 


2 3 


but just as the former expression with the + sign would 5 
hardly occur as such in arithmetic, so the latter with the 
x sign would hardly occur as such in algebra; it would be 
mary 
ma в< 
and no shadow of doubt could arise. The doubt seems to 
occur only when there are several terms. 

Take the case of more than one term in both numerator 
and denominator, like 


written 


ato > 
ty 4 
Can we split this up into two fractions ? Certainly, but not - 
f b 
into Dir 
arg? 
the twa fractions into which it splits up are 42 
а b 
By za y 
the whole denominator occurring in both. 


Cautions of a slightly more advaiced character. 

There is another mistake often made by beginners later оп; 
and we may as well mention it here, along with the other 
cautions. When we have à simple factor applied to two terms, 
like 20 (aD), , 
we may take away the brackets and apply it to each term, 
getting the equivalent form. 

та 4- nb, 


xxvin.] OPERATIONS. 243 


E 
But although this is*legitimate with a factog, it is not legiti- 
mate with everything that can oceur outside a bracket,—not 
legitimate with a symbol of operation for instance; neither 
is it legitimate with a square root or a logarithm. 


Thus: n(a+b)=gat nb, 
but д Aa 9) S Ja bs . 
and б log (2+0) log a+ log’. 


„Тһе sign X is to ba read “is not equal to” or “does not 
equal.” 

The two Soot expressions are quite different, and each is 
already in its simplest form. То illustrate numerically : 

JE 9) 5243, 
for „/13, so far from being 5, is something between 3 and 4; 
because 3?— 9 and 4° = 16, so АДЫ lies between them, and as а 
matter bf fact is 36055513... . 

(Never imagine from the accidental repetition of some 
figure, like the 5 in this number, that it is going to “recur.” 
A root cannot possibly be a recurring decimal, for, if it could, 
it would be a fraction, and therefore. commensurable ; and a 
root is always incommensurable, except when it is an integer. 
See Chapter XX.). 

So again of course (a 4- b)? sa? + 09, 
and (z- yy xo – 0°. . 

As to log a + log b, so far from equalling log (a+b), we know 
that it equals log (a x 1), that is log ab. 

So also axa +a’, * 
but, instead, *‚ 4 =а*х a. 

„a+b is by no means equal to" lab), although log a 4-log b 
does equal log ab пог oes cos 2+ cos y equal either cos wy or 
cos (2+); they are all different, So we learn to be cautious 
with symbols of operation and not to treat them as factors 
nor to treat them all alike. We have to be very cautious 
about the removal of brackets in their case, and must always 
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be sure that we understand the meaning and value of the 
symbol outside them. Some operations can be treated in this 
way, and some cannot; and we must learn to discriminate. 


Before long we shall find that a highly important operator, : 


denoted by ы can be treated in this way ; so that 


+= ure, 

ü 

And another operation denoted by J dz can likewise be so 
treated, so that o 


Гез) а= fades fede; 
but these things have to be proved, they must never be 
assumed ; and the time for discussing them is not yet. 
We may notice however that the familiar symbol of opera- 
tion x is one that can be treated in this way 
Tx (4+6)=(7x4)+(7 x 6), 
whereas the symbol + cannot be so treated 
T (4 F6)N( 4) (1 6). 
Nor cen the symbol 4- be so treated. Anything which can, be 
80 treated is said to be subject to “the distributive law,” that 
is it may, and indeed must, he distributed among all the terms. 
There is'another law, spoken of as the “commutative law,” 
which is sometimes applicable and sometimes not; that is to 
say it applies to some things and not,to others. It applies 
when the order can be inverted ; for instance, 
4 x b has the same value as Û x û. 
3 times 4 gives the--sime number, though it does not 
suggest the same grouping, as 4 times 3, — 
Similarly a+b is the same аз b+a, 
but @— is not the same as b—a; 


itis numerically equal but is opposite in sign: an important 
distinction, 
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Nor is g +Û the Fani as b+ a, not even yumerically equal. 
It is not opposite, but “reciprocal.” 
Again there is a permutative law: 
cx ub is the same as ах or bx ae, 
во also P g+y+z=y+4 +z ete. ; 
and under certain circumstances, though not invariably, 


«a a u= 3 Gu) ў 

dz das”? 
but a/b is got the same as /(ab), nor the same as b,/a; the 
ihree*things are in fact equal to „/(«®b), „/(ab), and (a) 
respectively. d 

The expression nloga is not the same as log na, it equals 
Пор (а). 


* 
в c 


CHAPTER XXIX. 


ILLUSTRATION OF THE PRACTICAL USE OF 
" LOGARITHMS, 


(i). How to look out a logarithm, 

Виго is given the simplest table of logarithms that can be 
used. You can buy four-figure logarithms eonveniently printed 
on a card, and perhaps you may prefer to use them at once, 
because four-figure logarithms аге aceurate enough for many 
practical purposes, and are handy in actual work. But to ex- 
plain the method of using a table and the principle of it, without 
niceties and details, the annexed’ table will serve quite*well. 

You will find this table repeated at the end of the book, 
folded in such a way that it is easy to refer to. 


Table of 3-figure Logarithms, 
oja ШЕ ПЛЕ 


000 | 004 | 009 | or3 | o17 | o21 | 025 | 029 
O41 | 045 | 049 | 053 | 057 | 061 | 065 | OO 


Bee eee 


BES‏ نخ تق ف 
m‏ 
3 
5 
S‏ 
з‏ 
z‏ 
© 
= 
29( 
= 
= 
Z‏ 
S‏ 
© 
© 
E‏ 
e‏ 
& 


OOO OUR ою 
2 
S 
© 
3 
& 
ri 
е 
ES 
iS 
em 
E 
©з 
© 
Б 
m 
E 
© 

- 
Ej 
& 

E 


2 
Е 
Ed 
3 
© 
е 
zu 
© 
© 
= 
® 
& 
«le 
& 
3 
2 
= 


602 | 613 | 623 | 634 | 644 653 "663 „679 681 690 

e 3 | 771 
778 | 785 | 792 | 799 | 806 | 81 3 | 820 | 826 | 833 | 839 
845 | 851 | 857 | 863 | 869 75 | 881 | 887 | 892 | 898 
903 | 909 | 914 | 919 | 924 929 | 935 | 940 | 945 | 949 
996 


è 
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The triple digits “which occur throughout,this table are the 
decimal parts of the logarithms of the numbers on the left and 
e above. The decimal point is not printed, but it is always to 
be understood, and on taking out the triple figures a decimal 
point must always be written ip front of them. 
Now let'us use the table to find a few logarithms. The 
most obvious record in the table is that ® 
lgl =0, © logll- 041, log1:2—:079, 


log1:3—:114, ete. log 19= 279, 
1089 ="301, log3 = 477, 1054 = '602, 
апа во оп. E 4 


Next we have, by the use of the top row of figures combined 
with the left-hand column, 
„ log 2'1='822, log $2=-342, 10523 = 1362, ete. 
log 3:1 =`491, 10532 = 505, ete. 
105471 = 613, ete. 2 
"and so on. 
For all these figures there is nothing more to do than just 
extract the logarithms from the tablé as they stand. 
*. But now suppose we у ей the logarithm of 20 or 30. 
We know that log 30 —log 10 +log 3=1 +log 3, hence look 
out log 3, and write log 30— 1477. 
Similarly log 20 = 1:301, 
. e log 70 = 1-845, and so on. 
So all we have to Йо in that case is to prefix a 1 to the 


decimal point, Я 
If we wanted the logarithm of 11 or 12 or 13 it would be 


just the same, we must prefix a 140 the decimal point, so that 
log 11=f-041, log12=1-079, log 13-1114. 
Similarly 
log 21 = 1:322, log 22 = 1342, log31- 1:491, ete. 
1 is called the “characteristic” of any number of “order” 1. 


* 
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Further if we want the logs of 100 or £00 or 300, we must _ 
prefix a 2 to the decimal point because 


log 300 =log 100 + log3=2+log3=2-477, 
Similarly log 110=2-041, log 1202-079, 
log 210 = 2:322," log 220 — 2:342, 
log 310=2-491, log320— 2:505. 


è 


So the logarithm of any number corisisting of two signifi- _ 
cant figures can be readily obtained from the table, and the 
“characteristic” or integer part of the logarithm is given by _ 
the “order” of the number, « Characteristic” and “order” _ 
are in fact two names for the same thing, except that the first 
is appropriate to a logarithm, and the second is applied to 
the original number, > 2 

The logarithm of every number with only two significant 
figures is therefore directly contained in the little table printed 
above, no matter how big the number may be. For instance, 

log 98,000,000 = 1:991, 

But Suppose the number had 3 significant figures. What is 
the logarithm of 215 for instance? Well, it will lie approxi- 
mately halfway between log 210 and log 220. Not exactly 
half-way because the number grows in G.P. while the logarithm 
grows in A.P., but half-way is near enough for most practical 
Purposes. So we can see that approximately log 215 = 2۰332, _ 
because that is half-way between 2-322 and 2:342, 

But suppose the number whose log was wanted did not lie 


Suppose for instance log 211 was wanted, we, should have to 
take one-tenth of the difference between 322 and 342, which 
difference, being 20, the tenth of it is 2; and this would have 


to be added on, as Tepresenting one-tenth of the interval. 
So log 211 would equal 2:324, 


» 


bat only one-tenth of the way ; 3 


6 
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We eansin fact make an extension of the table for any third 
significant figure in the number whose log is required, thus, 
log 210 = 2°322, „ log 211 = 2:324, 
log 212 = 2:326, log 213 = 2:328, 
log 214 = 2:330, aad so on, up to 
log 220 ,2:342. 

Take a few more illustrations of this. 

Wanted log 2:35. * 

From the table, log 2:30 —:362 and log 2-40 =-380, 

у во log2:35—-371. 
Wanted log 3:41. e 
log 340 = *532, log 3:50 — 544, 
so log 3-41 = :533 approximately. 
Similarly log 3:42 = 534 approximately. 
Wanted log 5:63. 
10556 = "748, log 5'7 = "756, 
i 2. log5:63— 150, 
being three tenths of the interval added on to tke smaller one. 

Wanted log 5:67. We might add on seven tenths of the 
interval to the smaller on$, or, rather better, subtract three 
tenths of the interval from the bigger one, getting 

log 5:67 = "754. : 


But the table contains more than J have at present described 
and used. ‘The first half of the table gives the logarithms of 
numbers near to unity, so we can get out logarithms of 1:01 
or 1:02 ete, up to 1:99, the numbers being expressed to 3 
significant figures and all the loggrithms recorded. It is a 
help to have this given, as a sort of extra, because for these 
small numbers the logarithms change so rapidly that the jump 
is too great for easy and safe treatment by attending to the 
differences, and when we come to look out anti-logs (see next 


page) they will fall in gaps of too large size. 
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Using this part of the table we see that’ 
log 1:01 = "004, log 1:02 = 009, 
log 111=-045, > logl? 
log 1:53 = 185, log 1:99 = "299. 
And consequently t : 
* — lgl02-1009,  logl02: —2009, 
loglll: "93 045, log 125° = 2:097, 
log 12:5 = 1:097, log 13:9 = 1:299, 
105199- —2:299,  log1990- —3:299. 
The characteristic of the logarithm is always the “grder” 
of the number. 


(ii). How to look out the number which has a given 
logarithm. 

To look out the number which possesses a given ‘log we 
have only to use the table backwards. It is quite simple and 
obvious in idea, the only trouble is that we shall not usually 
find the given logarithm actually in the table. If it is an 
extensive table we are ‘more likely to find it, and that saves 
thought, but involves the turning"over of many pages; with a 
little compressed table like the one given, we are not likely to 
find а number exaetly entered, and a trifle of thought is 
necessary. That is no defect however for our present purpose, 
which is not immediately to facilitate practice, but to furnish 
instruction which shall facilitate practise by and bye. 

The phrase “number which possesses the logarithm” so and 
so, is rather long and хона, and it is,commonly shortened 
into anti-log. > 

Thus log 2— :301, or 2 is the anti- dog of 801. 

Given then the following logarithm, :380, what is its anti-log ? 
Referring to the table, we see that it is 2-4, 

Given :663, the anti-log is 4-6, and so on. 

But suppose the given logarithm had been 1:380, what then 1 


к. 


LI 
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We should look in*the table for the decimal part only, for it 
is only the decimal part which is ever there recorded. The 
prefix 1 before the decimal pojnt tells us the power of ten in’ 
the result, shows in fact that the result lies between ten and a 
hundred. The antilog is therefgre not now 2:4 but 24° 

So also the antilog of 1:663 is 46° not +6. 3 

The antilag of 2:663 is 460, E 

of 3:663 is 4600, 
and so on. It is safer to actually write the decimal points at 
the end of Whole numbers in this sort of case. 

The integer part of the logarithm, often called its “charac- 
teristic,” has simply the effect of determining the order of 
magnitude of the result (p. 171). Surely however a most 
important effect, and one noteto be slurred over. 

Ф 


Examples. j 
* What is the antilog of 1'672? Answer 47. 
What is the antilog of 1:3011 Answer 20. « 
What is the antilog of 2'041} Answer 110°, 
What is the antilog of 3699? Answer 5000*. © 
Employing the upper part of the table we see that 


log 1°34= +127, 
log 101= ‘004 


log 1-18 = 072, 
105101 = 1:004, - 


log101, =2:004, logl010 =3004, 


log 1:09 =» 037, 


log10:9 —1:037, 


106109 =2037. 

Likewise the'antijpgg of ‘111 is 129 

i » H1i$,129 
Soo. батан: 
097 is 1°25. 
1-097 is 12:5. 
196 i 137. 
2:196 is 157°. 
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So far the logarithms have been found ih the table, because 
we chose numbers of only two significant figures. The case 
"when a logarithm does not occur exactly in the table causes 
no difficulty, it only gives a little more trouble. 

What is the antilog of :389/ Answer 2:45; because it lies 
about half-way between :380 and :398, so the “answer lies 
half-way between 2:4 and 2:5. z " 

What is the апор of 29:389? Answer 245. 

What is the antilog of 1'675? Answer 47-3. 

Why! because the given log lies one-third of the way be- 
tween 672 and 681; so its antilog will lie about one-third of 
the way between 47 and 48. Ав to the position of its decimal 
point, that is determmed by the “characteristic” or integer 
part of the given logarithm, which was unity. 


Logarithms of fractions. 

So far all the antilogs have turned out greater than 1, 
because all the logarithms chosen have been positive. The 
characteristics have all‘ been either 1 or 2 or 3 or 0; for the 
logarithm ‘672 has the characteristic 0. It might be, and 
often is, written 0:672. . 

But now suppose it had a negative characteristic ; for 
instance 1:072, where the minus sign is placed above the 1 
instead of in front of it, in order that it may not be applied to 
the whole number, but only to the 1; hich is a conventional 
but convenient mode of representing an important distinction. 

The meaning, written out fully, is — 1 + ‘672, 

Naturally this might be written, if we liked, — 328, but if 
we did that we should want another table full of negative 
numbers wherein to look out the logarithms of fractions. By 
the above device we can use the same table all the time, and 
only adjust the position of the decimal point in accordance 
with the characteristic, so that it fixes the “order” as usual. 
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For instance, Й 
antilog of 672 from the table is +7, 
so antilog of 14672 „ will be “47, 
and antilog of 2-672 will be “O47, 
antilog of 3:672 gwill be 0047, 


the negative characteristic indicating the position "of the 
highest significant figure counting from the units’ place. 
The antilog of 1-672 is of course 47° 
of 2:672 470° 
and , {013678 4700: 
and so оп; the positive characteristic counting the number of 
places to the left of the units’ place. 


(iii). How to do Multiplication and Division with 
Logs. 
, We know that log ab=log a --log b, 


and that log : — log b - log c. 
So. we know that lo; 2. 165 a + log b — log c, 


and likewise log 7 =log a + log – loge - log d. — loge 

= (log a + log b) – (log e + log d+loge). 
Tn other words, whenewer we have a fraction consisting of a 
number of factors in numerator and denominator, we must 
look out the logarithm of each factor. All those in the 
numerator, arrange in one column, gnd add ; all those in the 
denominator, arrange "in another column, and add; then 
subtract one addition from the other so as to get the logarithm 
of the quotient. We have then only to refer to the table to 
find the number which possesses this logarithm, and the 


quotient is found. 
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For instance, take this fraction 
67 x 43x 170 
T4 x 32x 1:3 
Look out the logs of the factors as stated : 
log6-7= 826 *  log74- —1:869. 


10543: 21:634 ` log3-2= “505 
log 170° = 2:230 lgl3- ‘114 
add 4-690 add 2:488 
subtract 2:488 í 
2:202 
I 


2-202 is therefore the log of the resulting quotient. Referring 
to the table, we find that the number possessing this log is 
159:2. Hence that is the answer. 

Tt may be asked, why do it this way when we could easily 
do it by simple multiplication and division 

Reply: Very little, if any, advantage in such a simple casc 
as that. No advantage at all if you can easily see factors 
which may be struck out. 

But people who often have to dæsuch sums gei rather tired 
of frequent multiplication and division, and they usually prefer 
logarithms as a quicker and surer way. It becomes quicker 
and surer with practice. Engineers usually employ what is 
really the same process, but they have their table of logarithms 
constructed in wood; and instead of looking out the logarithms, 
they slide a slip along this rule, till a mark on it points 
to the number printed where its logarithm ought to be, 
and so attain the result_ih an ingenious manner, without 
actually recording or thinking of any logarithm аба]. They 
shift the pointers, of which there are a pair, alternately to one 
factor after another, taking numerator and denominator factors 
alternately, and then at the end they read off the result as 
indicated by one of the pointers. 
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The instrument is called a “sliderule”; it is in fact a 
mechanical table of logarithms arranged ingeniously for quick 
„ und, practical use, and it gives you about 3-figure accuracy if 
it is of a simple and well made’ pocket kind. More elaborate 
and larger instruments can give 5-figure accuracy. The in- 
genuity belohgs to the devising fna making of the rule: the 
use of it is qujte simple, but it has to be learnt. It should not 
be learnt as a substitute for other methods, but as a supplement. 
Pupils are not recommended to learn the slide-rule till they 
can use a numerical table of logarithms. Nor are they recom- 
mended to use logarithms till they can multiply and divide 
with facility. In other words, these aids to rapidity should 
be kept in their proper place,—not to make people helpless 
without them, but to assist people who can work quite well 
without: them to obtain results more quickly and with less 
labour. 
, Another example. Find the value of 
27-1 x ‘16 x '089 
"00055 x 3430 `. 


Look out logs and record&hem as below : “ 
log 271 =1433 log ‘00055 = £740 
log 16 =1'204 log 3430: =5 
log "089 = 2:949 0:275 
1:586 
subtract 0275 


Antilog of this is ‘205, which is therefore the result, and may 
be recorded as equal to'the above fraction to something like 
3-figure accuracy. This should be checked by actual multi- 
plication. Indeed for some time, and especially when there 
are negative characteristics, it is safest to check over the 
resulé by other means than the mere logarithms, It is the 
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order of magnitude that runs great risk of going wrong: the 
actual digits can easily be got right. 


A few more examples for practice : 
What is the log of 05% 
And what is the antilog of 1:891 
The log of 5 in tke table is 699, * 
so the log of “05 is 2°699. 
The antilog of “89 estimated from the table is about 7-77, 
so the antilog of 1:89 is 777. 
What is ће antilog of 049? 
We find this number in the upper part of the table, and 
the antilog required is 1:12. 
What is the antilog of 2:049! Answer 112. 
$ 5 19491 Answer ‘112. 
» » 2:0491 Answer ‘0112. 
"What is the antilog of 0237 It does not occur even in the 
upper part of the table, but it lies half-way between two 
numbers which we find there; so we estimate the antilog 
as 1:055. 


oe 
The antilog of 3:023 = 1055: 
of 1023— 1055. 

This is the use of the upper part of the table, as previously 
half explained, that it gives us the logarithms of numbers only 
slightly greater than 1 in greater profusion; and it is just 
here that profusion is necessary, for in other parts of the 
table logarithms lie much closer together in value than they 
do here. Consequently what would naturally be the first row 
of the table is spread out into nine rows, the first row itself 
becoming thereby a column, reaching from 1 to 2, and giving 
all the tenths of this interval. 

If а beginner likes to think out the reason and meaning of 
the different closeness of distribution in various parts of а 
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logarithm, table, hé should by all means do so, but he need 
not be made to do it. The reasonableness of it can be put 
thus: 

All the 900 integers between 100 and 1000 have logarithms 
lying between 2 and 3: this unit difference of logarithms is 
therefore spread over „all that range; while the sanie loga- 
rithmic intenval, viz. that between 0 and i, has to be squeezed 
between the numbers? and 10, covering only nine consecutive 
integers. 

The logatithmic interval between 1 and 2 has to serve for 
the 90 whole numbers between 10 and 100, while the same 
logarithmic interval, viz. between 3 and 4, is all that can be 
allowed to cover the 9000 numbers between 1000 and 10000. 

Hence manifestly the logaxithms of integers between 1 and 
10 must be few, and the intervals between must be great, 
though they may be conveniently filled up with the logarithms 
of intervening fractions; but the logarithms of integers 
between 1000 and 10000 are close together, their value 
increasing only slightly for each addition of unity to the 
number. In other words, #he logs of integers take 9000 steps 
to go from 3 to 4; they only take 9 steps to go from 0 to 1. 
The one is a trip, the other is a straddle. 


L.E.M. R 


“CHAPTER ХХХ. 


How to find powers and roots by logarithms. 


THE finding of any power, or any root, is now an extremely 
simple operation. 

We know that logz"—nlogz, and this holds whether n be 
an integer or any fraction. 1 

In other words, as said before, 

logz?— 2 1022, 

log a = 31052, 

4 log Jz — log a? = 1 log z, 

log Ya= log at = 21052, 

and soon. Hence the method szggests itself, and we need 
only proceed to examples. 

To find the value of ,/2, the logarithm of it will be half tlie 
logarithm of 2, and that we look for in the table, and find to 
be "301, so half of it is 1505, This we do not find exactly in 
the table, but we see that it is the Jogarithm of a number 
lying between 1-41 and 1-42, and we estimate the number as 
being 1:414. This is of coursé only an ‘approximation, 
because no arithmetical specification of it can be anything 
but approximate. If calculated more elaborately, it comes 
out 14142136... , but it can neither stop nor circulate. 

Similarly A3 = 17132 approximately, 
or more nearly 1;7320508..., 
again without either recurrence or termination, 


Uh 
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Now take а case of a power. Suppose wg want to calculate 
the 2% involved in an example on page 156. Its logarithm 
will be 24 log 2= 24 x ‘301 = (224 and we have only to look’ 
out the number which has this logarithm, that is look for the 
antilog of 1:224. We shall find 2 225 in the table (p. 246), and 
that is really better than 224, because when we multiply а _ 
number by зо big a factor as 24 there mist probably be some 
carried forward figuré to be attended to. Anyway we find 
that ‘225 is the logarithm of 1°68. This is not the result, of 
course, sind’ we have not yet attended to the characteristic, 
which is 7. The characteristic is indeed, in these big numbers, 
usually the most important thing to notice. The charac- 
teristic 7 shows that the number is of the order seven, i.e. that 
it lies between 107 and 10%» in other words, that it requires 
eight digits to express it, and so it is approximately 
16,800,000, е 
that is sixteen million eight hundred thousand, во far as we 
can express it with 3-figure accuracy. There are eight digits 
in this result, but only three of them are "significant," the 
others are mêre ciphers to£udicate the order of magnitude. 
The neatest way of recording such a result is therefore 
1:68 x 107, 
and the characteristic of the logarithm will always give us the 
index of the power of ten when the number is so written. 
For instance, antiløg 19:330 — 2:14 x 109, 
antilog 6: 552 = 3:56 x 1075, 
antilog 2" 950 = 8:92 x 10-2 = 0892. 


The operation of finding а root Will look thus : 
To find the fifth root of 1930. ° 
log 1930 — 3:286, 
х 1105 1930 = 0-657 —log of 4-54... 
wherefore 4:54... = (1930). 
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Observe that when dividing a logarithm the cheracteristic 
is to be included in it and divided with the rest of it. It is 


only in dealings with the “table” that the characteristic does > 


not appear. It should however always be supplied and should 
not be forgotten or ignored. 

Thus if we had wanted the fifth root of 193 or of 19:3 or 
of 1:93 we should have obtained a totally differant number: 
not the same number with the decima: point shifted, but a 
different number altogether. For instance, 

log 193 = 2:286, 

1106193 -= 457 —log of 2:865. 
log 19:3 = 1:286, 

ilog19:3— +257 =log of 1:81, 
log 1:93 = 0:286, * 

ilogl:93— :057—log of 1-14. 

But now suppose we required the root of a fraction, i.e. of 
something whose logarithm was negative. We must think 


how to proceed in that case. Suppose for instance we want 
the fifth root of ‘193, 


log 193 = 1-286, 
that is to say a negative part and a positive part ; it means 
—1+°286, 

In order to divide this by 5 conveniently, it is best to increase 
both the negative and the positive parts by any convenient 
equal amounts: in this case the convenient amount is 4. 
Add —4 to the negative part, and add 4-4 to the positive part: 
the value will thereby be uraltered, but it will be written as 

-5 +4286 
and now it is quite easy to divide by 5, yielding 

—14:857 or 1857, 

which is the log of ‘72. Wherefore 

22: 3/193.. 
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e 
The root js bigger*than the number. That, is universal with 
roots of proper fractions. When we square a fraction we 
diminish it; when we square-root а fraction, consequently, же" 
increase it. Think it out; it is all in accordance with common- 
sense, 

But we must take another example. ы 

-Let us fing the square root of 0054. ° 

log 0064 = 3:732 
= -4+1°732, 
° jlog:0054- —2+ 866 
= 2:866 =log.of "0735, 
wherefore 0735 = 0054. - 

We might have made an approximate guess at this, because 
1/0049 could have been written down as ‘07 by inspection, 
and 0 ,/:0054 will be a little bigger; how much bigger it is 
not so easy to guess. - ^ 
* But suppose we had wanted „/054, we should have found 
nothing like a T in the root. Let us doit: „ 

log 054 = 2:732, 7 
° jlog:054-41:366 =log of 232. e 
So 332 =,/054, whereas “0735 = 4/0054, 
0232 = ,/"00054, 171835 =„/5% 
$32. =,/54, 735 =,/54, 
232 «540, 735 = 5400. 

A little easy repetition on this point may be useful so as to 

emphasise it. = 


49 =7, amd J100—10; 
so „4906 =70, © 
and „490000 = 700 ; 
also A49 =", 

„0049 = 07, 


44000049 = 007 ; 
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but if instead of two ciphers we had suffixed or prefixed only 
one cipher, we should have had quite different results, and not 
во easy to ascertain, viz. the following : 


#9 — - 22M, 
‚/490 = 3214, 
/49000 “= 2214, 
J049 = 2214, 
00049 = 02214. 
Exercises. 
A401 = 1:41 
because log 407 — 2:610, 


and one-third of it is "870 — log of 7-41. 
Similarly work out the following : 
A407 = "4l 
1407000: =141, 
. 375000407 0741, 
во that whereas for square roots the noughts can be added iñ 
pairs to leave.the digits unaltered, for cube roots the ciphers 
must he added in triplets if they are to make no change in the 
digits. This is an immediate conséquence of the fact that 
3/1000 = 10. 
The last сазе, for instance, works out thus: 
log 000407 —4-61 = –6+9-61, 
of which one-third is 3-870 =log of ‘0741, 
The simplest way of dealing with these things however is 
to express them in powers of ten. 
Thus Р `000407,= 407 x 1075, 
во its cube root is К 
A407 x 1072— 7:41 + 100 = 0741. 
But now suppose the digits had not been added in triplets. 
Find cube root of 40-7. 
log 40:7 = 1:61, 
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a third of,that is "987, which is the logarithm of 3:44... which 
is therefore the root required. У 
Again, to find 1/407. 


e 


log 4-07 = %61, 
one-third is 2033 and the number corresponding to this log is 
nearly 1:6. ie & 
So . (4070) — 16 nearly ; more aceurately 15:966... 
Also о (:00407)5 — 16. 


Find the cube root of :0078. 

We may®write itas 17:8 х 1073, 
and go express its cube root as 1 

1:98 x 107! = 198. 

Find the cube root of 000000081. 

Express it as 81,x 107%, 
Its cube root is 4:33 x 107? = 00433, 
Roots of negative numbers. К 

Perhaps it is not likely to occur often in elementary practice, 
but it is worth noticing that the cube root of a negative 
number is by no means ingnossible. What, for instance, is the 
cube root of —8; that is, what number multiplied twice by 
itself will make —81 "The answer is — 2, for 

—9х-д=+4 and 44x -2--8 

So à[-9;- -9, Y-1728=-12, and во on. 
Also ° Mg 407= — T4, see above. 

The square root of a negative number has no simple meaning. 
Tf we tried to find the square root of = 9 or — 25 we could not 
do it, for -3x -3 +9 and -6x —5= +25. Hence nega- 
tive numbers have пф square rodfs, but they have cube roots. 
Having no square roots of course they cannot have fourth 
roots, for a fourth root is simply the square root of a square 
root. But they have fifth roots and seventh roots and any 
odd numbered roots, because an odd number of minus signs 
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multiplied together make minus. Negative numbers have no 
even roots, 
This is not all that can be said concerning the roots of 
negative numbers, by any means: Pure mathematicians know 
a great deal more than that about them; and later, children 
who like the subject may leara some of it, but not yet. In 
order however to prepare them for a convenient way of 
dealing with the matter, I will point ont that any negative 
number can be said to have — 1 as а factor ; for instance, 
- 8= 8x –1, ! 
-16-16x -1, 
-90-9]7x — 1, and so on. 

Hence any root of any negative number is equal to the same 


root of the same positive number multiplied by the appropriate 
root of —1. For instance, 9 


Y-8= J8x Y-1=29-1, 
A-31— 3/27 x Y-1=3 J-1, A 
i .4/- 32-3 5/- 1, and so on. х 
[Remember that /(2y) = Vt y or that (ab)"=a"b".] 
But the same method may be extended to even roots, thus 
J-16=,/16 x J-1=4,/-1, 
J-9=3,/-1, 
4-81234/-1, 
М-64=2 5/-1, and so on. 

It is true that we do not yet know what to make of Asl 
ог 4/1 or $/-1; it is an impossible or imaginary quantity ; 
but though we think that we.do know what to make of 3/-1 
or A/- 1, viz. although we know that they = – 1, do not let 


us be too sure that we know all about even these. It is at 


any rate true that —1х—1х-1=— 1, and that is all that 
need now concern us; but it is not, strange to say, the whole 
truth concerning even the odd roots of minus one, 


є е 
CHAPTER XXXI. 


LI 
Geometrical Illustration of Powers and Roots. 


Gromerrfcat illustration, or illustration of number by 
simple diagrams, cannot be pressed very far with advantage for 
elementary purposes. But for simple things the illustrations 
are so vivid and useful and interesting that they should 
often be employed, and espeeially be set as exercises во as 
to infu% life and interest into what might otherwise be dull. 

The simplest illustration of all relates to the squares or 
cubes of integers. That the square of 3 is 9 is illustrated in 
the most conspicuous manner by the diagram. e 

ШЕ р : 
El Fu. 12. 
So also that the square of 4 is 16, and the square of 5 is 25. 
That the cube of 2 1s 8 is illustrated thus, 


but the best plan of dealing with solids is 
to use cubical wodden blocks end build 


them up. E LÀ 

8 blocks will build a eube whose side is 2 
27 4 5 e 3 
64 3 5; 5 4 


Fig, 13. 
and so on. 
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The same blocks laid flat on the tzble will serve con- 
veniently for squares and rectangles and commensurable areas 
generally. They will also serve to outline commensurable 
triangles; with conspicuous advantage in some cases. 

By this kind of practice a reality about square and cube 
numbers is attained which сач be got in no other way. 

Naturally also the area of any rectangle can be thus 
illustrated as the product of length snd breadth ; and the 
volume of rectangular solids as the product of length, breadth, 
and height, ü 

If we try to illustrate fourth or higher powers in this way 
we shall find ourselves helpless, Space is only of 3 dimensions. 
There are length and breadth and thickness, and no more. 
Some have tried to imagine what a fourth dimension would 
be like, but for the present we will be content with an actually 
experienced and familiar three dimensions, 

So much for powers; now what about roots? 

The few commensurable roots that exist must all be whole 
numbers, and they will be represented, so far as square and 
cube roots are concerned, by the length of the sides or edges 
of the squares or cubes which have so far been drawn or built 
up. Thus, for instance, the square root of 16 is 4, and the 
cube root of 27 is 3. But this fact, which is experimentally 
obvious in the commensurable case, where the square or the 
cube can be built of blocks, is true also in the general case. 
The length of a side of a square is the square root of its area 
always, and the length of the edge of a cube is the cube root of 
its volume always. This represents the geometrical 
notion of a root &o far as geometry can illustrate it. 

We will now proceed a little further. 

Suppose we take a square and draw a diagonal 
across it, what is the length of that diagonal? It 
is evidently greater than a side, and not so great as two sides. 


Fio. 14. 
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If we megsure it carefully we shall find it rather less than 
a side and a half, It will be about one and two-fifths or 14 


. times a side. 


Now construct a square on ‘the diagonal, i.e. a fresh square 
with the old diagonal for one of its sides. We may not know 
how to do it accurately on Майк paper, but it is quite easy 
to do if we,use paper ruled faintly in squares, such as can 
easily be obtained in €opy-books. Or the 


figure may be constructed by folding over t 
the tongue fof a sort of square envelope. 
In any case it is quite easy to see that 


the square on the hypothenuse is twice 
the area of the square on either side of 
the isosceles rt-angled triangle. For 
produce the sides along the flotted lines. 
The larger square is thereby cut up into four parts each of 
which is half of the smaller square: see "fig. 15. Therefore 
the areas of the squares are as 2 to 1. P. 

Bat the side of a square is the square root of its area, hence 
w side of the4new square is /2 times a, side of 
the old one. In other words, the diagonal of a 
square is /2 times the length 
i of one of the sides. 

Fia. 16. Or, expressing it otherwise, 
the hypothenuse of andsosceles right-angled 
triangle is „/2 times either of the sides. 

If we were to draw a square on one of 
the sides and a squáre on the hypothenuse, 
the two squares would be as 2 to f. 

(The area of the triangle itself is evi- 
dently 2 on the same scale.) 

Drawn thus, we might not see how to 
prove it, but drawn as in the previous figure the proof is 


Fio, 15. 


^, 1 


M 


Fio, 17. 
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obvious. To be sure that there is no mistiness about it, a 
beginner should write the proof out for himself, expressing it 
as well as he possibly can. The inventing and writing out of 
proofs is good exercise, and to do it really well demands «ome 
thought and a little skill. The skill so cultivated is of a 
useful kind in life. à 

Àn example is necessary; but the danger of an example 
is that it is apt to become stereotyped. It may be varied 
in innumerable ways, and a way invented by the pupil is 
better than one which he has to learn. If there are actual 
errors in his proof they can be pointed out, but defect of 
taste and style, though much to be deprecated in adult 
persons, must be eliminated gradually from a beginner. He 
cannot be expected to concoct a proof in finished style from 
the first. : Р) 

Something like the following would be good enough:— 
To prove that the’ square on the hypothenuse of an isosceles 
right angled triangle is double of the square on either of the 
sides. Я 

Construction. —Draw the triangle 4 BC with right-angle at 0, 
so that 4C, BC are the equal sides, and 4B the hypothenuse. 


D B Now draw a square оп 40, and draw 
d P б it so that the equal sides of the triangle 
| shall serve as two of the equal sides of 
| NS the square. That is draw the square 
AN ACBD. 


Next draw a square оп 4B, and draw 
D it so that C lies in the middle of it, 
Whieli'is best доне by producing 4C an 
equal length to 2, and producing BC 
an equal length to F, and then joining up so as to make the 
square ABEF, which, being a quadrilateral figure with equal 
diagonals at right angles to each other, must be a square. 


me 


Ехо. 18, 
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Proof. —The squate so constructed contains the area of the 
original triangle four times, while the former square contains 
it only twiee. "Therefore the square on the hypothenuse is - 
double the square on one of the equal sides of an isosceles 
right-angled triangle. — Q.E.D. 

Beginners can and should realise the fact, immediatély and 
without words, by having given to them small triangles in 
wood, and by then piecing them together so as to make the 
above figure. In a short time, left to themselves, the realisa- 
tion become vivid. 

Now proceed to a right-angled triangle with unequal sides. 
Suppose as a special case the hypothenuse is double one of 
the sides. It is not difficult to devise a way 
of drawing this figure if we use а pair of 


compaskes. D 
For let AB be one of the sides. Double 

it and you get 20. With centre A and 

radius AC mark off a circle. This gives the 

length of the hypothenuse. B А E 3 


At B draw a line pergendicular to AB 5 
till it meets the circle at D; then join 4 and D. The triangle 
ABD is the triangle required, viz. а right-angled triangle with 
its hypothenuse double one of the sides. 

If we were to draw a square on AD and another on AB, 
the area of the one square would be quadruple that of the 
other; because the sides are as 2 to 1, therefore the squares of 
the sides will bè as 4 to 1. 

What about a square draw on BD? If drawn and 
measured it will be found to be "bout $ of the big square. 
It can be shown by geometry that its area is exactly three 
quarters of the big one. In other words, that the middle 
sized square and the small one added together exactly equal 
the big square in area. This is a,most eurious and important 


o 
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fact: about as important as anything we ‘have corre across, if 
it applies, as it does, to all plane right-angled triangles without 
exception. But they must be, plane triangles; i.e. the sides 
must be straight. 

We are not yet supposed to know how to prove it. We 
can vérify it approximately by drawing the squares cavefully 
and cutting them биб in wood or cardboard о> sheet lead, 
and then weighing them. The two smaller squares will be 
found just to balance the big one, if they are cut out neatly 
and if the sheet was uniform in thickness and material. This 
is not a proof that they are mathematically equal, but it is a 
verification that they are approximately equal, equal “ within 
the limits of error of experiment.” 

That is a kind of equality by no means to be despised. In 
some difficult cases it is all the equality that сап be ascertained. 
In the present case it is by no means all; but no proof of 
exact equality can be obtained by empirical or experimental 
processes, no matter how carefully they are earrried out. 
Exactness is a prerogative of mathematical reasoning, that is 
reasoning on pure abstractions frors which all flaws and imper- 
feetions and approximations are by hypothesis eliminated. 

The fact that the squares on the sides of any right-angled 
triangle are together equal to the square on the hypothenuse, 
was known to the ancients. It was called the theorem of 
Pythagoras j and a classical proof, a fii^ example of ingenious 
reasoning, is given as the 47th proposition of the collection of 
geometrical propositions made by the Greek Geometer Euclid 
in his first book. Translations of that ancient treatise are 
sometimes still learnt by schoolboys їп this country, and may 
be considered a part of classical education. It is an antiquated 
and slow way of learning geometry however, and in fact can 
hardly be intended seriously for that purpose. Nevertheless 
it is a delightful literary work and pleasant for reference. 


‹ 
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People whe are not Acquainted with it are hardly educated in 
the usual English sense. 

Many proofs can be given of any proposition, and the fact - 
jtself is of more importance than any one proof of it. 

That does not for a moment mean that proofs can be dis- 
pensed with, for withoyt a proot we should not really know 
the fact. Wa could know it approximatelf but not rigorously 
and exactly ; and it should be always a joy to feel that a 
theorem or a statement can be made without limitation or 
approximation. Such statements are the only ones that can 
be pressed into extreme cases, with «perfect confidence that 
whenever applicable, that is whenever the postulated data are 
satisfied, they will be always precisely true. 

What we are doing at present however does not necessarily 
demand extreme accuracy. We have been finding roots, which 
we can only do approximately, and we now want to illustrate 
them. It will suffice for our present purpose if we assume 
Pythagoras's theorem as experimentally yerifiable with suffi- 
cient accuracy for our present purpose; а (d proceed to use it. 

The most remarkable ef all right-a led triangles. is the 
one whose sides are all она | namely 3, 4 and 5. 


The square of 5 is equal to the sum of фе squares of 4 and 3, 
35216049. Seofg 20. | Jf 
Of course the sides might equallyr 


well be , 8, and 10 
also 9, 12, and 15 

" — 42, 16, and 20, 

and so on. ^ 

Also they could be 15, 2; 2:5; 
75, 1, 125; 

and so on. 
So long as the proportion. holds, the absolute length of the 


sides is only a matter of “ scale.” 4 


Fio. 20. 
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There is no other commensurably-sided right-angled triangle 
until we come to the one with sides 5, 12, 13; and the next 
one has sides 8, 15, 17. (See Appendix.] 

Triangles with commensurable sides can be outlined by 
children by surrounding them with square blocks or slabs; 
and it'is especially instructive to outline right-angled triangles 
in this way, becausé then the squares on the three sides can, 
after suggestion, be completed, and the number of blocks in 
each counted: when it will be perceived that ] 

9+16 = 25, 144+25=169, 225464 — 289; 
а fact which ought to arouse some curiosity, since it 
represents the first inkling of one of the most simple 
fundamental and universal truths in existence. 

What we have learnt by assuming Pythagoras’s proposition, 
во far, enables us to say that in a right-angled triangle with 
the hypothenuse double the base the vertical side is /3 times 
the base. For the squares on each are as 1:3:4; therefore 
the sides are as „/1: /3 :,/4, that is as 1: J3: 2. 

If the hypothenuse is treble the base, the squares will be 

A as'9 to 1, and веће square on the vertical 
side will be represented by 8 on the same 
2 scale, and the vertical side itself will be „/8, 


^ 3 which equals 2/2. 
This should be examined and verified. 
A It will be easy fora beginner to devise a 
verification of it. For instance, thus: 
ст в " Draw апу vertical. 4B. Draw half а 


square on it, as shown, ADB. 
` Take half one of these sides, and lay it off horizontally, BC. 
Then, this being called 1, BD or AD will be 2, and AB 
will be 2/2 or /8; and so therefore 4C should equal 3 on 
the same scale, because 8+1 = 3%, See if AC does measure 3. 


$ 
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LI 


Further geometrical methods of finding square roots. 


Let us now attend a little more carefully to the important 
statement that the square roof of the area of a square is the 
length of one of the sides. We have seen that it is true 
numerically, now see if it is truemnd sensible physically. The 
point to attend to is tMat the square of ۾‎ length is an area, 
and the square root of.an area is a length, not proportional to 
a length or numerically represented by a length, but actually 
and physically a length. 

: 3 Ww ү Ja? = a. 
а being a length, а is an area, and fu" is therefore a length 
again. But there is no reason why the area need be square. 
Suppose it were oblong, and given as ax); if /(ab) = 2, 
z would still be a length. Wat length? 

Answer. The length whose square is equal to the product 
ab, the geometric mean of the two lengths asand b; for if 


Jab = с, 
e d=, t s, 
and so - = i gr а:с = ci, 2 
b 


or the three quantities a, c, b are in geometrical progression, 
for they differ by a constant factor, viz. 
c b 


т= =. 


> a € 


; «ду; 
They might be written ^ 


Tied OUG™D sorms in the G.P» 


9 circle fill be „mìs is another 
hes e пе ancients and 
recorded by Euclid, It is RIT WHA proposition of his 


second book. Though регһа c easy to prove, it is 
extremely easy to state. We willestate it now and prove it 


„Е.М. 8 « 
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later. The statement without a proof is a poor thing, but the 
D statement as a prelude to the proof —a 
statement which shall provide a niche 
for the proof in the mind of a beginner 
and eause him to weleome it whon it 

Al ic comes—is an excellent thing. 
Construction for finding the geo- 

metric mean of two lengths. 
Lay off the lengths end to end as 
dem АВ+ BC. 

Draw a circle on the combined lengths as Poet, and 
erect a perpendicular at the junetion-point B till it meets the 
cirele in D; then BD is the geometric mean of 4B and BC. 

The giro shall be repeated below, with the lengths labelled, 
and the rectangle ab shown. (Fig. 23). E 

* Geometrie mean" is an arithmetical 
or algebraical sort of term. What will “ 
it mean geometrically? It will mean 
that the square on BD has to equal 4| B C 
in area the so-called rectangle „4B. EN. 

BC, which means the real rectangle 


AB. BE. That is to say the square Fio. 23. y 
on the length Jab has to equal the area ab. 
That is precisely what remains to be proved. 
М Фе ab 
then c is throf jymetric mean of a and 0, 
‘a ccu4JTAW any vertical с 
square on it, as show - т 
` опе of these sides, and lá, difficulty i is how to find 
^v called 1, BD or;«t is overcome in a very 
E Stand so the: Dy the circle in the above 
constr.4.1 $. 
Ifany one has got as far as the 35th proposition of Euclid's 


Fio, 24. 
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third book, they can devise a proof of this curious and very 
important property of the circle for themselves; in fact the 
figure annexed suggests it at once, as soon 
as we know that the rectangles contained 
by the segments of two chords are equal. 

Given this simple and beaftiful con- 
struction, wẹ can at Once find a length 
numerically representing the square root 
of any given number 7; for we can take 
the two intially given lengths as л and 
1 respectively, so that their product, is п, and the geometric 
mean will then represent the square root of n, because it 
will be equal to J/(n х 1). (Fig. 26). 

For instance to construct ,/4. 

Take a line 5 inches long as the dia- 
meter of the circle, mark off 4 inches 
and draw a perpendicular to meet the 

7 7— circle; this will be /4, and if measured 
Fi. So will be found to equal 2 inches. 
To find [5 geometrically. 
Draw a circle of radius 3 inches, so that its diameter is 
6 inches, At the first inch draw a perpendicular and measure 
its length, That will be the root of 5. 
It should equal 2:236 inches/if carefully 
drawn and measuted. „e y. 1 
For the root of 7 the same construc- 
tion exactly iş to be/carried out, only 
the circle will be 4 inghes in raditts. 
For the root of Я the circle fill be 
1:5 inches radius, от/3 inches diameter. 
And for the rootfof any number whatever, n, the radius of 


the circle will be 5 3 1 


Fia. 25. 


Fie, 27. 
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For roots of large numbers, this method will not be con- 
venient, but for roots of fractions not too far removed from 
unity it serves well. i 

For instance, to find the root of 3:6. Take a circle of 
2:3 inches radius, and make the construction, erecting а 
perpendieular to the diameter at the end of the first inch. 
Its length gives the root, and should equal 1:9 inches. 

3:6 T 75 


Fi. 28. Ето. 29. 


To find the root of ^75. 

Take a circle 1x 1-75 = ‘875 inch radius, and at the first 
inch of it erect the perpendicular. 

Its length will be greater than 75, as necessary for the 
root of a proper fraction, and it should equal ‘866. 

This particular result could however have been still more 


easily calculated, or at least exprissed in termis of ,/3; for 
15 = 4, 


во 15 = = 4/8 = 1x1782... = 5866... 


It must be understood then that a geometrical construction 
in these cases, though it may be regarded as a simple method 
of arriving at the result, is more particularly an illustration of 
a result otherwise arrived at, This is however not always 
the case, and sometimes by construction results can be found 
which it would be extremely difficult to get in any other way. 
Engineers and building constructors know this well: and 
graphical methods are in constant practical use, 


\ 


* 


T o 


CHAPTER XXXII. 


Arithmetical method of finding Square Roots. 


WE now know three methods of finding а square root, 

1. The factor method, when it is applicable, which it seldom 
is; whenever it is easily applicable it should be used. Often 
it becemes a matter of guéssing and trial and error, with 
the error gradually corrected or diminished. 


* 2. The logarithm method, which is the Teal practical plan, 
and is frequently done with a slide rule. A 


3. The graphical method. 


4. There is however О Кок, an arithmetical method, which 
is usually learnt, though seldom really employed. It is an 
ingenious plan and is not at all bad for finding square 
roots. For cube roots it gets complicated, and for higher 
roots like fifth" and seventh it would be altogether too 
difficult for anyone but a mathematician, and he would 
never think of employing it. 

To find a really high root, for instance a 9th root, the 
logarithm method is*the only feasonable one; though we 
might take the cube root twice over. A sixth root is the 
square root of a cube root. An eighth root is the result of a 
square root operation three times repeated. An eleventh root 
I could only do by logarithms, and with them it is so easy 
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that nothing better is needed. Теб us see, for instance, what 
is the eleventh root of 2, 

30108 - — -0373664... = log of 106503 ..., 
which is therefore the root required. 

[If any part of such an answer as the above pretended to 
“circulate,” we should know that the recurrence was spurious, 
and only due to the fact that not enough digits in log 2 had 
been taken into account. Roughly speaking we may say 
that all numbers are incommensurable, except those speially. 
selected to be otherwise.]: 

Why then learn any arithmetical method for finding square 
roots, other than the logarithm method 1 

Answer. Because we might nct have a table of logarithms 
handy, and because it is ignominious to be dependent on 
material tools except in operations which are complicated. 

To find a cube root by direct process is rather com plicated, " 
and I do not recommend its being learnt except by enthusiasts: 
and they will forget it again. But the rule for square root 
is fairly: easy and often useful, 16 will however be the 
hardest thing we have attempted yet, and the proof will be 


deferred to the next chapter. It is not usually considered 


hard, but all the things before this have been easier in 
reality, though people often shy at them. I hope they will 
do во no longer. ЕЗ 

To find the square root of 256 by direct arithmetic. Set 
it down like a long division sum, but with the digits marked 
out in pairs, by dots or commas or other marks, as shown, 
beginning with the units place, then work as follows: 


eh 


26 ) 156 
1% 
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First guess the Square root of 2, or the integer smaller. 

It is 1, so put it in two places, and multiply and subtract as 
in loug division. Then double the 1, and place it on the left . 
as 2, and see how many times it will go into something less 
than 15; guess 6. 

Set down 6 in two places as Shown, multiply and subtract, 
and there is no remainder, The sum comes to an end: the 
root is 16. 

It we had guessed 7 instead of 6, as might веет natural, 
the product*treated as above would have been 189, and been 
too big. а, 

If we had been given the number 2560, it would have been 

‘¥ dotted off in pairs as follows : 
2560, 

and th result would have been quite different, We should 

now have to guess the root, not of 2, but of 25, which is very 

éasily done. The process would then have looked like 

this : 3 P 

5 ) 2560 ( 50°6 

« 25 

1006 ) 6000 
6036 
T36 
so that 50°6 is approximately the square root of 2560. 

The small remainder shows that the result is not quite 
accurate, and its negative value shows that the result is 
slightly in excêss. „ 

(Observe that ciphers, like the other figures, are always 
brought down in pairs? If it werf a cube root we were finding 
they would be brought down in triplets.) 

Tt is natural to put 6 in the second stage, after the 0, as we 
have done above, because it is very nearly right. It is a little 
too big however, and if we wanted to work the root out 
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further, we should put 5 and be sure that the next figure 
would be 9. 
A more exact result is 5075964426... 


To find the square root of 6241. 

Set it down, and again partition off the figures in pairs, be- 
ginning with the units place, by dots or other marks, as shown 
1) 6241 (79 

49 


149 ) 1341 
1341 

Guess the root of 62 or the next lower integer; guess 7. 
Set it down in 2 places, multiply, and subtract. Double 7, 
and see how many times it will go in 134; guess 9 times. 

Set down 9 in 2 places, multip!y as shown, and subtract. 

There is no remainder: the root required is 79 exactly. 

We might have guessed this. Looking at the number we 
see that the root will be less than 80, for 80? = 6400, But 
it will not Be much less than 80, because a moderate 
difference in a square is but a small difference in the root. 
So we might try 78. Multiplying out, we should find 
78 x78 = 6084, which is about as much too small as the other 
was too big. Hence we know that it is either 79 or something 
very near to 79. 

; Take another instance of guessing : choosing a number quite 
at random, say ,/(596). We know that 

24: = Ax 12? = 4x 144 = 576, 
while 25? = 625. So here again the number lies about half 
way between 24 and 25, bui a little nearer the smaller of the 
two; and we might вее how 24-4 would answer. 
¿ Multiplying 24-4 x 24-4 we should get 59536, which is very 
close. . As a matter of fact, 

(596) = 244131112... 
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which you сап proceed to ascertain by the arithmetical process 
worked out at length, as thus : Р 


2596 | 24-41311123 
4 
44/196 
176 e . 
„484 2000* A 
1936 


4881 | 6400 
. | 4881 


. 48823 | 151900 
| 146469 . 


488261 | 543100 
488261 
4882621 | 5483900 
4882621 
48826221 | 60127900 . 
k 48826221 
488262222 | 1130167900 . 

976524444 ° 
«153643456 Li 

We see that the next digit will be 3, and have placed it 
in position, but we consider that as we have now obtained 
ten significant figures, we have gone far enough, especially 
as we know that there gan be no end. 


If we have to find the square root of a decimal, we can mark 
it off into pairs, as before, always beginning with the units 
place. Thus 17-8534 is marked eff properly for the purpose 
of extracting its square root, Which is plainly 4 decimal 
something. 

So also 0-000576 is properly marked off, and its root is “024. 

The marking off in pairs is manifestly connected with the 
fact that /100 = 10. It is to get the power of ten in the 
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answer right. The number of dots gives the number of figures 
in the answer, if the units place is included in it. To find a 
cube root, the dots would be placed on every third digit, 
but always beginning with the units place, because any root 
of 1 is 1. 

There is not much more than this to be learnt about this 
ingenious and practical process, until we are ablo to prove it 
and see the reason of the successive steps: this will be fully 
attended to in the next chapter, pages 296 to 299. There are 
however a great number of far more important things, and I 
only place this brief record of the process here, because 
l by no means wish to extrude it; moreover it is an in- 
teresting thing to prove. It is essentially a limited process, 
however, since, for any useful purpose, it only applies to 
square roots ; though a complication of it, on the same principle, 
will apply to cube, and even to higher, roots. At the same 
time it is undeniable that square roots and cube roots occur 
much more frequently than do others, just as second and 
third powers do; parily because they cover the actual 
dimensions of our space. ` 


— ——————— ЧИН 3 


€ . 


* 
* CHAPTER XXXIII 


Simple Algebraic Aids to Arithmetic, etc. 


A vknY little knowledge of algebya enables us to make 
better éstimates, and to approximate as closely as we please, 
both to powers and to roots; and it is worth while to show 
this now: this chapter being chiefly one for exereise and 
practices It may be regarde as a chapter of miscellaneous 
worked out examples, rather than as a progressive chapter ; 
though it contains the proof or explanation of the ordinary 
square root rule. 

First of all consider the multiplication of two binomials, that 
is two faetors«each consisting of two terms, say (a+ (c 4 d). 
Every term will have to be multiplied by every other, for it 
means @(в + @) + b(c- d), that is ac- ad + bc + bd. 

So for instance (3-23) (4 + 3) 
will equal (8x 4) 3,8 +42 + 2 ,/8 

* = 129-3 3 +42 +6. 
Or take this example, 
e (#+®%)(3-3) 
multiplied out it becomes ,/6 + 2,/5 = 3,2 — 6. 
But take a more easily verifiabl& example, say 
(17—5)(13 - 10) 
= 221-170 - 65 + 50 
= 271-235 = 36; 
rather an absurd way to do such simple arithmetic as 12 х 3. 
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Very well, now take the case of (a +b)”: 


It means (a 4- b) (w+). 
And this multiplied out equals a? + ab 4- ba +0? ; 
but ab+ba = 2ab, 
80 (a+b)? = a?4+2ab+b2. 
Similarly (a-b)? = a2—2ab+b2. 


Now let us use these results to obtain powers and to ap- 
proximate to roots, Suppose we want 103%, work it out thus: 
(103)? = (1004-3): 
= 100?+6 x 100+ 3? 
, = 10,000 + 600 4- 9 
= 10609. 
Again, to find (998)? ; write it as (1000 — 2)? 
© = (1000)? - 4000 4-4. 
— one million less 3996 


ў = 996004. 
Similarly : (125)? = (120+5)? = 14400 + 1200 4-25 
° 0 = 15625 
or (125)? = (180-5)? = 16900 1300 + 25 

= 15695. 


(79:2)? = (80-8)? = 6400—16 x 804-64 
6400-64-198 


= 627264. 
(511? = (54-11)? = 251710191 
= 961121. 
(39)? = (40-1)? = 1600-801 
= 1521. 


A further algebraical aid is often of great use, especially in 
preparing for logarithmic calculations. 
The value of (a 4-5) (a —/) when multiplied out is 
a? — ab +ba—b? ; 
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the two mjddle terms destroy each other, and so only а - i? 
is left. $ 

This is a most useful fact to remember, * 

a?—b? = (а+Ъ)(а—Ъ). 
For instance 92-4? = (9+4)(9-4) = 13x5 = 65, 
(17°31)? (2695 = 20 x #462 = 2924, . 
(019) – (G08)? = 027 x 011 = 9-97 x 10-4, 
(1:05)? - (95)? = 2х1 = 2 

The fact is so important that it is worth learning in words. 

The diffetence of two squares is equal to the product of 
sum and difference. x 

Expressed thus it suggests а geometrical way of putting it: 

Let АВ and AC be any two given „ р A 
lengths. ^ 

Erect a square on each, viz: the square 
AD and the square AF, drawing them 
so that they are superposed. 

The difference of the two squares is М 
shown by the Trregular six-sided reet- 
angular figure witlî whgt is called a д C! =, В 
“re-entrant” angle at E. í 1 

We have to show that this area is Sq Moi) 
equal to that of a rectangle bounded by Y 
lengths representing the sum and the difference respectively 
of the two given lengths. 

To construct such a rectangle in a convenient position, 
produce CE both ways to F and G, making CG = CA. Then 
FG is equal to the sum of the two iven lengths, viz. AB+ AC; 
and GH, which is the fame as Cf is equal to their difference. 

Therefore the area of the rectangle GHDF exhibits the 
produet of the sum and difference. Hence we have to show 
that this rectangle is equal to the area of the irregular figure 
CELKDBG, the difference of the two squares, 


ї 
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Now the two areas have a great part common, viz. the 
rectangle BF; so we have only to show that the residues LF 
and GB are equal. 

By producing LE to M, another rectangle ЁВ is constructed 
equal to GB; and this rectangle is plainly equal to LF, because 
the hgight and base of the pne correspond to the base and 
height of the other, { 

The proof is therefore completely indicated, It has heen 
rather long and not particularly neat, but it is such a proof as 
could be inyented by an industrious beginner *for himself. 
The proposition is really an ancient one, and is established 
with due ceremony in Euclid Book II., Propositions 5 and 6. 

We observe from this example that a geometrical proof is 
or may be hard, while an algebraic proof of the same thing is 
absurdly easy: so it often is, though not always, As usual 
there are plenty of ways of proving a proposition ; the pro- 
position itself is more important than any one proof of it. 

The geometrical illustration has been introduced here to em- 
phasise the exireme importance and usefulness of the fact that 
(@+)(®-у) = 2-0. 

Now let; us proceed to show how it is employed for adapting 
things to logarithmic calculation. 

Suppose we had to find the value of the following : 

(8:131)? — (4:026). 
We might look out the logarithm of each, double it, find the 
antilog of each, and then subtract them. 

But on the other hand we might first throw it into the form 

12:157 x 4105, 
look out the logarithms o^ these two numbers, add them, 
and find the antilog of the sum. And this is a shorter process 
than the preceding, 

In general, sums and differences are awkward for logarithmic 
calculation, while products and quotients are conyenient, 
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Take another example of finding the yalue of a difference of 
two squares : ~ 


(is) - 05) = (s) (5-55) з 


ros 
= Top "105 . 
. 
Я 240. 7 
= (105) 


And it is easy to look out the necessary logarithms : 
„Лор 40 = 1°6021; log 105 = 20212. 
2 log 105 = 40424 3 
difference 3°5597 = log of 003625. 
LM 


-003625 is therefore the result. 

We might indeed have dofie the above differently, because м 
we happen to see a common factor in the given expressions, - 
and can take it outside brackets, thus, 2 


CUNG Mee env тү? jp 1 5-3 7+3 
(5) C) (5) 6 -(@.}—: 51° 21 
ч dm «40 . 100 . 
~ 25x GI) 44100 
log 16 = 1:2041 
log 4410 = 3:6444 
difference $:5597 = log of -003625 as before. 
—— 


This therefore serves as a check, and is itself instruetive. 
Sums of this kind, given as exercises, will call out nascent 
furnish much better and more real 


ingenuity and wiil 
amples 


arithmetical practice «han a quentity of routine ex: 


without much variety. 
In so far as the actual arithmetical operations to be 


у simple and short, that is a peculiarity 


performed are usual 
characteristic of nearly all the real sums that have to be 
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done in practice; always excepting ther long and intricate 
operations occasionally undertaken for special purposes by 
pure mathematicians—a matter with which children have 
nothing whatever to do. 


Sometimes the converse use of the proposition 
a-b? = (a b)(a- D) 
is convenient. For instance, suppose we had to find the value of 
(V3 + /2) (3 - 8). 
It would be very clumsy to interpret it arithmetically thus: 
(1°732 + 24142) (1-732 — 1:4142) 
= 31462 x 0:3178, 
whose logarithm is 74977 
plus 1:5022 ә 
equals 1:9999 


which is the log of something extremely near to unity, and 


perhaps unity itself if we had taken more places in the 
logarithms. 


I say this would be an extremely clumsy way. 
The neat and direct way is to write the product as the 
difference of the two squares, thus : 
63+ /з)(у8- /2) = (S - (9)? = 3- 2= 1, 


which shows that it is unity exactly. 


Take other examples of (a+) (a— Dy = 2-0: 


(14 - ,/8)(,/14 + /8) = 14-8" 6 
(774/8) (7,8) = 7-3 4. 
(J5+1)(J5-1) = 5-1-4. 
(V57 - 1)(J57--1) = 57-1 = 56. 
@+,/17)(1-,/17) = 1-17 = -16. 
(5:14159-- 1) (/3-14159 — 1) = 214159. 
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{14 (0012)*} {1 = (-0012)"} = 1- Q012 = -9988. 


CEE A) = 3- $- 25- 


This last might have been done thus: 


(6+ ,/20)(6— V20) = 36- 20 = 16. 
(/5-2)(/5+2) = 5-4 = 1. 
"ee Jy) a Jo) = 2- 
(m+ Jn)(m = yn) = men. 
(Jp - 9) (Jp +9) = Р-@. 


SC uh e ge 
A oru 
(s E, = 


Paice 7 = ics 


4 NA 16 25 
6-265) = 36 


(ah — Jal) (+ Jab) = ё - аб. 
(Jaz Ga- M) = dd 0h 
(a7 +6)(@-b) = a” – b. 
(kat) а) = =a 
= a"(1- E 

T 


“=: 
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(a^ +a") (a^ - a") = a” - а". _ 


(x /®+5./у)(а/в—5 J) = az- By. 
(1+а")(1-а%) = 1-а". 


E а 
(+ 3) (z= 3) = 16z-2 Шаш 
_ (4243)(40~3) 


v 

(1 +/logn) (1 log) = 1—logn. 

(Т 7Зу + 739) (1-318 — 738) = 1738y- 13y =y. 
(I+). u- ymu) +m). u+ fm. u) = u. 
Na+ + Jb) (Ja +h — Jb а. Е 


If we have now driven home the important fact that 
i (a+b) (a-b) = а®-М.................... (1) 3 
sufficiently, we will proceed to illustrate geometrically those 
other equally important truths, viz. that " 
(+0)? = a4 20b H0, (2) 
(a-0y = d? -2ab4- 9, sense ...)3( 
ог, expressed in words, the square of а binomial is the виш of the 
Squares of its terms plns twice their product. 
Or expressed geometrically. (2) The 
Square on a line made up of two parts is the 
sum of the squares on the parts plus twice 
ba the rectangle contained by the parts, х 
The annexed figure makes this obvious. 
= ae For the base of the big square is made up 
of two parts labelled a and 0. 
And we see that it is built up of the square on a, plus a 


D 


& 
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square virtually on b, plus two rectangles each equal to the 

product ab. 3 

It is a quite ancient proposition known as the fourth 
proposition of Euclid's second book. 

(3) The statement for the squared difference (a = b)? expres- 
sion may be worded geometricallg thus : . 

If a straight line is divided into two sparts, the sum of 
the squares on the whole line and one of 
the parts is equal to twice the rectangle 
contained by'the whole line and that part 
together with the square on the other 
part. A 
The” same figure serves, differently 
labelled ; but a separate figurp may make 
it clearér. The square of AB, which is @, 
together with the square on BC, which is 
1, exceeds the square on 40, which is 
(a - b)’, by twice ће rectangle ab, that is by the two rectangles 
DE and EF. . З 

This proposition, Which gsserts that ^ 

Е a+b? = (a-b) + 9а}, 
is known as the 7th proposition of the second book of Euclid. 
It may be illustrated, like the preceding, by the folding of paper. 

The process of putting these propositions into proved 
we see, liable to be rather troublesome and 
long. Algebraically they are quite easy. Geometry illustrates 
the algebra, but it dges not in this latter instance illustrate it 


strikingly ; and it is quite possible to spend too much time 
over such geometrical 1 ustration£, unless they are made out 
by pupils for themselves, whieh is an admirable exercise. A 
great deal, though not all, of Euclid's second book is of this 


character, and represents ап antique method of expressing 
algebraic results without employing algebra. For good reason 


geometric form is, 
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Children need not be dosed with too much of this rather con- й 
fusing and nearly useless kind of geometry at the present time. 


Illustrations. 
Lei us write down some’illustrations of the use of these 
results in simplifying algebraic expressions, and in finding. 
roots. Write the results compactly thus, 
(ab? = @t2ab +B, 

and then illustrate them : 


(/&+ /5# = a+ 2 J(ab) 4- b. 


(у = e+ y= tm. А 
(6 +2)? —.36--12z +2. 


(z-1) = ato 224 1. 5 


2:828... 
(1-3) = 4-2,/3 = 2(2-,/3) = 536... 

Notice that although /3 is greater than 1 the squared 
difference cannot help being positive. 7 1 


(+8) = 44243 253. 


(121)? = (120) + 24041 = 14641. 
(119)? = (120)#—940+1 = 14161. 
(15)? = (1+10#=1+1+1 = 2-25. 
(18) = (149? = 14342 

= 16+41=17, 
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Problems. | . 

1. If any diagram bas all its linear dimensions increased 
by one-sixth, by how much is the whole area of the figure 
increased f А 9 

The answer liable to be given is one thirty-sixth, but it is 
not right. The right answer is #5008, or a little more than 
one-third of the original area. The first arfswer attends only 
to the little corner squares and neglects the two strips, for 

(a+b)? -a = + 20; 
the 2ab heing Much bigger than 6°. 

The simplest solution is to say that irr the linear dimensions 
throughout, 6 has become 7, hence, in the area, 36 has become 
49; wherefore the superficial increase is 13 of the same parts, 
that is 13/36ths of the original. • 

2." If a block is reduced in the ratio of 3 : 2 linear, that is if 
its length, breadth, and thickness are all made two-thirds of 
what they were, the shape being preserved, what change has 
been made in the surface or superficial area and in the volume 
or cubical contents? , E 

Answer. The linear dimeftsions being reduced by one-fhird, 
or from 3 to 2, the superficial are reduced by five-ninths, or 
from 9 to 4; and the cubical are reduced by nineteen twenty- 
sevenths, or from 27 to 8. In other words the surface is less 
than half what it was, and the volume is less than a third 
what it was. # 

3. If every linear foot becomes 13 inches, every square foot 
becomes 169 square inches, and ever cubic foot becomes 2197 
cubic inches. So, while ethe lineareinerease is jth of the 
original, the superficial increase is {5;ths, or а little more 
than 3th of the original area ; the volume increase is туё, 
or distinctly more than ith of the original yolume. 

4. If one per cent. is docked off linear dimensions, about 

* 


994 EASY MATHEMATICS. [CHAP: 


two per cent. are thereby taken from area, and about three 
per cent. from bulk. 

Now use the same equation to find square roots. 

Suppose we ant the square root of 50. We see instantly 
that it is a little more than 7, let us call it 7 +2, then write 

50 = (T+ = 494140 +a, 
or, subtracting 49 from both sides (i.e. transferring 49 over to 
the left with change of sign), 
1 = 142+, 

wherefore x = yy is a first approximation, for the 2? is a very 
small number, almost, negligible. æ is really a trifle less 
than 4, though not so much less as ү; would be, for its defect 
is үү of 2, which is approximately узур only. It is impossible 
to express the root accurately, and the result obtained by 
neglecting 2? is usually a quite’sufficiently close appreximation. 

So the root is 7+ = T0714. The error is in the last 
place; the 4 is too big, it ought to be a 1. - 


So also to guess the root of 143 
Write it 12-7 ` 
143 = (12-2)! = 144-240 +0, 
neglect 2°, and ® =з = 0417, 
so approximately A143 = 12 —:0417 = 11:9583. 
Its real value is 11:9582607 ... . 


What is the square root of 99? | 
99 = (10-2)? = 1002 20z 4-2?, 


80 t= gy = 5 
and /99 = 9:95..... 
What is the root of 3951 
Let it be 20-2. 
395 = 400 — 40+7 
or а =з =з = 125, 
so A/395 = 19:870 .... 
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e 
What is the squaye root of 1,000,015 t 


that is of * 10° +15. * 
Call it 105 +2; . 
then 1094-15 = )10 += 10° + 20002 + z? ; 
Ё 15 (9 
whence 2 = 5000 = EA J 
and so the required тоф is 10000075. , є 


In such a'case the extra quantity is extremely small, and 
we see that in the root it is just half the value of the corre- 
sponding quantity in the given square. 

This is a handy approximation which may be generalised 
and recollected. It is an immediate consequence of neglecting 
2? and writing (1 +2)? = 1+ 22 approximately when z is small. 


So „+92 = 14 approximately. 

For fhstance ,/(1:008) will ‘equal 1:004 ; 
and (100-084) = 10,/1-00084 «> 10 x4 00042 

= 100042; 
or the equation may be written А 
A02) = 1+ 4x approximately. 
The. following relation, ө 
° Jao 2) e 108" +1071". 3, 

when z is moderately small, is a general result; but for 
memory it is best to make the first term unity ; and so in the 
numerical example just, above, the factor 100 was first taken 
outside the root, where of course its value is 10. If the factor 
had been 1000 instead of 100, that is, if there had been an 
odd number of ciphêrs in it, this eould not have been done so 
easily: we should there have had ж ,/10 to deal with, and that 
would destroy the advantage of the process. «+ 

The process applies most obviously to numbers which can be 
separated into two very unequal portions, one of which has a 
known square root. If they are not very unequal, the neglect 

. 
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of a? becomes of more consequence, and the same sort of 
process must be zontinued further, before the square of an 
outstanding error is neglected. 

Suppose for instance we wanied the square root of 72; we 
could write it аз (8 +)? or we could write it as (9 — 9), 
so that, 12 =64+162-+ 2°, 
ог 12—81 — 18y +4, 
whence approximately 2 = 38; = 1, and we should be 
neglecting 1; 
or y = {x and we should be neglecting a trifle less. 

So the answer would be roughly 8:5,* but this would be a 
little too big, and the process must be continued, by successive 
approximations, beyond 8:4, in such a case; the process 
develops, in fact, into the ordinary arithmetical method of 
finding a square root, as deserilied but not explained, in the 
last chapter. We can now explain it, for it all depends on 
what we have just been doing ; it involves an ultimate ignoring 
of an 2?, but it carries the process of surmising the root to any 
desired degree of approximation, before the inevitable out- 
standing error is considered so minute that its square may 
safely be neglected. 2 

To illustrate the process arithmetically, and at the same 
time display its rationale algebraically, take any simple 
number at random, say for instance 33, call it N, and proceed 
to approximate to its square root. 

(1) First guess the nearest lower Integer root, namely 5, 
call it а in general, and write for the unknown necessary 
complement to be found, so that 


“In the particular example -zhosen it happens to be very easy to 
calculate the square root, because the ‘factor method would apply. 
Beginners may е reminded always to keep an eye open for the simple 
and satisfactory factor-method, such as this: 

72 = 9x8, 
so N72 = 3x J8 = 3x2 2 = 64/2— 8:48598 .... 
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| N,= (aa? = a+ Jaz -z*, 
|е or n 33= (5+2)? = 25+10 a. 
From this we deduce that the deficiency N а? = z(2a +), 
А or that 8 = z(10 4-7). 
This gives us our first approximation to the required com- 
plement, or error in our rough eetimate of the root, namely 


at М 


gis OF гау T as the fiat digit of it 

(2) Thus we сап now make a closer guess at the root, 
namely 57? and start afresh for a second approximation, г, 
writing 33 = (57 +x) = 32:49 + 11-42 +2, А 
so the second deficiency is "51 = 2 (114 +2), 
which gives, as the second outstanding error, 

а = трба = ОХ the first digit of that 

(3) Our approximation to the root has now become 574, 
and we start off a third time to write 4 

33 = (5°74 +2")? = 329476 + 11487, 2^7, 
whence the third deficiency 0524 = 7 (11:48 +2”), which gives 
us 2” = '00£ as the nexê digit of the rapidly diminishing с 
outstanding error. 

(4) The approximation is now getting closer, being 57144, 
and so we start again, saying 

К 33 = (5144 +2"), ae 
whence the fourth defitiency comes out 
„ 006464 = z" (11488 +2”), 
yielding 2" = «0005 ... as the error still remaining. 

(5) We have now asrived at 83 = 5°7445..., and we can 
continue the process as long as we like; but, 4% this (or at any 
other)stage, we can take refuge in simple division, to get at 
once a still closer approximation. For hitherto we have not 


neglected the square of any small quantity : everything so far 
° e 
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has been exact; but sooner or later exactness will have to be 
abandoned, because we know that a number really has no 
exact numerical root. It was considered too inaccurate to 
neglect the square of z, but we’might perhaps have neglected 
the square of z^, or at least of x’. We did not neglect even 
this however, but we are now. going to neglect the square of 
a"; so after reckoning the present "deficiency, ‘00071975, 
instead of saying m+ 700071975 
T8904” 
which would be continuing the process, we will” say simply 
ar 00071975 | 
_ H4890" ` 
very nearly, and divide straight out, getting -00006265 as the 
. result. Wherefore finally the approximation at which we 
have arrived is — ,/33 = 5-74456265 .... A 

If the process thus elaborated be compared with the 
operation as ordinarily performed, a little thought will make 
everything clear without more words. 

The only thing that can require explanation is the actual 
mode of reckoning the successive outstanding deficiencies, viz. 
N-a; N- (az); N — (a2; and N= (+a ka +0"). 
The original number JV is not in praetice thus manifestly 
reverted to for the purpose of getting these values—which in 
the above numerical example are successively 

8; 51; 0594; and 008464, — 
but exactly the same result is obtained by the successive 
subtractions as ordinarily performed: the value of an ex- 
pression like (NV — a2) – (24-7) being practically employed, 
each time, instead of the equivalent N = (+ 2), because 
(having already found № а?) it is quieker to reckon. 

The well known ordinary process is here exhibited for the 
same number, in order that it may be compared with the 


m 
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above fully explajned treatment. То find the square root of 


33, write . 
33: | 5:7445 
= 25° . 
107 | 800 
А 149 
4144 | 5100 
is 4516 * 5 
11-484 | "052400 
2 045936 
114885| 00646400 
005744925 р 
1148901 00071975 


and the outstanding error їп the root is very closely indeed 
equal to the residual defciency divided by twice the. root 
so far found, that is to say, -00071975 + 114890, or 00006265. 


The advantage of the approximation "we noted on p. 295, 


^ JO y) 2 Verus е 
is so great,that even when the first number is conspicuously 
not unity, it is often convenient to make it so by division. ^ 
For instance to find ,/85, it equals „/(81 + 4) 
= 9 +o) = *90 d) = 942-293. 

And so with some of the other examples, they too may be 

done this way: We will therefore repeat them. 
J50 = (49+1) = NIT ет) 
* 7x 1:0102 = T0714. 

In this case the approximate value ‘0102 is obtained thus. 
98 is two per cent. less than 100, so q's is two per cent. greater 
than ‘01. I 

/143= 4-1) = 1241-515) = 120 =) = 12-3. 


* At this stage the second term is halved and the root sign dropped. 
° ‹ 


e 
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/99 = 10,/(1— 155) = 10(1— 435) = 
A315 = (400 —5) = 20, (1-4) = 20 
= 20-1 = 20-125 = 19:875. 


Perhaps decimals might be preferred throughout, Some- 


times they would be handier, sometimes not. 
X996 = (400 - 4) = 20 (1 - 01) = 20(1 - 005) 
. = 20-1 = 193900. 

The result of this convenient approximation is always to give 
slightly too big a value for the root, and this whether terms 
under the root are separated by a negative or a positive si 

Thus for instance the approximation to J101 namely 10 
and to ,/99 namely 9:950 are both of them a trifle too big. 

The error itself can be estimated by a further stage of 
approximation, and so gradually we can get as nearly accurate 
©з we please, but we leave it there tor the present. P 

The error in either case is about *000125, so the digits as 
they stand above are fairly near the truth, 


1. 
50, 


, 


Cubes and Cube Root. 


Now let us see what we can get of the sanie kind to help us 
in other cases, Suppose we cube a binomial, what shall we get? 
First notice that 
(a+0)(o + (e +f) = (a+b) (te + ef 4-de + df) 
1» = ace acf + ade + adf 


/ + bee + bof 4 bde + odf, 
eight terms altogether, е 


So take the three factors all alike. 
(a+b) = (a+h)(a+b)(a+ b) 
= ааа заа + aba 4: abb 
+ baa + bab + а + bbb 
* + a?) + ар + abe 
+ ab + ab? + ab? 4-03 
а? + Ja?b + 3al? + 03, 


її 


П 
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Not a very simple expression at first sight, but quite simple 
when you get accustomed to it, and very easy to remember 
and write down. e " 

Notice first that every term is of the same “dimension,” 
that is to say it involves three letters multiplied together, 
no more and no less, There*is no term involving only a?, 
nor only 0% nor a alone, nor is there anything like a, The 
expression is a cube, and every term is of the nature of a cube. 
Tf a and b were lengths, the cube is a volume, and every term 
is negessarily a volume. You cannot with any sense add an 
area like à? to a volume like aê, but you can add a volume like 
ар or like ab? to another volume like а, and you can add each 
more than once, in fact 3 times if you choose. 

Notice next that the power of a decreases by one each term, e 
and {Йе power of b increases. We might, if we liked, introduce 
the index 0, because we know that 5 

[UC =) 
So the more fully written expression " 
aD + 3a?b + Bald? + а%3 
would represent, with needless explicitness, the trutlt that the 
sum of the irfdices of each term is 3. 

As to the big 3’s prefixed to the two middle terms, they are 
styled coefficients, or numerical factors; we have seen exactly 
how they arise, simply because we had to add three® équal 
terms, "They take thé place of the 2 in the middle term when 
we were squaring a binomial. 

We illustrated the square of а binomial by fig. 31,—where 
the a? and the ® and the two rectangles each equal to ab 
are obvious, and plainly make up the (a+b). 

So also we can geometrically illustrat wie cube of a 
binomial ; taking a cube whose every edge is divided into any 
two parts, respectively а and b, we get a figure like 33, which 
is more easily realised when buil up or sawn out of wood. 
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Such of the porfions as are visible are labelled with their 
respective volumes. There is first a big cube a°, then there 
are three slabs each of area a? and thickness b, but one of them 
in the figure is invisible at the back; there are 3 rods or 


2 


prisms each of the iength a and sectional area 0°; and lastly 
there is a little cube 0® diagonally opposite the big one; and 
these make up the 8 pieces, out of which de whole eube has 
been built up, (a +b}. 

This then is a solid figure ilustZating the wate of a bi- 
nomial in the same sort of way that Euclid II. 4 illustrates 
the square of the same quantity. 


Suppose we wished to illustrate the fourth power of a 
binomial by geometry. We could not possibly do it in any 
natural fashion, for we have already exhausted all the dimen- 
sions of space. Hence geometrical propositions on involution 
are not only complicated and wordy, but are feeble and limited. 

Algebra is not limited at all; we can raise a binomial 
to the опг, with, fifteenth, or any other power that we 
please, and presently we will do it. But first we will take 
a few examples and applications of what we have learnt 
about the cube or third power. 


Ф 


| 
| 
| 


| 
] 
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First a mere numerical illustration or verification : 
(54-25 = 5 +(3x 25x 2)4+(3x5x4)42% 
= 125+ 450 + 60 +8 
= 343. 
Then take a case where the first term is unity: ^ 
(1*3 = 14392 322 e 25, 
and then one with the second term negative : 
(1-25 = 1-324 322-23. 

Notice in this case that the signs in the expansion are 
alternate, because the powers of (=2) are alternately odd 
and even: the odd will all be negative, and the even wil? be 
positive. The general case, with the negative sign to the ° 
second member of the binomial, ought also to be recorded : 

(a-b)? = аз = 3a?b + Sal? — bî, 
^ (2-1)? = а -32-3:-1, 
but this is just the same as (1—2)* with the sign of every 
term reversed. 

It is worth obtaining the general result for the third power 

of atb in another way, by help of what we know about its 


second power. 
© (0+0) = (a) (02+ 2ab +B) 
= a+ 3035 $ 50+. 

Observe that the alternative sign affects only alternate 
terms, viz. those which involve the odd powers of the possibly 
negative quantity b. eAmong its even powers there is never 
any variety. —, 


Another special case is x 


з ЖЕЗ. dl 
(+) = FFF ura 
This is rather а eurious case, considered from the point 
of view of the ‘dimensions’ of each term. 2? looks like a 
volume, and would be a volume if z were a length, and 
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3z would be merely treble that length ; then come reciprocals, 
How can this be possible? Answer :—It is never possible to 
"have different dimensions in different terms of an expression. 
It is quite easy and common to have factors of different 
dimensions, as components of a single term, united by the _ 
sign x, but different terms united by the sign + or — are 
mts of the same dimensions. 473 


Apply that to the case of 2+1) and we see that a 


cannot possibly be a volume, nor can z be a length, і if 1189 
a pure number. It can in that case only be of the same 
dimension as its reciprocal. 

Length and volume are all very well as illustrations, but 
it would be a great mistake te suppose that algebraic sym- 
bols can express nothing else. The terms “square” and 
“cube” suggest geometrical signification, and that doubtless 
was their original meaning, but now they have been sọ 
generalised that the original geometrical. signification is 
almost forgotten. Cube is still used merely as short for 
* third" power," and square is short for “second power,” but 
the things that we raise to powers may be anything whatever 
that we find convenient, Often they are mere numbers, 
like a number of oranges. If we speak of 3° oranges meaning 
21 Óranges, it may be a pedantic mode of statement, but it 2 
is not incorrect. Even if we spoke of a cube of 3 oranges, 
or 3 oranges cubed, we might possibly be understood, as 
meaning a cubieal box full of oranges with 3 in each edge, 
9 in each face, and 27 in the box. : 

But this expression would not bear close examination, 
unless we puv ıt in brackets, thus, (cube of 3) oranges, and 
then it does express more than merely 27. For 27 might 
be lying about anyhow, but (cube of 3) signifies that they 
are packed in a certain compact arrangement. 
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Why is eube of (3 oranges) wrong? Because that would 
mean 3° x oranges; and the latter factor has no meaning. 
Cube of (3 feet) is perfectly right, for that means i 

33 x feet? = 27 cubic feet. 

You can have a cubic foot, hut you cannot have aceubic 
orange; or rather perhaps you cannot have anything linear or ' 
superficial in oranges, as you can with feet or metres or inches. 


Returning to the expression z+} then, what can z mean? 
` 


Only ahing whose dimensions are the same as its reciprocal, 
thatis to say, a thing which has no "dimension," not a con- 
crete thing at all, but an abstract number, a number of things 
abstracted from “things” altogether and contemplated alone. 
That is what we mean by am “abstract number” or “pute 
number.” It is the simplest kind of “abstraction ” there is, 
and the first we arrive at; later we shall employ plenty more. 
If n is a pure number, like 2, 


E is likewise a pure number like F 
n? is also а pure number, and n°, and any power, 
„/n or any root is also а pure number. 
So is log n. 
We cannot assert that а" is a pure number for certain, 


because it depends entirely on what а is. 

a might be a length, in which сазе a* would be an area, and 
a? be a volume.* at would in that case have no assignable 
physical meaning, but it would’ certainly not be a pure 
number. s ? 58 

There is therefore no difficulty about an expan like 

1\3 з, 1 (ty 
(к-}—=-%®+-ал жи? 
every term must be a pure number. 
L.K.M. U 


& 
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This is not necessary with the next example, because there 
all the terms in the expansion have the same dimensions; 

provided always that а and 6 are quantities of similar kind. 
(a? —B?)8 = a9 — За + 3a?b* — 00, 

In,the next case, however, a must be a pure number, 
because of the term unity? If 1 means 1 something, the 
something cubed can go outside the brackets: it must apply 
equally to both a? and 1. 

(a? - 19 = а – 3a* + 802-1. 

a- уд) == 1-3/2 + (3 x 2) - )/2(° , 
146-342 -2/2 

= 7-52 = 17-7011 = —-071. 
(T1) = 7943 x 724-21 x 01 + ‘001 
= 343+3 4:9 4:211 
= 357911. 
(579 = (50 + 7) = 125000 + (21 x 2500) + (150 x 49) 
4:343 = 185193; 
but in this case it would be easier to do it by simple 
multiplication, 57 x 57 x 57, or perhaps by logarithms. The 
worst of logarithms for finding a positive integer power is 
that they only give it approximately, unless you take a 
considerable number of places ; and an integer power never is 
approximate, it can always be numerically expressed, because 
we start with a number and only multiply it by itself. 

By “integer power” or “integral power” I do not mean a 
power of an integer, I mean any number raised to a power 
whose index is a whole number and not a fraction. If the 
index is fractional it represents a root. The case is entirely 
different with a root, for then we are endeavouring to find 
something which multiplied by itself will produce a given 
number: and the result is usually incommensurable. 


| 
| 


| 
| 


хххїп.] KINDING CUBE ROOTS. 307 
. 

But for jnteger indices, whether positive or negative, we 

can always get an exact result by straightforward multiplication ; 


for instance 224, or 273, or (1-2). . 
(1:38 = 1 + (3 x2) x (3 x 04) + 008 
= 040647124008 & 
= 1428, 


© . 
which is a familiar number—expressing the thousandth part 
of a cubic foot, if 1:2 means the tenth of a foot in inches. 


. 
Now find а cube root or two by the approximation method, 
choosing numbers whieh are not very* different from a perfect 


cube. 
Say we want the cube root of 65, call it 4 +2. 


e 65 = (Ata) = B44 4824 128 2j 


So the first approximation to x is 4s. 

This however is a trifle too big, because 122? has been 
neglected. So we might call it y or even yg ab а shot, 
and say that the answer is 4:02....« As to neglecting 2? it 
is of slight cotisequefice. „This process, elaborated, is the basis 
of the arithmetical cube-root rule. 

Take only one more example of finding cube roots, because 
they are usually done most easily by logarithms. 

To find 4/341. 

341 = (T -aP = 343-3 x 490+ 21 — 29; 
2 
. approximately а = 3x49 


‚ or, as this is a trifle too small, 


2 Dey. - 
вау 3x48 A = 0189. So approximately 


3371 = 1- 0139 = 69861; = 


which is still a trifle too small in the last place. The digit 


1 ought to be a 3 or a 4. 
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Ав an exercise it would be desirable to establish а method 1 


akin to the square root approximation, like this, 
(841)? = (343 -9)5 = 7)1 - 2, 
= 1(1 — tory) approximately 
Tx}; which equals -2 per cent. less than % 
= 6:986 roughly ; K 
or generally, when z is a small quantity, 
X0 xz) = 133s approximately ; 


which is equivalent to neglecting squares and cubes and all 
higher powers of a. ғ 


Approximations. 


The fact that the square of a small quantity is very small _ 


and the cube of it extremely small, is easy enough to under- 
stand; and since it is extremely useful in application, it should 
be thoroughly understood and remembered. Let the small 
-quantity be 1 per cent., for instance, ог 01 or ay. Its square 
is 45155, one ten-thousandth з and its cube is a millionth; 
If then we have to find (1:01)8, it will 
i = 1+:03+ "0009 + 000001 
= 1:030901, 


the most important, the second is sonietimes worth attention, 
denoting a value about yrd of the previous one, and the last 
is utterly trivial, except for éxact mathematical purposes. 

A cube of a foot and one inch (or 13 inches cubed), 
(13 inches), is decidedly bigger than а cubic foot ; but never- 
theless а cubic-::ch is almost negligible in comparison with a 
cubic foot: it is only the rresth part of it. 

Let us examine this, because beginners often make mistakes 
here. 


of which the first significant digit of the decimal is decidedly i 


2 
1 
1 


———————— 
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(1 foot +1 inch)? they incline to write down as a cubic foot 
plus a cubic inch: which is just the mistake*of thinking that 
(a+b) equals а + 0; in other words it is the mistake of. 
altogether ignoring За?р + 340, ‘three slabs and three rods, and 
attending only to the little insignificant corner cube of the 
small quantity ò (supposing Û to ke a small quantity) in fig. 33. 

The true value is . i 
(1 foot + 1 inch)* = (1 foot)? + 3 (feet)? x 1 inch 

+3 feet x (inch)? + (1 inch)* 
*  - 1 cubic foot 
+3 slabs a foot squaw and an inch thick , 
+3 rodsa foot long and a square inch section 
+а cubie inch. 

The last term is the most trivial of the eight terms, and the є 

3 slabs ftre the most important, after the cubic foot itself. 


Translating to inches, we see that à 
(13 inches = 1728 + (3 x 144) (3 x 12)+1 
e = 2197 cubic inches, « 


which is otherwise уңгу easily arrived м. 

If instead of a foot and &n inch we had taken а yard'and ап 
inch, the smallness of everything except the slabs would have 
been accentuated ; and if we take a metre and a millimetre we 
shall see it still more foreibly : ET 

(1 metre 4-1 miMimetrg) = 1 cubic metre + 3 slabs a metre 

square and a millimetre thick 


e +3 lines a metre long and a 
pd sqvare millimetre cross section 
LI +a millimetre cube; 
or expressing it all in cubic centimetres == 


— 1 million c.c. + three hundred thousand с.с. + three c.c. 
+a thousandth of a с.е. 
= 1,300,003-001 с.с. 


` 
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When things expand by heat, the exparsion is usually very 
small; the increase of bulk is not so small as the increase of 
length however. If the edge of a cube expands 1 per cent. 
the volume of it expands just about 3 per cent., and the area 
of one, of its faces about 2 per cent. This follows from what 
we hae been saying. Compare page 293, No. 4. 

Tt is sometimes expressed by saying that the. proportional 
superficial expansion is twice the linear, while the cubical 
expansion is three times the linear. We will employ the 
subject of expansion to furnish us with a few interesting 
arithmetical examples of an easy and uncommercial kind in a 
future chapter, but first we will do some algebraic expansions. 


ээ 


Senay 


a 


[9 
э CHAPTER. XXXIV. 


To find agy power of a Binomial. 

Surbosk we have to find (a +b)‘, we have only to multiply 
a+b by itself four times, and write down the result. We 
might write it thus 

(а +0) (a+b) 
= (a? + 2ab 408) (a? + 2ab + t°) 
= аё + Заз + а? 
+ ab + 4a?b? + 2403 * 
+ ari? + Зал + 
* = at 4490 + 6002 + Aab +15 * 

Now here ‘we see"the game sort of law as was obyrved in * 
the expansion of (a +)%; the indices of а decrease regularly, 
and those of b increase regularly, so that every term is of the 
fourth degree. The numerical coefficients follow a less 
obvious law. Let us write thera down for the cases tha’ we 


know. . 


for (a+b) ® 1234 
„ (atb 1 2 1 
„ (a+b) р 695 3 1 
| оа E ARE ND 
+ The law is fairly plain, and we might gugss the coefficients 
[ for the next sets : 
1 (a+b) 1 6 10 10 5 aer. 
| (a+b) 1 6 15 20 15 6 1 
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and then we can verify them, by direct multiplication, thus 

(a+b) = (a--0)9/a +b)? p. Е 
= a + баі + 10492 + 104203 + 5abt + 05, 

(4+0) = (a+b)8(a+0)8 К 
= a? + бабр + 10202 + 204312 + 15421 + Gabi + U, 

A guessing process like the above, which is subsequently 
verified and obviously extensible to the case of any positive 
integer as index, is a method of frequent and considerable use 
in order to first ascertain a rule or law or method of pro- 
cedure; but one should not rest satisfied withous perceiving —— 
the rationale of it, and so to say “proving” it or reasoning it — ^ 
out; otherwise it remaitis what is called an “empirical” law, 
meaning a law ascertained by experiment and observation 
without a full knowledge of the reason. Some laws have to 
remain of this character, when tne subject matter is difficult 
or obscure; but that is not the сазе with little calculations 
like the present: the reasonableness of the result can always 
be made out, and it is a most wholesome exercise. In the 
present instance the method of expanding any binomial as an 
empirical process seems to have occurred to Isaac Newton 
while stiil quite young ; and the reasoned proof of this process 
is what we now know as “the binomial theorem." 

We will not go into this fully just at present, nor at all 
more fully than is needed for practical purposes, but for a 
positive integer the empirical process itself is easy and worth 
while for anybody to know, Ы 

First write down what we have observed, for any positive 
integer index n, concerning («4-5 ;— = 

We know that the powers of a will begin with a", and 
decrease by one each time down to a? or unity. 

The powers orb will begin with 00, or unity, and climb 
by one each time up to 0"; so that as regards the algebraie 
part of the expansion, the terms will be 
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. 
a, a", а ЭЎ, an, ...... at, ab? V^ 
+. the sum of the indices of a and 5 alway# adding up to m 
which may be called the “ order” or “degree” of the whole. , 

Now what about the numerical coefficients? We can obtain 
them as follows. Take the coefficient of any term, multiply it 
by the index of а in that term, and divide by the rtumber 
of terms preceding thf next term, the zesult will give the* 
coefficient for that next term. This is what we have ascer- 
tained empirically, though we did not word or express it 
before, but ‘it is what we did or might have done ; because, 
take the case of (a +b), А 

the first term is a, i 
so the coefficient of the next term is 5, giving 
a? 4 5а. k э 

Now take the 5 and the 4, multiply them together, and 
divide by 2; we get 10, which is tho coefficient of the next 
term, carrying us as far as three terms, 

* а5 + ba*b + 10а. ‹ 
Then take the 10 and the 3, multiply them, and divide by — , 
the number of terms ; this we get the next coefficient, viz. 10, 
а5 +5at + 100202 + 1020. 
Now take the 10 and the 2, multiply them, and divide by 4, 
and we get the coefficient of the next term, viz. 5. ee 

Then take 5 and },*multiply, and divide by 5, and we get 
the coefficient of the last term, уйл. 1, giving the whole ex- 
pansion, with six teyms in all, д 

aî + 5а% + 10080? + 10а? + Salt +. 

In the last term the index of a is zero, hence a does not 
appear, because a? = 1; and if we apply fhe Tule further it 
will give us zero as à factor of the next and of every succeeding „ 
term; which therefore all vanish, so the series terminates. > 

D 
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Try this rule also for (a +0) and (a+6)', getting the result 
in the latter сазе, » 


а? + Ta9b + 21a5b* + 354403 + 3508)! + 21020) + Tal? + 07, 
and then apply it to (a +b)", 


t" + na" + cUm D он + тли =?) ar- 
= Lie =2/а - 3) атр oto; 

Now this is a most interesting example of a very important 
algebraic thing called a ‘series.’ It appears to go on fo? ever, 
but,” as we have seen, it does not go on very long when n is a 
positive integer, for sooner or later there will come the index 
= т, whose value is 0; and as this quantity n—n will enter 

Газ a factor into every subsequent coefficient, they all yanish, 
and the term with index 0 applied to a is the last term. 

Thus for (а + 0) еге were six terms in the series, and no 
more. For (a--5)* there were seven terms, and no more ; and 
for (a+6)" there will be n1 terms, and no more, provided n 
is a positive integer. АП subsequent terms are.zero, because 
they all contain the factor п-т, But if the index is a 
fraction, or if it has a negative value, even a negative integer 
value, the cause of stoppage will no longer occur; for, 
naturally, а number-of-terms can never be a fraction or negative. 
There will therefore never be an index п-т; there will be 
1 — T, n-8, n - 9, etc., but none of thesé сап possibly be zero 
unless т itself is a positive integer. 0 

Consequently in these cases the series does not stop, but 
goes on for ever, extending to infinity. It may happen 
however that its later terms become insignificantly small, and 
that all after a certain number can be neglected for practical 
purposes. This a point to which attention must be specially 
directed, because it is exceedingly useful in practice. 
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Notice that we have not yet established or proved the above 
series for the expansion or power of a binomial, even for the 
case of n a positive integer. We will defer the proof for the 
present: 80 far we have only arrived at it by experiment. 
'The proof is not difficult for n à positive integer, but it will 
como botter later. Mathematigians know how to prove it for 
a fractional and a négative index, that, is for the case of ak 
infinite series, which however is exactly of the same algebraic 
form as the one we have written. 

Tho method of experiment and observation is quite a good 
practical method, only it might in some cases lead us wrong 


unless it can be checked over and reasoned out by some ‘more 


For the present we will accept the series and study it. 
Notice first the denominatorstot the several terms. They consist® 
of a series of consecutive natural numbers 1. 9.3.4.5, ete, 
multiplied together. This sort of product often occurs, and it 
js convenient to have a symbol for it. |5 is the way it is 
written, 5! is the way it is printed, and it is*called “ factorial 
5" They dll mesh the same thing, viz. 1x 3x3x4x 5, that , 


is to say 120, 
So 41 has the value 24, since it means 1x2x3x4 
iS 
i2 » P 2, .* 
ERAS nu 


|6 аа 10 

qro |i equils 5040, • 

8! = + 40,320, 6 
and so on. So that factorial 20 is an enopmous number. 

Now look at the numerators. They too are factorials of а 
kind, but they do not begineat 1, they begin at the other ends X 
they represent а part of factorial n, with the early part cut off. 

. 
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|n 


* 
They might be denoted by - ; for 


n! 
(n— т)! 


Бо the successive numerators аге аз follows : 
" 


n.n-l.n-2.n-8..n-r41- 


HESS RENT S 
[w [nz [nz 8 5 
being 1, n, n(n—1), n (n — 1) (n — 2), ete., respectively. 


Hence any of the coefficients may be written in this form 


а : 


БЕД: 
while as to the ab part corresponding to this general coeflicient 
it will be а-у, s 
Hence the whole series may be neatly written as thé sum 
of a number of terms all of this kind, for every value of r from 
0 to n; and such a summation is usually expressed by the. 
capital letter sigma ; hence " 
К е UT k 
Gepe A fen 212 "n, 
Which means that you write down all the terms of this form 
in regular order from r = 0 up tor = n, and then add them 
together. Try to do this, for different values of n, for instance 
3 or £or 5 or 6, and see that you get the series already obtained. 
The only thing that requires explanation, until we come to. 
fractional and negative indices, is how to interpret “factorial 
nought.” To common sense such an expression sounds meaning- 
less; and to understand it falls, together ‘with the factorials of 
negative and fractional numbers, a good deal of mathematics 
must be conquered. It is easy however to show that [0 must 


be interpreted as unity, that is to say that |1 and |0 are alike 
equal to 1. 
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Proof. |n.- пін =1; but in the special cage when п = 1 
п and n are the same thing ; hence in that саве |n 1 із unity, 
but it is also factorial nought. , $ 


Exercise,— Make a table of binomial coefficients up to say 
the index 12 as the finish. For answer, see p. 334. е 


A special, case of ffequent Obnürrenonsis when one of the 
terms of the binomial is unity, as for instance (1 +)". 

Consider this case. Any binomial can be thrown into this 
form by an*obvious process, as follows : 

(a+b)" = «(1 +) =æ "(1 +2)", . 
where а" is a factor taken outside brackets, and the ratio b/a 
is treated as a single quantity, a pure number, and called z. 

Observe that a and b mid be anything, so long as they * 
are the same thing, but that z must bea number, in order 
that it may be added to 1; and being ‘a ratio of similar 
quantities, it is a number. The most important case, with 
fractional and Tiegative indices, is when z is & small number, 
for then the series, or expansion in powers of 5 wil] rapidly 
diminish, апа а beyond"a few terms can be neglected. The 
meaning of this will become clearer soon. 

First apply the ordinary rule for the expansion, observing 
that 17-1, I" ete., need not be written, because they ага all 
mere unity factors. We have nothing therefore to write but the 
successive binomial coefficients and the ascending powers of z. 


s n.n -1 o n.n-1.n-2 
(l2) = 1+ах+——у иаи M 
a very useful expansioh ; and if 245 really small, so that 2? may 
be neglected, it gives us this extremely hané7 approximation, 
(1+т)"4ъ1+тх when t is very small. 


As a matter of fact we have used this already for extracting ы 


approximate roots (p. 308), arriving at it by a different process. 
* + 
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Thus to find /(1 +2) when z is small we have only to put 
Жс 5 
(1-2) = (1 tao) as 1+ 12 approximately. 
Eg. (101) = 1-005 approximately. 
„ (1008 = 1004 — , 
\/100:6 = 10,/(1--*006) = 19 x 1-003 = 10-03, 
So also for eube or other roots. 
AQ +) = (14-2)! 14-12, 
4/1003 = 103/1-003 = 10(1:003)! = 10 x 1-00f = 10:01. 
(1483 = 240 +s) = 2 edo a 2(1 + r) 
= 2944, = 20125. 
Or take an example of a negative index. 


0 


Juss = (+a)! a 1-12. 


But this case of a negative index will bear examining more 
fully. 

Let us write n = =, and then interpret the general 
expression for the special case of a negatlve index. Observe 
that it is no new expansion, only the old one re-written with 
the sign of the index changed, but it looks different : 


(ax b)" =a-™+( -manng "т Dye es 


P ^ 
= 47^ ma mH hm T D laps 


414 m)(2 hm), aaa 
R 
2l mb т.т+1. m(m+1)(m+2 


ete., 


' the terms having alternate signs. 
(0—1) -" would be similar but have all the terms positive. 
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Hence also. . 
т.т+1 Я 2 
"T irn a agent t a = ete, 


where it will be observed that with the + sign on the left; 
the terms on the right are alternately + and - ; but with 
the — sign on the left they are all + on the no E 

The series, is infinite? but if z 1s small a few terms practically. 


suffice. 


Examples? 
Take some examples or special cases : 
Sis + Eons 1.25. 1.2.359 “э 
mr =1 aE E E 


—1-а@+1-@+14-+.. 
of Y only a few terms afe spore if 2 is small, e.g. 
= (1:01) = 1-01 +0001 - -000001 + 


m 
= 990099... 2 9901, 
{т E (162) 2= 1-22 + bat. 


jaa = Corot = eg 


=1+1»- 507 er а? тнл Ск 
а тїз 
-i 
142)4 21-399 

"Tied a E 
1 


? es 


342. 50? 
= 1-400- rt tee 


$ " 
а LH dnt gat ү es 


Jü-29 
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A curious case is afforded when both terms of the binomial 
аге unity, like (1+1)". When the index л is not a positive 
integer the series is divergent and useless; but when n is a 
positive integer it is simple enough, for the sum is finite. It 
is a mere curiosity, but we may as well find a power in 


this уйу, 
For instance to find 25, 
5.4 5.4.8 5.4.3.2 |5 
B as IN me == 
EDS ES * E tis 


Ш 


1+5+10+10+5+1 = 32. 

Similarly 26 = 14+6+154+204+154+6+1 = 64. 

This set of numbers, as tabulated in their early stages on 
pages 311 and 334, are called the binomial coefficients ; and 
you observe that each set of them adds up to a power of 2. 
We had not noticed this before. 


Now what is the good of an expansion generally? Is it of 
any practical use? Well it is, but it is the first few terms 
which are the most useful. The expansion of some power of 
(1 +2) is specially useful when x is very srüall, for then 

(1+2) s LJ, 
A172) 21-42, 


1 
ут сю 


1 
Maalte 


This approximation is said to be correct to the first order of 
small quantities, or to be an approximation. of the first order. 

To be correct to the second order of small quantities we 
must introduce the terms involving 2, and so on. 

When « is only moderately small, third and. even fourth 


terms may have to be employed, and the more terms intro- 
duced the more accurate will the result be, 
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If x is greater than 1, the series becomes hopeless, but if z 
is only slightly less than 1, it can always bé approximated to 
sufficiently, by taking enough terms, though it is not ther 
really useful. 

The series is said to be convergent or converging when = is 
less than 1. А converging sedes is one whose terms con- 
tinually decrease in such a way that thé sum of an infinite’ 
number of them is finite. 

For instance, lI++}+ {+g +... з а converging series, 
and its valde, to an infinite number of terms, is 2; 
but 1 L+H}... в 
happens поб to be convergent, for though the terms keep on 
diminishing, they do not diminish with sufficient rapidity to 


be able to stop at any point and say ‘we will neglect the rest.’ , 


TThose^which we neglected whuld in fact amount to more than 
those we took into account, for the sum of an infinite number 
of terms of such a series is infinite. It is not a convergent 
series at all, although each term is smaller than the preceding 
one. A curious case. " 

The first i$ called a gpometrical progression, the second is 
called a harmonie progression, because it gives the series of 
the harmonies or simplest overtones in music. The time of 


vibration of the fundamental note being called 1, а trained ear 


ean hear, when à string is struck or plucked or bowed, or 
other superposed notes, 


when an open organ, pipe is blown, 
with their times of vibration 3, $ 1, ес, of the first; and 
these superposed or,secondary tones are called harmonics. So 
the series is called a harmonic series. 

An arithmetical series is one whose terms proceed by simple 
addition. In a harmonic series jt is the denominators or 
reciprocals of the terms which proceed in this way. For- 


tunately we seldom or never want to suma harmonic series. 


LEM, x" 


B 


~ 


OHAPTER XXXV. 


Progressions. ^ 


WE have now, in the last chapter, arrived at an example of 
a series or progression. The subject of ‘series’ is immense 
and endless, but there are a few simple ones which are excep- 
tionally easy to deal with. 
Of these, three are commonly ‘treated quite carly, viz. the 
three called Arithmetical, Geometric, Harmonic, respectively. 
In an arithmetical series the terms proceed by a common 
difference. 
In a geometrio series the terms proceed by a common factor. 
In a harmonie series the reciprocals proceed by a common 
difference. . 
Thus 1, 2, 8, 4, 5, ... is the simplest example of an А.Р. 
1, 2, 4, 8, 16, ... 
Qbbbbhh . 7 5 » н.р, 
But the common difference may be negative, or the common 
factor less than 1, so that : 
si 65 бууду LEO, — 1-59 даап example of А.Р. 
Liha DONT or 
5bbbh-h-Loe os 25 n H.P. 
Also 1, 1:25, 1/5, 1:75, 2 ... is an AP. 
1000, 100, 10, 1, ‘1, 01, ... isa G.P. 
sir tg + +1+6+36¥ 216 ... is also a G.P. 
=1, -16, —5, 5, 1-6, 1, 114285, 5, -45 is an H.P. 


i 


» ” » G.P. 


———=—— COM Y 
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The latter is perhaps too much disguised for a beginner, but 


: б ; амы сэг се тх 
«if the terms be written as vulgar fractions it’s plain enough : 


the denominators are in A.P. with common difference 2, for it 
© 


is the same as 
5 5 emt АБО: Dueb 
ay See =? Те 5T 9 TD 
The thing that generally has to be done with a series is to 
evaluate the sum of its terms ; and the most important are 
those whosegterms decrease, 80 that an infinite number of 
them have a finite sum, which can be ascertained. Otherwise 
wo must know how many terms we arg intended to add upr 
Another thing that may be necessary to do with a series, 
especially those which do not converge, Or which actually 
increase, as they go on, is to fid the value of the nth term. 
'Thus in the horse-shoe nail question, page 155, we had 
really to add 24 terms of a G.P., beginning with 1 and proceed- 
ing by à common factor 2; but the finding of the 25th term 
of that series was sufficient, because we could see experi- 
mentally that each germ was almost" precisely equal to the 
sum of all that had preceded it, being, as a matter ФЕ fact, 
just one in exoess. (Compare page 218.) 
142 with 1 added made the next term 4. 


14244 Я » » » Bee 

iy AT a ace ath EE 16. 

1+2+4 + 8416 » » » » 32. 
ete. is . 


So all the first 24 térms, with*l added, were équal to the 


25th term of the series. 
But the 25th term was 
the series, added up, was one 


series equalled 2% = 1. 
. . 


< 
224, therefore the whole 24 terms of 
Jess than 2%; that js to say the 
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Of the three progressions we have, mentioned, G.P. is 
certainly the most commonly occurring and the most useful. 
. Let us take it first. 
Let the common factor be called 7, and the first term a, so 
that the terms run thus 


E atar tar? aras, 
t being any numbef whole or fractional. 

If r, when interpreted arithmetically, is a negative quantity 
the terms will have alternately opposite signs, and the result 
will be a combination of alternate addition and subtraction ; 
which however can coaveniently be called the algebraic sum, 
meaning the sum when written algebraically with sign implied 
but unexpressed, but of course subtracting from the series 
those terms with negative signs when arithmetical interpre- 
tation is entered upon. > 


One sees at once that since tho second term is 


ar 
and the third | ar, 
the fourth s a, 
the ntk: term must be ar"71, г i 


The sum of the first n terms will therefore be 
(IFT +. r, 
Now this is a thing we have already come across ; it was 


ee when r was small, that is to say? 


B — (-0(-3), (-1(-3)(-3),, 
(1-73 = Еи P5 E 
+ Tt EF. 
must be less than 1, or the series will not converge ; 
every term will get bigger than the preceding one if r is 


greater than 1, and there would be no meaning except infinity 
in an infinite number of such terms. 


but r 


But the expansion is 


— 
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only true for an infinite number of terms; eqnsequently it 
t 


= is only serviceable when is less than 1. 


However, that is a very important case: the most important * 
case. Let usapply that to a few. examples before we go further. 

Find the sum l+ğ+}+}.... 

Here а= 1 andgy = 2, 


the sum then will be 1 х E _ 1 $, which we already 
knew. (pp.321 and 100.) фе ыс 

This seriescan be well illustrated by cutting up an apple or 
a loaf of bread ; for if such an object be taken and first a half 
cut off, then a quarter, then an eighth, then a sixteenth, dnd 
so on, all the cutting can be performed on a single object, and 
howover long the cutting be continued the single unit will 
not be exhausted : and yet Ў the cutting be continued ad 
infinitum the apple will be all exactly used up. In other 
words, although the sum of any finite number of terms of 
the series }, 2, & ete, is less than unity, the sum of the 
infinite series of These fractions is exagtly one whole, no more 
and no less, that is te say 

lief ad inf. = 1. ы 


As another example take 
1412401 4:001 t... 5 


< 


: Е ERUNT » 
it equals و‎ 1 е 
аз is otherwise obvious by simple addition of the terms. 
8 nee qud nus 74 
Again 12-4+5+gtaptalt 77 
The sum equals 12° _ 1 = е5 EB. 
um E 2 < < 
Another way of putting it is to say that 
lees lee ea se 1 k 
ONT E 2 


e 


°з 
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The series 10+9+81+7-29+..., to infinity, is a G.P. that 
does not decrease very fast, but it converges nevertheless, and ^ 


+ the value towards which it converges, constantly approaching 


though never actually reaching, is i as usual,.that is 100 ; 


10 , 100 
Те HOY 

In general, so long as r is less than 1, it matters not how 
little less, the series will converge, and we can find the sum of 
an infinite number of terms. Suppose the comnión ratio were 
:999 for instance, and, the first term were 1, the ‘sum to 


the sum to infinity = = 100 exactly. 


infinity would be 1. that is to say 1000. If the first 
1- Your 

term of this series had been anything else than 1, say 56 for 

instance, the sum would have Deen merely 56000. Qr if the 

first term had been 4:35782, or any number you please, 

the sum would have been 4357:82, if the common factor were 

‘999 as supposed. 

The first term therefore causes no difficulty, it is the com- 
mon ratio or factor that requires attention: when a finite 
number of terms is wanted; and a finite number of terms 
always is required whenever the common factor is greater 
than 1, and often is when it is less, 

How are we to find the sum of n terms then? 

It can be done by a contrivance : 

Write down the series, and then write it down again with 
every term multiplied by r, and then subtract the two series, 
thus: * 

Call 5 the sum of т consceutive terms of the series. 

a Ñ= lAr.” 
18 = rH, 

Now subtract Y 


S-rS = 1—1”, because all the other terms go out ; 
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n 
therefore _ v Sa os 


which is the same thing. 
If the first term is d, then, the above expression has to be 
multiplied by а; во that in general, whatever,r may be, the 


sum of п terms of a geometrical progression is i 
47-1 
E e §= рте é 


If n should be co there is no fnite meaning in the series 
unless 7 is less than l; in that case 7" = 0, because higher 
powers of a proper fraction keep on diminishing, во an infinite 
power must disappear altogether; we then get the case which 


m 
we already know, viz. КР 


Ф LI 


Examples. © 
Apply this to the sum of 24 horse-shoe nails with one 
farthing for the first, and with common faetor 9. (p. 156.) 


See Bes 1 " 
Ans.: The price їз аер = 2% — 1 farthings. 


Find the sum ofesix terms of the series 


à 10@+ 200 + 400 + ete. 
° 6 _ 
Ans.: It equals 100 x 2 = 1 = 6300. 


Find the sum of 1+3+9 +27 4 ete. to six terms. 
۰. 6] 728 

Ans.: The sum 3 5-1 2 = 364. 

Find the value of 64416+4+1titister s 

Ans.: This is £ G.P. of sevey terms with common ratio i 


and first term 64. s ay ب“‎ е 
8o s- lc = fx sex (> resa) 
256, : * 
25 а 


e . 
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The numerator of the fraction = in a case of many 
terms with a fractional ratio, is of small significance: it is 
nearly unity. 


Algebraic Digression. 
The result we have arrived át, as thessum of a G.P., may be 
regarded as an expansion for an algebraical division. 
рате... 
This might be generalised hypothetically thus, 
5 g-y 
z-y 
which could be verified by direct division, or more easily 
Љу multiplication, and could be led up to experimentally thus : 


› 
SN peat AE 


ay = 2+7, 
Ele ER 
Кай tU y, 
zty 


а + y+ ay? +,‏ ا 
and so оп, б‏ 

И we try the positive sign between the terms on the left, 
the matter is a little more troublesome. 

"Try it first in the denominator only : 


22—12 E 
Try =I á 
By. $ З 
БЕГ will not go without а remainder, 
ay : + 
®+у = 2-а ¥' 
Bip Н 

2 v will not go again, 


and so on. 


92 
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So 
Now try the positive sign in numerator only: 
ep. ee 
T +Y will not go, i.e. will have a remainder ; 


2-0 Р 
ES NC 3 $ 
rat will not go either. 


nl H H e 
Now try positive signs m bothgnumerator and denominator: 
г 


SC will 
Tua will not go, 


Bey _ aoe 2. 
тука ко 


Ж Y^ will not 50, 
zy 


cy Sy 42242 
аа gi-z e - a +. 


. 

So it makes all the difference whether the indices are even 
or odd. АП the above can easily be verified by direct 
operation ; and the reason of the failure to divide out, when 
they do fail, wilPalso be manifest on tial. Тһе reason is that 
the last term, ће 7? or у^, ete., would have the wrong sign. 

To sum up what we hate observed : 

g" = y" is divisible by т-у whatever 7 is, 
and likewise by 2+y when n js even. 

а” +y" is divisible by 7+ when n is odd, n 
but is not divisible by, = 9, whatever n is; understanding 
by * divisible,” divisible without a remainder, that is, that the 
denominator is # factor of the numerator; and understanding 
by n always а positite integer. • 

Another way of putteng it is asgfollows : 

x-y and 2+0 are both factors of z^ - ip if n is even, 
z- y only is a factor of a” — y" if n is odd, 2 
a+y only is a factor of a" +y" if nis odd, 
neither is а faetor of a" y" if n is even. 

« . 


330 EASY MATHEMATICS. [снар, 


Ог thus, which forms an easy way of remembering the facts : 
“азу is divisible by x+y, 
zë — is divisible by z — y, 
2? — y? is divisible by both, 
22+" is divisible by neither. 


° 


General expression for any odd number. 


It is handy to be able to discriminate between an odd and 
ап even number algebraically. 

It is done thus: 

2n is always even, if м is an integer. 

2n +1 is always odd, again if n is an integer. 

The nth odd number is 2n — 1 (hence this is commonly the 
expression used for an odd number); 

eg. 5 із the third odd number’and is equal to (2 x 3/— 1; 
11 is the sixth odd number and is equal to (2x 6) — 1; 
and so on. 


The hundredth odd number is therefore 199 and the 365th 
is 729. з 


Arithmetical Progression. 


Now take some examples of А.Р. 
Ап interesting case is to find the sum of the first n 


consécutive odd numbers added together, that is to find the 
value of З 


14345... 1 (2n—1). 
This sum might be found by experiment, thus : 
1+3= 4-92 
14+345= 9 = 33 
= 1434547 = 16 = 42 
- So the sum of the first four odd numbers is 4? and of the 
first five will be found to be 52 = 25, 
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Trying а few more we come to the experimental conclusion 
that the gum of the first n odd numbers will Be n*. 
1434547+...+2n-1 = n*. f 
The annexed diagram illustrates to the eye the facts that 
143 = the square of 2, 
14345 = the sq of 3, 
1434-547 4 the sq of 4, 
and so on. 
The sum of the first n natural num- 
bers is net so sinrple, but is a good 
problem to solve experimentally, thus : x 
1+2 = 3, 
142243 = 6, o 
1+2+3+4 = 10. 
Sq we have a series, rather a notable series, with differences 
increasing by 1 each time. 
For the sum is Y 


Fro. $4. 


: 5 2x5 Mx6,3x 7 

What wofıld be the number thus to be placed under n terms? 

The answer is 4n(n+1); and it is possible but not quite 
easy to guess that. 

Tt is worth, remembering however: the sum of tlfe*first n 
natural numbers ised (n+1). 

‘As for the sum of the even numbers, that is a very simple 
matter, for it is enerely doubly the preceding ; ог it may be 
regarded as the sumof the odd numbers plus 7 ; 

2444-64-84 10... +2n uaa 
= n(n ¥). 

This method of guessinğ and verifying will not carry ше, 

far: a reasoned process of arriving at a result is far more 
" б 


e 
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powerful and effective. Algebra enables vs to reason things 
out; and the customary method for the sum of ап A.P. is 
as follows ; 


Let the general arithmetical progression be the following, 
to n terms, 


а, a+b, + 2b, @4+3b...a+(n—1)b; 
write it again, but backwards, 2 
a+(n—1)b, a+(n-2)b, a4-(n—3)b, ...... , d. 


Now add the two series together, term by term, as they 
stand one under the other; and the result will be 24 + (n — 1) 
every time. Р 

Henee, since there аге n terms, the result of the double 
series added together, if S is the sum of a single series, will be 

25 = n(2a- (n - 1)2) ; 
` S= na+in(a-1)b, 2 

This is the general result for an A.P. 

For example, to test it by special cases : 

In the case of the first n natural numbers а = b = 1, and so 

S = n+4n(n—-1) 
é = In(n+1), 
as we have already found by experiment. у 
In the case of the first n odd numbers, a is 1 and b = 2; 
S = n+n(n-1) = n? 
as we, also found experimentally. 

It is very instructive and pleasing to see how a general 
formula thus gives special cases, and it is one of the verifications 
by which a general formula should always be tested. 

The following is interesting for practice: 


1 = 13 
ч 3+5 = 93 
T4941] = 38 


13415417419 = 48 
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Other Series. « 

The number of series or progressions that can be dealt with 
is enormous, is indeed infinite;, and i is too large a subject for us 
to enter upon in this book. Suffice it to say that many others 
occur in practice besides the simple ones which are best, known. 

This series, for instance, 4 

6 9 12422743744" © j 
is neither a geometric nor an arithmetie nor a harmonic 
progression. Something like it occurs in the overtone fre- 
quencies of vibration of plates and bars. 

Manifestly we might have ü c 

12, 3%, 5% 
or 13, 28, 48, B5 
and so on; any number of qub series could be invented. 

There is one simple seres that we came across recently 
on page 331, the difference of whose terms was constantly 
and steadily increasing : the series 1, 3, 6, *10, 15, eto. 

If we started with this series and took the differences we 
should get an A.P. series, End this is a process we might 
continue; thus: “ > а © 

Start with, this, , 

О GG то IBI а 285. 

"Таке differences, 


CA 3 S 6 ИТ с ар МР” а9 
Take second diffeyeaces, 
Da Ли Р JA T а series of constants. 
Take third differences, 
ОО 050830 а series of zeros. 
Suppose we start “with a different series, say the natural 
series of square numbers, - 


0, 1, 4, 9, 16, 25, 
the differences of these willegive the series of odd numbers ;= 


while the second differences would be constant. 
6 г 
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If we took any geometrical series the differences would be 
the same series again, multiplied by a factor, the factor being 
one less than the common ratio. , 

Hence the differences of thé powers of 2, viz. 1, 2, 4, 8, 16, 32, 
would be the same series over again. i 

The binomial coefficients cary be obtained by interjecting a 
single 1 into the middle of a row of noughts and then adding 
adjacent terms to make a term of the next series, as thus, 


Die 0 0 1 0 0 0 40 0 
0 0 0 0 1 1 0 0 0 0 
0 0 0 L 2 1 0 0 0 
0 0 1 3 3 if 0 0 
0 1 4 6 4 1 0 


1 LIO 20155706 1 
1 7 21-935: 88-91 7 1 p 
E SS N OTR Бб EOS ACB 7.1 
EEO 9841198 11982 60 869, 1 
1 10 45 190 210 99 210 190 45 10 1 
l 11 55 165 330 462 462 330 165) 55 1 1 
1 12 66 220 495 702 924 792 495 ооо 66 12 1 


+ 

The simplest illustration of an arithmetical progression is 
the natural series of numbers—the ordinary counting of a 
child. The most important instance of an arithmetic: 
progression that occurs in nature is afforded by time. It is 
true that it progresses continuously and.not by jerks, but the 
motion of a clock hand is a jerky motion, and the succession 
of days, weeks, and years, divide the continuum into units for 


measuring purposes, and rep?esent a perféctly uniform and 
inexorable constant rate Vf progress. — * 


A set of numbers are sai 


id to be in geometrical progression 
when their logarithms aré in arithmetical progression. The 
4'notes of a piano are in this predicament, when estimated by 

their vibratiowfrequencies, The chromatic scale, on a tempered 


t 
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instrument 1}Ке a piano, proceeds by equal musjeal intervals, 
but these intervals are characterised by “equal ratios of 
vibration frequency, every octaye having double the vibration « 
rate of its predecessor; in other wérds the factor 2 carries us 
over the interval of ап octave, the factor 3 gives successive 
fifths, and so on; 80 that tha, same musical interval, in 
different parte of the register, js characterised by а constant © 
difference of logarithm. 

A веб of numbers are said to be in harmonic progression 
when their reciprocals are in arithmetical progression. 

The series of square numbers have their roots proceeding 
in A.P.; another series we have encountered has consecutive 
differences in A.P. 5 another series might have successive ratios 


in A.P.; and so on. « & 
u 


о 

Geometrical Illustrations. 

The heights of a row of palings may ‘be uséd to illustrate the 
three best known modes of progression, if their tops all reach 
a sloping straight line. If they are spaced simply at equal 
intervals, they: of coürse form an: А.Р.; if they are spaced 80 — 
that lines drawn from the foot of each to the top of the next 
are all parallel, they will form a G.P. ; but if spaced so that a line 
from the foot of each to the top of the next-but-one bisects the 
intermediate one, they form an Н.Р. The three figures annexed 


illustrate this. о j 
є 


Arithmetical - 
Ета. 35. 


Concerning fig. 35 there is fothing to be said but what is “= 


obyious. 
‘ . 
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Concerning fig. 36 it can be pointed out that the triangles 
formed are all similar, that the lengths of the slant lines are * 
in с.р, as well as the vertical lines ; and so are the areas of the 


И 


Geometrical 
Fic, 36. 7 d 


triangles. They may be, said to illustrate the successive heights 

attained by a bouneing ball: which heights are also in GP. 
Fig. 37 is the most notable; it may be regarded as the 

perspective view of a series of equal rectangles or parallelo- 


Нағтопіз 
Fio. 87. ; 
grams—the perspective view in fact of a uniform fence. Hence 
it is useful in drawing metrical perspective figures. 
Zroofs.—The proof that fig. 36 represents a geometrical pro 
gression is almost obvious, since by construction the triangles 
are similar, their sides being parallel ; hence 
Vo _% 8 _ % 
0 ے 0ے‎ 42.10.22 ox. 
hoà h % Y 
The fact that fig. 37 gives a harmonie progression can be 
established thus: > 
Let a, b, ¢ be three verticals erected so that a line from the 
foot of a to the top of ¢, or froin the foot of с.о the top of a, 


bisects the intermediate height Û, which therefore divides the 
3 
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base in some ratio m:n, then it can be shown that b is the 
harmonie mean of a and с; for by similar triangles 


= nem 


ib n 
@ 


therefore 


or 


wherefore the reciprocals are in arithmetical progression. 

In fig. 37 it is convenient to call the slant lines transversals, 
and to say that the transversal from the foot of each passes 
through the mid-point of the next to the top of the next-but-one. 

Another geometrical illustration of a G.P. is the following— . 


Fie, 89. 


a sort of straight line spiral; thé inclinations being any constant 


angle other than 45°, the vertex angles being 90°. 


LEM, Y 
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Successive sides of the spiral are in G:P., and so are the 
distances of successive vertices from the centre. 

To convert fig. 35 or 
fig. 41 into the repre- 
sentation of a G.P. as 
it stands, the roof must 

^be made ef a logarith- 
mie ог exponential 


Е) Е 

E curve instead of a 
Е straight line. 

, $ "Thus fig. 9 and 
Ê fig 47 already repre- 
2 sent a G.P.; each verti- 
$ cal height is the Geo- 
°з metric Mean ðf any 
B pair of heights equi- 
1 distant on either side 
$ of it. , 
Ё The ‘amplitudes’ of 


, the swings of a dying- 
out pendulum consti. 
tuteaG.P.: the ‘periods’ 
of successive swings 
constitute ап А.Р. 

> See (fig. 40.) 

| The temperatures of 
\ a cooling body, read 
\ every minute, consti- 
н tute ап approximate 
G.P, and +, ро. would give a logarithmie curve: looking 
like fig. 9 or fig. 78, or the dotted line in fig. 40, or part of 
the figure on page 179. 


3 
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Means. ° Lj » i 
А THING of some interest and use is the mean or average of 
a set or a pair of terms in a progression. In an А.Р. the mean 
can be fousd by adding and halving the two extreme terms. 
Thus for instance in the progression | 
79 1l 13.15 
{ 11 is the mean term, and it can be found as the half sum of 9 
| and 13, or the half sum of 7 and 15. 
'The arithmetic mean of & and c 
is }(a+c); for calling this b, it 
makes b —a = c—b, that is, it gives 
a common difference in the pro- 
gression а, 0, с? and it is illustrated 
by the figure, where b is the mean PUES ‘ 
height. of the trapezium shown, whose area is therefore b 


‹ 


times the Ъазе. 
The arithmetic mean of 1 and Tis 4 


of 0 and 100 is 50 ae 
\ * ‹ Oand 9is 44 
* of Gand 16% 11 
ү of -land +1іѕ 0 


* of-6afd-8is 1 
© of -3 and +9 is +3 
of -9 and +3is ¢ 3 

of 12and 90is 51 


because 51-12 = 39, and 90«— 51 = 39; or because 
51 = 64-45. 


€ 


xr 


at 
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In general then the arithmetic mean is the half sum, the 
sum being understdod as the algebraie sum, paying attention 
to sign. E. 

The geometric mean of two terms is the square root of their 


product, because this would give a common ratio; thus if 
three terms а, b, c are in G.P., b must equal (ac), because 
ы; 2 


Mac) a = с: fac) = | (9), the common ratio 5 


in other words the common ratio 2 or i must be еда] to E £ 

In the progression а, ar, ar? the middle term is plainly the 
square root of the product of the end terms. 

The Geometrie Mean is also called a “mean proportional.” 

To illustrate a geometric mean‘it is customary to use sither 
a right-angled triangle or a circle. Thus if the two lengths 
whose geometric mean is required are 04 and CB, any circle 
drawn through 4 and B has the property that its tangent 
drawn from C is equal to the geometric mean required ; 
for by Fuclid Ш. 36, CP? = CA. CB; "hence: incidentally 

" we arrive at the proposition that 

all the circles that can be drawn 
through the two points 4 and B 
my can be cut at right angles by a 
certain circle drawn round C as 
centre; because the length CP is 
constant. If only the points 4 and 
В had been initially given, then a 
number of such points C coèld be fouhd, each with its ap- 
propriate length 0^ radius, by drawing a tangent, or à series 
of tangents, to any one of the cireles. 

If a right-angled triangle “BC be drawn, and a per- 
pendicular be let fall from the right angle C on to the opposite 


P, 


[d A B 


Fio. 42. 


XXXVI.] MEANS. 341 
side, the lerigth o£ this perpendieular is а тап proportional 


between the segments of the base: 
у j AD CD Б 
CD = JAD. DB, since Gp = BD 
Similarly 40 is a mean proportional between AB and AD, 
and BO oe сыйы Men ВА and BD. 
The ватар thing is true for . н 
a semicircle, since the angle 
in a semicircle is a right angle. 
Euclid III*31. 5 
Hece an easy construction 
for finding the Geometric 
Mean of two lengths is to 
place them end to end, as T 
AD, ФВ, construct a semici¢cle on the whole length 4B thus 
compounded, and erect a perpendicular DC at the junction 
point of the two lengths. This is the G.M. required. (Cf. p.274.) 
Or if the two given lengths had been AB and AD, then the 
distance 40 would"be their G.M. 


c 


A D B 
Fic, 48. 


c 


\ e Thé harmonie mean of fwo terms 


is such that it would be the arithmetic 
mean of the two terms inverted. 
For instance, 3, 1, } are in H.P., 


n € 
А © Fie. Lu B and 3 is the harmonic meán be- 
e“ tween 1 and }. 
› $ А 1 ; 
Let a, b, c be in harmonic progression, then - P pne in 
« 
ithmetical progression and 1 Jl ee ; 
arithm progressign, Теза)? 
Зас 
wherefore a be с: 
a+e 


The harmonic mean can thérefore be described as twice the E 
produet divided by the sum. 


€ 


342 EASY MATHEMATICS. [онАР. 
2 

Geometrically, it could be represented by setting up the two 

given numbers as parallel measured lengths, like @ and ¢, and 

joining their ends both direct 
~ and crosswise. 

Then the parallel drawn 
through the crossing point 18 
the harmohie mean of « and c. 
It is represented by a dotted 
line in the figure. 

The proof of this construction is given above in" connexion 
with figs. 37 and 38. i 

Tf the two outer lines of the figure are continued till they 
meet, the fourth position thus determined forms a H.P. with 
the three positions determined by the crossings depicted in the 
figure; and they are familiar >in elementary geomatrical 
optics. 


Ето. 40. 


Ехатар1ез. 


The student should ecver up the right-hand column and 
reckon the entries in it, They аге all intended to be done in 
the head. 


The geometric mean of 


D 


and о, 


1 
of 9 and pest ete 
e aa of 1 and 100 is 10. 
of 0 and +100 “is 0. 
of 0: and “т is 0. 
of 9 and 86 605 2818: 
of ?4 and 925 is 10, 
or generally, of s? and ^ n? is mm. 
y of 40:5 and 24:5 is 3155, 


that is to say of 4m? and {л? is {тт 
of 1. and 81 is | 455, 
of 7 and Peels E 
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ae 


+ the,G.M. of à and 16 is 1:3. 
{ of i and 259 is 6. 
of 147 anim (Oe hy 2:3, 7 
of 49 and 2 S; 
or generally, of am? and a ig ge 
али ne 1 
5 * of an? and. 62 ds а, « 
т 


e.g. of 72 and 8 is 94 

of -16 and -1 is -4 

of -16 and -100 is —40. 

of -2 and -72 is -6. a 

of -14 and =7 is -7,/2. 

of ab and a is afb. 

To find the harmonic mean b of two terms a and с, we can, 


* 
write down that 1 ^ - е 
or that 
t * 
or that Р 2 
e " є 
The two most usual expressions for ‘a three-term harmonie 
2 Pea 2 
rogression are ې‎ = > 
Prog Gas: 
2 + 
and « Бод oc 
З, а+с 


nd we come across them con- 


« 
. є, 

these are simple and useful, ar 

In reflexions from a small 


stantly in elementary optics. 
curved mirror the Sbject and image and the centre of curvature 


of the mirror are situtited at points whose distances from the 


mirror itself run in a harmonie progression, A А 
So also in lenses, if a is the distance of object from the lens, 


and c the distance of the image, 4b is its focal length. p 
This is set down here merely as а reminder. 
‹ . 
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1 


and twice the product by the sum of the two numbérs is - 


2 


4. 


"The harmonie mean of 4 and 6 is 


2x4x6 248. 
10- 


The harmonie mean of 1 and 99 = — — = 


2+6 


+6 


The harmonic mean of 0 and 1 is 0. 
The harmonic mean of 17 and 13 is 


The harmonic mean of — 2 and 46 = 


» 


The geometric 
ratio being 2. 


34x13 
CER 


of -2 and +2 = – о. 


of —5 and -7 = —— = 


of — 1 aud 9e 


of 


Thé geometric mean of 


Comparing the three means of the same two quantities а and b, 


> 


of 


4429. _ 
30 7 


ә 


14-73. 


land c = 2. 
mean of 5 and 20 is /5 x 20 = 10,the common 


land 16is 


of 4and 9is 
of Sand 2is 


4. 
2and 32 i5 * 8. 
6. 
4. 
of —8 and —2 is-4. 


Ы і 


. 


of — 8 and +2 is imaginary. 


of —1 and – 9 is —3. 


of 


a and b is J/ (ab). L 


3 
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< 
the arithmetic mean is 3 (a +1) and is the biggest of the three, 
» the geometric mean is уш ‹ 


9а 
the harmonie m mean is E andis the smallest of the three. 


The н.м. may be considered as (ому that is the ratio of 


the square of the G.M. fo the A.(.; or it is equal to the G.M 
multiplied by the proper fraction G.M. /A.. м. 


Examples« б 
TTaké any two numbers, say 4 and 9: 
the arithmetic mean is $5, C? 


the geometric mean is 6:0, 

the harmonie mean is 1$. = 5:53846... 
Lethe two numbers be Land 25 : 

the А.М. is 13, 

the G.M. is 5, 

the н.м. is 25 = 1'923.. 
Let the two numbers be o 49 and 3: 


‹ 


athe лам. is 425, « 
, the см. if 42:0, ‹ $ 

s 
the H.M. is = 5 =g% 

which is necessarily less than the G.M. oft 
Let the two namberg be 0 and 4: 

the a.f. is 2, 
the G.M. is 0, 


the й.м. is 0, ‹ 
but not the same 0, it is half the G.M squared. 
Let the two numbers be 6 and -6; а 
the A.M. is 0: К 
the G.M. is imaginary, 
the H.M. is - © 
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m 
Let the two numbers be —3 and —6: , . 
‘the AM. is — 4:5, Y 
the GAL is — 3/2 = — 4:436; 
the н.м. is 24-0, 

In some cases the order of numerical magnitude is inverted ; 
but, when compared with positive, the smallest negative 
«quantity is represented by the largest umber. Jf heights of 

mountains were reckoned from sky instead of from earth, as 
by dropping a plummet from a balloon, the lowest mountain 
would need the longest plumb-line to reach it. ®The lowest 
parts of the solid earth are beneath the sea and requiré a long 
soufiding line to reach them. 
The A.M. is of course always half way between the two 
numbers. 
> The GM. is nearer to the smaller one, and ultimately 
coincident with the smaller one when the other is infinitely 

bigger. . 

The нм. is less than the G.M. in the ratio of xa ; or 

H.M. x A.M. = G.M. or the G.M. is a mean proportional between 

the other two. ы * 


à 
> 


Mean or Average of a Number of Terms. 


In taking a mean of terms there is по need whatever that 
those’ terms should form any sort of,progression or ordered 
series. Hitherto we have only taken thé mean of two terms, 
and two terms cannot possibly determine ahy kind of pro- 
gression any more than two points can "determine a curve. 
But we ean reckon the arithmetical or the geometrical mean of 
any number of terms as follows : 

Suppose™we want the mean of а set of observations of 

> temperature, taken at every houp of the day, so as to determine 
^ the mean temperature during the day of 12 hours, say from 
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8 am. to 8 p.m. Let the thermometer readings be the 


following—there will be 13 readings, because of һе beginning 


and end points of time between which the twelve hours lie: 
60:5 Add them up ándedivide by the number of ` 
65:0 them, that is by 13. This is the mean or 
672 average of the readings, and is found to be 
Sra 67:58. It is apparently a summer day with a. 


DUET 

re warm and probably cloudy morning giving place 
19:0 to a clearer sky and cooler evening. 

TIO ¢ If the temperature readings were plotted and 
Шу joined, the result would be a curve (fig. 46) ; 
624 and the average height ‘of this curve would» be 
55:3 the mean temperature. 

58:7. The average height must be approximately 


13 [8745 67:58; but when the curve is drawn by а « 
67:58 recording thermometer, во аз to give the 
temperature not only at every hour, but at every instant, à 
more exact determination of the average can be made, 
t 


‹ Fie. 46. 


The average or nfean height ofcsuch a curve is the height of 
a rectangle with the same base which shall equal the curve in 
area, as shown in the figure by the dotted line. 

One way of finding out the area of such a curve, and in 
that way of obtaining its mean height, is to cut the above figure , 
out in cardboard or tinfoil or sheet lead, and then weigh it; ' 


c t 
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weighing at the same time a rectangle „ог square of known 
dimensions єйї out of the same sheet, = 
Thus suppose the curve carefully drawn оп such a uniform 
sheet, on a scale which gave "| horizontal centimetre to each 
hour and 1 vertical millimetre to each degree, and that the 
figure bounded as above was carefully cut out and found to 
„ weigh 4:98 grammes; whild a rectarfgle of the same base 12 
centimetres, and height 7 centimetres, was found to weigh 
5:16 grammes. 
We should know that the area of the’ curve-bétnded figure 


was ея 7x12 sq. esntimetres, and that its average height , 
was P x 70 millimetres. 


a This process would give the saverage height, and therefore 
the number of degrees in the average temperature, as 67-56; 
and, if carefully earried out, it should be more correct than 
merely averaging numerical readings taken each hour, for it 
averages the temperature recorded from instant to instant. 

To follow a process of this kind profitably, {Ке best plan is 
actually’ to do it, and then the ‘method of, working will 
naturally occur to you with a little thought; and a good 
result can be obtained with some handicraft skill. Tt is a 
practical method of experimentally performing the operation 
known as integrating; it is integration between ` definite 
limits, or the finding of a definite integral of a function 
represented by a eurve. ^ 


Weighted Mean. Р Г 


Generally the wprd “mean” implies the simple arithmetic 
mean, and" the mean of several numbers, say 7, ng and ng is 
> тка, which is often written 7 and read “n bar." 
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> 


The average of aj dy... 4, is = Lata 
‹ 
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+ +); but 


sometimes we havé to do with a weighted mean. One case is 
when a series of observations ‘of the same thing are taken $ 
under different eireumstances, and some of the cireumstances 
are more favourable than others; for instance if the hzight 


of a flagstaff were being cneasured-by the lengt 
at noon on successive days at the time of the s 


h of its shadow, ¢ 
ummer solstice, 


and suppose the record of the shadow measurements was 


entered thus& . 
1546 feet day fair observer W. Smith. 
15:30 ,, cloudy E en & 
15:41 55; day bright observer E. Jones. 
15:00 |, weather hazy 5 » 
IK » day bright observer J. Williams, 


and the most probable result were required. 


First of all the last observation would kave to be thrown 
aside altogether, because Williams has evidently made а 
mistake in the very first significant figure, ard although his 
observation may bes correct in the last figure and almost 
certainly means 156, it^ is hardly safe to begin doctoring 
results ; it is ‘safer to reject any that thus show obvious signs 


of carelessness. 


The other observations may have different weights attached 
to them; and to know how to attach weights satisfactorily 


needs considerable experience, and experience 


too with these 


same observers, because it may happen that Jones is known to 
be a more trustworthy and exact observer than Smith ; each 
person has what is called a “ personal equation," some always 


tend to read slightly too large, others slightly 
others cannot be trusted to more than say И 
figures. 


too small, while 
hree- significant 


‹ ‹ 
Let us suppose that an experienced person decides to attach ` 


c c 
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the weight 3 to the first observation, the weight 1 to the 
second because of the clouds, the weight 6 to the next because 
Jones is a good observer, and the weight 2 to the next 
because of the haze, the aveighted mean of the set of obser 
vations would be obtained as follows, attending only to the 
decirñal places because the 15 is common to all: 


3 t 
(3 x 46)  (14-:304- (6 x 47) + (2 х 20) ° 
3414642 
1384-30.-2:82--L00 $50 noo. 
m 12 mue 55 


wherefore the result as thus determined would be given as 
15:408, or say 15-46 feet to four significant figures: some 
probable error affecting the last place. 


General Average. - 


ND 
Ап average in general may be better expressed thus : 


Let n, observations give a result x, 


letn, *, ? » .» 9$ 


ng =, ни п a> 
then the total number of observations is My ++... ng and 
the appropriate weighted mean or average of the whole 
number of observations, . 


т a 


түл + Mato + тз 


z- 
M+Ngt Mg * 
on > 
commonly written as z = Ne F 


the X being read “gum.” 
This is @ most important and commonly occurring form of 


average; or arithmetic mean, of „any number of like and unlike 
quantities, 
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Geometric Mean ọf several Numbers. 

To find the GM. of two quantities уо multiply them 
together and extract the square root. Similarly to find the, 
G.M. of three quantities we should thultiply them together and 
extract the cube root; and to find the c.M. of say six 
quantities, multiply them all and extract the sixth root. But 
this would have to be done by Yogarithms; so the process is 
hetter put into logarithmic form from the first. 

To find the geometric mean of n quantities 


s ау lg --- а, 
Find the arithmetic mean of their logarithms : 


loga = 1 dog a, + юв 4+ «+. log tn) 


the regulting @ as thus calerfiated from its logarithm will be 
the G.M. required. 
Example.— To find the 6.М. of ё 
92, 100, 121, and 89; 
look out their logarithms, add, and divide by ‘four, 
1:9638 1 
٤ 2:0000 
: 2:0828 
1:9494 
4 | 79960 
à ‘ . 19990 = log of 8 
Therefore the вм. required is 998. 
The A.M. would have been 100°5. 
с 


As to the H.M. of Snore than two quantities I do not re- 
member that it is often required: it can be got by taking the 
arithmetic mean of the reciprocals of the given set of numbers 
and then the reciprocal of that. 


D 


CHAPTER XXXVII. 


» о 
Examples of the practical occurrence of Progregsions 
,in Nature or Art. 

In illustrating a subject by examples there is a great 
advantage in selecting natural examples in place of artificial 
ones. Natural examples may; not be quite so egsy as 
artificial ones, but they are vastly better worth studying. 
Artificial examples are often easy and handy for practice, 
and many of them can be done in a short time, but a real 
or naturally oceyrring example will take you ‘into the essence 
of the subject and is worth dwelling ор, long and steadily. 
Every such example is more than an example: % opens а 
chapter, and sometimes needs a treatise. 5 

The chief instance of the natural occurrence of a geometrical 
progression is in the theory of “leaks ”—a leak of steam out 
of a Boiler, or of compressed air or water out of a reservoir, 
of heat out of a cooling body, of electricity out of a charged 
conductor; these and many other instances are all subject 
to the same mathematical Jaw—the law of a decreasing 
geometric progression. See Chapters XU. to XLII. 

A commercial example of the occurrence of Gp. is the 
institution "known as compound interest, when money in- 
vested in some business undertaking is allowed to supply the 
necessities and the supplementary accessories of effective 
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human labour; on the strength of which, under good manage- 
, ment, the sum invested increases in value at an ascertainable 
or arbitrarily specified rate, and may accumulate until it 
becomes a very large fortune. © , 
Let us take this case first, for it may perhaps seem simpler 
than an example from Physics. 
Interest. ' d : 3 
Suppose #1000, invested in machinery and wages, enables 
a workman: to produce fifty pounds worth of goods every 
year more than need be expended on advertising the goods, 
carrying them to their destination, feeding and clothing the 
workman, patching up his shed and repairing the machinery ; 
it is called capital and is said to increase at the rate of 
5 per cent, per annum, thé, increase being called interest. 
If the fifty pounds is taken away and otherwise utilised, 
so that the original capital of £1000 remains what it was, 
without increase or diminution as the years go by, it is called 
simple interest, and is an example of arithmetical progression. 
But if the fifty pounds is invested’ in improved machinery 
and in extra assistance, ia such a way that it too brings in & 
profit at the came rate ; and if this is steadily done each year 
as interest accumulates, so that it is always added to the 
capital, which thus goes on increasing; it is called compound 
interest; and is governed by the law of geometrical pro- 
gression. c 
Every year tLe capital is increased in the ratio of 19$, or 
every pound at the beginning of the year becomes a guinea 
at the end of it. If this is supposed to go steadily on, what 
will be the result after say 15 years? 
The result will be that the original’ capital has been 
increased 21ths in one year, and this new capital has been 
increased 2iths in the second year, or the original capital 


L.E.M. 2 
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21x2} in two years. In three years ' the original capital 
15 
21) and in in Б уейз (55 39) ret 


will have ineredsed in the ratio Go 


Now ( +1)" could besfouhd by the binomial theorem if 


we liked: and we know that as a first approximation it will 
be l+ 


9 э 
Introducing the second order approximation ® 
n.n-l 
1+п2+ а, 


ыа оа 


we shall find its value to, this order of approximation as’ 
> 


15 10x14 d ул тхо 
l*39* 3 ‘400 — 175—400 
; ИЯ Е. 
= ligt gop = 280 , 


which equals appreximately 2; that is to say the capital in 
15 years will be by this operation a little more than doubled, 
and will have besome rather more than £2000% 

Now a quantity which is frequently dpubled, becomes, as 
we know, extraordinarily large after the operation has been 
repeated several times. If it doubles every 15*years, in 60 
years it will have become £16000, and in a century and a half 
it will have to be multiplied by 219, viz. 1024; that is to say 
the edpital wall have swelled to more than a million i 

A “penny” put out to 5 per cent. compound interest in the 
time of Cæsar would now theoretically far exceed all the 
material wealth of the world jn value. 7 

But though an approximate calculation of compound interest 
is instructive, there is no need to make it approximate, we can 
calculate i? exactly if we choose. We have only to raise the 
ratio of the G.P., viz. 1:05 or 15, to the 15th power in 

'order to find the value after 15 years. 
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« 

This we should naturally do by logarithms, 

* Jog 1:65 = 0211893, в 
15 x log 1:05 = 3178365 = log of 2078914. 

So the original capital of £5000 becomes increased to 
£2078. 18s. 3d. in fifteen years, at five per cent. per annum 
compound interest. M 

Suppose we wished to findÉ at what rate of compound 
interest a sum of money would exactly double itself in any 
given time, say for instance in 12 years, we should have to 
proceed thfis : У 

Let“ be the rate of interest, 


then (1+2)? has to equal 2, 3 
wherefore 1+2 = %/2. 
We must use logarithms to find the twelfth root of 2. 
а log 2 = 201030, s 


т log 2 = :025086 = log of 1:05945, 
which equals 1+2, wherefore û = 05945, 
or the rate of interest must be 5:945, or nearly six, per cent., 
in order that doubling may occur every dozen years. 
Let us see*at what rate doubling will occur in ебу years. 
e gylog2 = 0100343 
= log of 1:0241, 
or a little more than 2:4 per cent., about £2. 8з. 2d. added to 
every hundred pounds per year. ce 
Any rate of interesf will double property if sufficient time 
be allowed to iż; but if we wanted to double capital every 
six years, we should need a high rate of interest : 
« (1+2) = 2, 
11052 = :050177 = log of 112247, 
indicating about 12} per cent. 5 
Approximately therefore the doubling time and the rate , 
of interest vary inversely. If one is increased, the other can * 


e 


‹ 5 
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be decreased in roughly something ‘like ‘the same, proportion, 
especially when the rate is small. {ў > 
"That is apparent at once if we expand by the binomial and 
put it to double itself in n ygars* 
(1+2)" = 1 - nz approximately = 2, say, 


wherefore ng = 1 approximately, 
or n anda vary inversely as эпе another, to a first approxi- 
mation. (See Chap. XXXIX.) . 


But then this first approximation is exactly simple interest, 
it ignores the a? and 2% and higher terms; and itis just in 
the presence of those terms that the virtue of compound 
interest consists. A 

Tf æ is added to each pound every year, but the interest is 
not allowed to become part of the capital, so as to increase, the 
amount becomes at the end of n ygars simply (1 + nz) times its 
original value. Thus at 5 per cent. simple interest, so that 
w = 05, £1000 in, 1 year will become 1:05 times £1000, 
or £1050, In three years it will be £1150, and in 20 years it 
will be multiplied, by 1 + (20 x 05) —2 ; that isto say it will bo 
just exactly doubled in twenty years. 

„бо whereas compound interest at б per cent, doubles an 
amount in about 15 years, simple interest dobs the same 
thing in 20 years; and the interest could have been drawn and 
otherwise utilised all the time. 

At 10 per cent. simple interest a sum would, be doubled in 
ten years, and at 1 per cent. simple interest a sum would 
be doubled in a century; whereas at 1 per oent. compound 
interest, in a century, it woyld have incveased in the pro- 
portion (1-01)! = 2-705, that is would have considerably 
more than doubled, though it would not have trebled. 

The advantage of compound interest over simple interest tells 
more at high rates, for then the higher powers in the expansion 


become important; and therein lies the difference Tt is in- 


xxxvi] INTEREST. 351 


со e 


struetive fo plot the two things. Simple interest increase would 
bewepresented by a straight line law, compound interest by an 
exponential eurve, the two sterting off together, but ultimately 
separating with greater and greater rapidity as time passes. 


Опе is an A.P., the other a G.P.; one is a straight line law, 
the other a compound interest law. One,proceeds by constant 
increment, the other by constant factor. (See pages 404, ete.) 

As an example consider interest at the rate of ten per cent. 


per annum, and tabulate the value of #1000 after successive 
‹ 


years on the two systems. ^ c 
a - 
Value at 10 % Interest. 
Time. Factor. 
Simple. Compound. 
ےچ‎ du м 
at start |21000 |#1@00 1 
lyear | 1100 | £1100 11 
9 years | 1900 |1210 (1321-4 2+ 01-121 
3 years | 1300 £1331 (1:1) =1331 
4 years | 1400 [®1464. 2s. _ ‹ | (11#=1-4641 
Б years | 1500 | £1610. 10s, 24d. | (1:15—14-5-- 10+ 01+ *0005 
6 years | 1600 | © c | (19 [+ 00001 =1:61051 
10 years | 2000 | £2593. 15s. (11) 
15 years | 2500 S е 
20 years | 3000 
50 years | 6000 1 
100 years | 11,000 £13,781,000 (171). D 
200 years | 21,000 £189,910,000,000| (1-1)? 


‹ 
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The rate of, interest plotted in fig. 4? is arbitrary, and 
depends upon thé original sum or ‘principal’; this would 
appear below the base line, апа the diagram represents only 
its growth. The curve on page 179 is really the same curve, 
but to,get the right aspect it must be looked at through the 
paper ; and the scale of plottipg is unsuitable. 

The right hand tolumn of the above tabulated numbers 
contains the faetors by which the original sum must be 
multiplied to give the amount at compqund intgest. It is 
hoped that the binomial coefficients will be recognised. , 

It, may be noticed that during the length of an active life- 
time the difference between simple and compound interest is 
not extravagant, even at so high a rate as ten per cent ; but 
that if a sum is locked up during a long minority, or if 
otherwise the interest be left to accumulate for a long time 
without being contemporaneously expended, the growth by 
compound interest becomes enormous. 

The operation, of a “sinking fund” for the annihilation of 
great debts can thus Ve illustrated. But it is not to be 
supposed? that interest aceümulatea without “effort, auto- 


matically. It is the result of human skill, rains, labour, 
and management. 
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PART II. 
MISCELLANEOUS APPLICATIONS AND 
INTRODUCTIONS. 
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CHAPTER XXXVIII. 


Illustratións of ‘important principles by means of 
expansion by heat. e 


EVERYONE has seen a telegraph wire by the side of a 
railway and observed the peculiar effect of its sag, as the 
train passes along, when sueh a wire is near the window ; it 
seem to be moving up and“down. A wire or rope or chain 
stretched between two posts cannot be perfectly straight, but 
sags, something like the top of a lawn tennis net. 

In hot weather the sag of a given span of wire is greater, 
in cold weather it is less; because the material expands by 
heat and contracts by gold. Süppose the length of a wire on 
a certain span is 1 during a night of light frost, then by noon, 
when the sun has been up some time, it will have increased to 
T: the increase of length being Г — 1. 

This,notation for the same kind of quantity under diferent 
circumstances, by means of the same letter with a dash affixed 
to it, is in constant use, and must be grown accustomed to ; 
the new length shquld be read “ Ldash"; the increase should 
be treated as a single quantity and should be read *Ldash 
minus 1” And here it is desirable to remark that all mathe- 
matics is intended to be read, and that it i. good and necessary 
practice to read it. 

Algebra is a language—a very expressive language; and. 
although it appeals primarily to the eye, it should be made to 
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appeal to both eye and ear, that is it shoukl always be “ read,” 
if only to oneself. It is a great mistake to treat it аз a silent 

* language and only to look atsit, beginners must learn to read 

it; and it would be well now to turn back and read aloud all 

the gquations and other algebraical expressions we have 

employed so far. It cannot,be done properly without a good 

“deal of practice. Everything written on a blackboard by а 

teacher should be spoken also. 

Now consider what the inerease in length depgnds on. In 
the first place it depends on the original length of the wire. 
No,one would expect # wire a few inches long to elongate as 
much as one a few hundred yards long. It is only common 
sense to realise that every yard of the wire will elongate an 

, equal amount under the same eonditions, and that therofore 

20 yards will lengthen 20 times'as much as one yard ; o / - 1 
is proportional to I. Next it will depend on the change of 
temperature, which we may treat as a single quantity and call 
T' – T, where 7! was the original temperature and 7" the new 
temperature. e. 
‚ We have no guarantee that the Jengfhening. is proportional 
to the rise of temperature, but it is a naturaleassumption to 
begin with, and will have to be corrected if necessary later. 
We can assume that it expands twice as much for two degrees’ 
ris as it does for one degree, and ten times as much for ten 
degrees’ rise. There are only a few substances for which this 
is really and precisely true, but, for all, it is,a rough approxi- 
mation to the truth, and will do for the present. 

Lastly, the lengthening will depend on the material of which 
the wire is composed. If it were a copper wire it would be 
found to.expand пфге than if it were of iron. Every material 
has its own “expansibility,” by which is meant the rato of 


» expansion, or increase per ulli length per degree rise of 


temperature. 
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If we denoted tke “expansibility " of the material by k, we 
should be able ta express in one line all we have so far said, 
thus: t-l = BT- Ly € [t 
for this asserts that the lengthening is dependent on and 
proportional to three factors, viz. (i) а constant representing 
the properties of the material, (ii) the length of the piece 
of that material which is under considération, and (iii) tHe 
rise of temperature or the warming to which it has been 
subjected. y е 

Of the three factors, k may be styled a “ consjant" to be 
determined by experiment in the laboratory, a thing depending 
on the properties of а material, and beyond our control, except 
in so far as we can select the material; l is an arbitrary con- 
stant entirely in our control, depending only on what we 
Thoos$ to attend to. We Might observe the lengthening of 
the whole of a span of wire, or of any portion of it, or we might 
select spans of different length, or we might cut off a bit and 
attend only to that. T" — T represents the change or variation 
of a variable quantity, in this case temperature ; it is some- 
times called ‘the independent variable, for its changes go on 
independently of any of the other things we have considered, 
and the change of length is dependent оп it. One could hardly 
make the converse statement and say that change of tempera- 
ture wos caused by change of length, even though the déngth 
was that of a thermometer column (though it might be rash 
to stigmatise even this statement as absurd under all circum- 
stances: there are.things which get warm when and by reason 
of being stretched), but it is extremely natural to say that 
the change of length is causél by change of temperature; 
so the cause is called the independent; and the effect. the 
dependent, variable. By some people the names “ principal " 
and *subordinate " variables are preferred to “ independent ". 


and * dependent." 


€ 


364 EASY MATHEMATICS. (cHar, 
š ve 
A change of temperature might be caused out of doors by 
the appearance and disappearance of the sun, or by a change" 
of wind; in a laboratory it could be caused by the application 
and remoyal of flame, or of an electric current, or of some 
other means of heating. Anyway it is to be observed by 
a thermometer of some kind, and 7'— 7 may be considered 
аз being measured by the rise of the thermometer. Е 
l — 115 the change of the dependent or subordinate variable; 
and its dependence might be conveniently indicateg by putting 
the two variables on one side of the above equation, and the 
constants on the other, as for instance : 
1-1 . 
тт нее (2) 


~ То emphasise the fact that the фо terms 7'— 7 represent a 


thing which is really one quantity viz. a warming, a difference 
of temperature, it is convenient to have a single symbol for it; 
and the symbol usually chosen is an abbreviation for difference 
of temperature, namely 8T or dT; meaning * 

diff. of temp. = 7" — 7, ' 
or dif. T =7" -7, or simply dT = Y- T. 

This mode of expression is very handy and extraordinarily 
convenient. It can be applied of course to all kinds of 
quiatities, so 1-1 may be written “diff. length, or dl; 
wherefore our two above numbered forms of a proportionality 
statement become abbreviated into 


м 


© 


and 


respectively. Li 

These equations are labelled like the previous ones because 
they say precisely the same thing as the ofhers did, and in 
the same way. It is generally understood that the symbol d 


S DI 
^ 
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is used for а difference only when it is an infinitesimal 
difference. For finite differences della lis used, аг simply I’ = 1. 
Form (1) gives explicitly the change of length in terms of the 
original length and the change of temperature ; form (2) gives 
the ratio of the changes of the two variables in terms of the 
constants—viz. the expansion-property of the material, and 
the length selected for observatic 1. 

Another way of writing the equation is often useful, in 
which the expansion per unit length is explicitly attended to: 
that is the ¢engthening by heat of any one yard or foot or 
metre cf the wire, without regarding the whole wirt. To get 
this we have only to divide the length out, and so get — ' 

: T ЖУНУ Мыс Пур (3) 
a quantity which is often technically referred to as “the ex- 
pansion”; it is defined as the ratio d/l, and it is equal to the 
expansibility multiplied by the rise of temperature. 

Let no beginner suppose that these various forms of the 
equation are difterent. They are all essentially the same, but 
they emphasise features differently ; just as in any language 
a sentence may be recast so as to say. ће same thing witk 
various emphases. Never forget to regard algebra as a 
language, in which statements of singular definiteness and 
precision can be compactly made. 

Now suppose the temperature fell instead of тозе: the ex- 
pression 7- T would be negative, and we might sometimes 
choose to denote the fall of the temperature by T-T. At 
the same time most substances .contract with cold, and so 
7-1 would also be negative, and the contraction could be 
written 1-0 or —dl; but usually dl and dT would not have 
the negative sign actually prefixed to ‘them, it <would be 
sufficient to say that dT and usually dl are both negative, for , 
the case of a fall of temperature. $ 


‹ 
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Now let us begin again, and look at the matter afresh and 
in a still simpler manner. Take a rod of "length 4, that is to , 
say 1 foot or one metre or one inch in lengths at a temperature 
Т, and warm it one degreee Tts length will now be increased 
by an amount we will call 5, meaning k feet or metres or 
inches? according to our choice of unit length. 

„ Warm it 2 degrees and ite increasg of length will be 2k, 
and so on, as shown thus : S 


its length being 1 at temperature T, 


itslengthis 1+k „ p T£ 
m 3 „1+ » » T+2, * 
” ” 143k » » 7+3, 
» oo» їй n n» Thn 


This temperature T+n we wil} call 7” so that n = T- T. 

If the original rod had been originally of length J instead of 
length 1 and had been all of it treated alike, every unit would 
have expanded by the same amount, so the final length would 
in that case be /(1 +n), which we may call Г. 


, Hence, edem * i 

or t-I = Ink D 
= k(T' - T), 

thus. arriving at the same result as before, which we will now 

write'in any опе of four equivalent Ways, €g. n ix " 
OS RAT ee (1) 
dl 
Tp = еее RRS (2) 
di* 

> m T алаа а (3) 


Бет 
К 
Nyi 

1 

> 
С 
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The last may be taken as & definitioń of the expansibility A, 
and shows the principle of what we must do in the laboratory 
in order to measure it. р 

We must take a rod or wiré ор something convenient of 
the given material and measure either its whole length 1, 
or a length | between two marks or scratches on it; then we 
must subject it to a measured rise of temperature, and observe 
the increase ‘in length of the chosen portion carefully, with 
a microscope or micrometer by preference. 

Then it ig best to.cool it down again and see that the rod 
recovers its original length; and then the warming can be 
repeated, and the increase in length ‘observed again, and so 
on seyeral times, to avoid accidental errors and to get the 
true reading as nearly as we can. 

Thus the three required quantities dì, dT, and l, are all 
measured; and, dividing di by | and by dT, we get the 
expansibility of the material as a result. 

These are not laboratory instructions, and accordingly little 
or nothing shall here be said about the practical mode of over- 
coming difficulties. Suffice it to say that the readiest mode of 
securing measurable differences of temperature, is by making 
use of properties of substances designated by such phrases as 
boiling oil, molten lead, melting ice, boiling water, condensing 
steam, and the like; and that the chief precautions needed, in 
order t measure with precision the expanded lengths ‘are 
those which shall guard the measuring scale, or standard of 
length, from being likewise affected by the high temperature 
of the rod to which €t has in some sort to be applied. 

With this hint the somewhat elaborate arrangements de- 
picted in text books of Physics cân be appreciated. 

This matter has been gone into at воїйе lengtk, because 
it is typical: it is always worth while to master a type, and 


nothing is gained by haste. 
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Examples. А 

А bar of iron 10 yards long expands -444 inch ‘when taken , 
out of ice and put into steam or boiling water; what is its 
expansibility? ie, what is the increase per unit length per 
degree for iron; meaning by a degree Centigrade the hun- 
dredth part of the interval between freezing and boiling 
water, and by a degree Еаһгепһе the 180th part of that 
same interval. 2 


444 f 
Answer. 360x100 ^ 0000123 per degree Centjgrade, 
or -00000683 рег degree Fahrenheit. с 


The numerical result is worth remembering as specified in 
the Centigrade scale of thermometry, which is the most used 
for scientifie purposes. Observe that there are 4 ciphers 
before the significant figures, wnich happen to be the first 
three natural numbers, and во are quite easy to remember ; the 
amount is about 1} in a hundred thousand, or about 12 parts 
in a million: meaning that iron expands this fraction of its 
length for each Centigrade degree rise. 

Brass would give a numbér about, 18 ‘instead of 12; and 
zine, which is one of the most expansible metals, would expand 
nearly 25 parts, or just double as much as iron, Platinum how- 
ever, and glass, would have been found to expand only about 
8 or € parts in а million, per unit length per degree Centigrade. 

If a material expanded 1 per cent. Df its length for a rise 
of 100°, its expansibility would be ‘0001. Jf it expanded $ 
per cent. for a rise of 250°, its expansibility would be :00002, 
which lies between that of brass and that of zinc. 


3 


Cubical Expansivn. 


It would be a mistake to suppose that a rod increases in 
only length when heated: it swells in every direction, just 


doth, e هکت‎ e 
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as if it were sli; htly magnified. Its increase in length is 
most noticeable, because that was origindily its greatest 
dimension, but fts increase in thickness is proportionately as 
much. Thus if a bar were a ужа long and an inch thick it 
would expand in length 36 times its increase in thickness, 
but its proportional expansion, its а would be the same in 
every direation. 5 $ : 

Consider an iron plate 10 metres long, 1 metre broad, and 
1 millimetre thick, and let it be warmed 406 degrees. Its 
linear expansion is 

í 406 x -0000123 = :00500, 
or fiye parts in a thousand (ог the half of 1 per cent). 
So its increase in length is 5 centimetres S 

dts increase in breadth is 5 millimetres ; 

its increase in thickness is *005 millimetre, 

or 5 millionths of a metre, 


А 


‹ or 5 mikrons, 


a mikron (sometimes spelt micron) being a convenient unit 
for microscopie work, “and being sometimes ineonveniently 
denoted in “biological books by the symbol p. Units or 
standards should be expressed in words; symbols are never 
used for them by mathematicians. Er 

What is the increase in area and in bulk of such a plate 
when so heated? © 

The firs& thing to learn is that we must nof take the 
increases and multiply them together. (Cf. p. 293.) 

The increase in arec is nof 5 centimetres x 5 millimetres. 

The increase in volume is not 5 centimetres x 5 millimetres 
x 5 mikrons. h 

But the new area is 1005 x 100:5 sq. centimetres, whence the. 
increase in area is 1002'5 sq. centimetres, 

LEM. 24 
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25 


The new volume is 1005 x100:5 x “1005 cubic centimetres 
= 108 x 102x 10-1 x (1005 * 
. = 10* х 1:015075 
= 10150775 с.с. 
The «old volume was 103 х 10° х 10-1 = 10* c.c., so the 


increase in volume is 150-75 e. ` 
3 E 


But, as usual, there is a quicker and better mode of making 
the numerical caleulation, by first treating it algebraically. 
Let U = 1(1 + kt) be the new length, 
б 0 = b(l+ktp е new breadth, 
and 2 = #(1 +k) е new thickness, 


where ¢ stands for the rise of temperature 7" — T. 
» Then the new volume is э x 
Wad = lbz(1+kt)}; 
that is, calling the old volume V and the new volume 7, 
V = 7(1 +k) ; 
"eV (1 + Bkt + 3/02 + 18/8) ; 
but, since is a small quantity, this, is, Хо a ffrst approxi- 


Ш 


mation, = F0 43H), ^ 
or '— = ЗЕР = 3kV (T — Т), 
by or ar = SEP, or IK = stt; ^ 


a result which can be expressed by sayihg that the cubical 
expansibility, viz. 3%, is three times the linear éxpansibility. 

Similarly the coefficient of, superficial expansion is twice 
the linear. К > 

This is equivalent to neglecting squares and cubes of small 
quantities; >and for most purposes that can safely be done 
in cases of solid expansion. Hence to do the above sum, 
very approximately, all that is necessary, after observing that 


=ч 


| 
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the linear, proportional “increase is "005, is to say:—The 
original area = {0 square metres, so the, inerease of area is 
2 x ‘005 x 10 square metres 
= 0:1 sq. metre = 1000 sq. &entimetres approximately. 
The original volume is 


. 


« 
10 metres x 1 metre x 001 metre = ‘01 cubic metre 


° 2 “ = 10,000 c.c. 
so the increase of volume is 3 x ‘005 x 10,000 с.с. 
° $ = 150 c.c. approximately 
E 
[2 . 
á б E 
z * 
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CHAPTER XXXIX. E 


Further Illustrations of Proportionality or Variation. 


ОхЕ of the most important things to understand, in drder 
to be'able to apply elementary mathematies to simple 
engineering facts, is the law of simple proportion. Two 
quantities are said to be proportional, or to vary as each other, 
it they are both doubled when o3e is doubled and if they 
vanish together. 

Thus for instance the stretch of an elastic and the force of its 
pull are proportional For first of all they vanish together: if 
the elastic is not palled it is not stretched. Secondly, if it has 
been stretched with a certain pull, and you double the pull, 
the stretch also will be found to be doubled. You ean try this 
by hanging up an elastic or a spiral spring and loading it with 
different weights. As the weight increases, the stretch 
increases, and in a simply-proportional manner. This is 
the principle of a spring balance. 3 2 t 

Take all the load off, and the pointer returns to Zero, 
indicating no stretch. Observe, it is not the length of the 
elastic that is proportional, for'that does not” become zero, nor 
is it doubled when the load is doubled, but it is the stretch or 
increase of length thst is proportional to the load. Suppose 
however there had been some irremovable load on all the time, 
as indeed there is, for the spring or elastic itself has a trifle of 
weight of its own, how do we allow for that? Answer: by 


) 
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pe « е 


always attending to the variable part of the load only, just as 
we attend to the variable part of the length only. The “load” 
must really signify the load gdded or subtracted; and the 
stretch corresponding thereto signifies the increase, or it may 
be the decrease, of length which accompanies that variation of 
load; so that instead of saying the length / varies as w the 
load, which is not "rue, we ought to say, change of lehgth 
varies as change of load, or di varies as dw, which is quite 
true; ugless indeed the spring is overloaded and permanently 
strajned or injured so that it cannot recover; or, in other 
words, unless it is not perfectly elastic. So long gs it is 
perfectly elastie, the law of simple proportion holds; and the 
test of whether it is perfectly elastic or not is to see if it can 
completely recover when the load is removed. E 

Some substances stand $ great deal of loading, such as steel ; 
some stand only a little without giving way, like glass or 
боррег; and some stand hardly any, or none, like lead or 
straw or dough. 

There are two methods of giving way, one by breaking, like 
glass, the ther By permanently bending, like lead. There is‘ 
plenty tobe learnt about all these’ things, but the time for 
learning them will come later. All that we have to note at 
present is that the law of proportion is not to be expected to be 
verified when the substance experiences a permanent” set, or 
deformation of any kind, from which it cannot recover ; and of 
course not, when it is broken. 

The law holds “within the limits of elasticity," and it is 
known as *Hooke's law," because that great and ingenious 
man Robert Hooke experimented on it and emphasised its 
simplicity and convenience more than wo centuries ago. 

You may think that it is so simple as not to be much of a law 
of nature; but you will find that all the most fundamental laws 
are simple. Simplicity and importance may quite well go 

6 
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together, though there is perhaps no necessary gonnexion 
between them. б > 

Now take another example of simple proportion. Let a 
balloon ascend at a perfectly steady pace from the ground. 
Its height is proportional to the time which has elapsed since 
it started. In one second it went up let us say a yard. Ina 
minute it will go up 50 yards, and in an hour 3600 yards, 
provided the same upward speed was all the time maintained. 
If it went sometimes faster and sometimes slower, the simple 
proportionality would not hold. The height and the time 
vanish together, for we began to reckon time at the instant it 
was let go, and we were careful to measure height always, to 
that same point of the balloon which touched the earth at the 
moment of letting go. 7 

But now take an example where simple proportion doesnot 
hold between two connected variable quantities. 


È 
6 


› 
ко. 48. 


Тһе height of a child depends upon his age, and increases 
with his age, but it is not proportional to it: in other words, 
his height does not vary with E age, in the technical sense. 


> 
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For first of ‘all they do not vanish together: the child had some 

length when he was born; and next, tlfey are not doubled 

together. A child has not twice the height at 6 that he 

had at 3. 

If we were to plot age and height together, i& would be 
instruetive, and the result might be something like fig. 48, 
where age is plotted horizontally and height vertically. © 

The point 0 is called the origin, and represents the epoch 
of birth, If the curve passed through this point О, zero 
initigl length would be signified ; so the curve does not pass 
through it, but starts above it at the infant’s length at birth : 
say fourteen inches 1 

Such a eurve is not simple proportion at all. It is easy 
enough to understand, but, the law represented by the curve is 
not*a simple one. * i 

Simple proportion would be represented, on the same plan, 
by a straight line through the origin; as for instance if the 
stretch and the load of an elastic thread or spiral spring were 
plotted : they vanish together. (Fig: 49.)° 

4. e * 


Fio. 49. G 


Put suppose the two quantities did not vanish together, we 
might still have them plotted as а straight line. For instance, 


376 EASY MATHEMATICS. [снАр. 
. . " 

the length of a rod at different temperateres (or, the total 

length of a piece of*elastie under different loads) : 


Length 


Temperature 

Fio. 50. P 
and this, though it is not exactly, simple proportion, is the 
next thing to it, and is sometimès called “a straight line 
law." (Fig. 50.) 

It can be made simple proportion by deducting, a constant, 
by deducting the original length for instance, l-l = kit, 
whereas if the length / had’not been deducted it would have 
been expressed by TaN, ? E 
and this is characteristic of a 
straight line law. 

In general a straight line law is 
represented by P 

y = abe, 
whereas simple proportion would be 
y= by 
without the constant а. 
Fro. Bl. So by subtracting the constant @ 
у ^ а straight line law сап always be 
expressed as simple proportion. So it can if we attend to 
changes only. For let y become У, and z become 27, while a 
and b remain constant all the time, we should have 


1 


5 
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and the a has disappeared. Тһе two differences, dy and da, are 


PARABOLIC LAW. 


ct . * 
«e y-acrbo 
y alu, 
y-y-br-9 
or dy = bdz, 
== b, c 
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simply proportional; for they increase together in a constant 
ratio, and €hey vaitish together: one cannot become zero 
without‘ the other. { 

The weight of a boy is not represented by a straight fine, 
even if his weight at birth is deducted. His law of growth is 
not a straight line law but a more complicated law: it could 


be plotged as a curve, from suscessive observations. 


Any law can be expressed by a curve ; thus we might have 
a parabolic law, meaning that the curve of plotting is a para- 
bola as nearly as can be told. 

A parabolic law is expressible in algebra this, 
© уг a+ a+ с, 
and it would фе instructive for children to plot the curve 
represented by this equation, and see what it looks like. To 
carry out the plotting we must be told the values which are 
to be attributed to a, b, and c, and can arrange the scale to,suit. 


Thus let a = 4 
Make a table of 


When z 


T 


" 8 8S8 Ыы 


bd and с = 1. 
corresponding successive values of z and y. 


o 


y=% or in this case 4; 
Jys a+ c, or in this case 51; 
у = a42b+ 4c, or. 7; 
y=a+3b+9, * or Mt; 

y = a 4b 165 or 12; 
y = a+5b+25, or 151; 
y = 4+6b+ 360, or 19; 


t 
. 
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+» Plot this, and it looks somewhat thus : » 
> 


~n, 


^ 42.5 01 Fia, Mi: 


, But we need not necessafily limit oufselves'to the positive 
side of the vertical axis; we might ascertain ang plot values of 
y when z is negative, otherwise the curve is incomplete. You 
could hardly tell it was a parabola from its appearance so far. 
aa Whenz- -l y=a-bt+e „= 31; 

а= –9, у=а@-%ф4с = 3; 

z= -3, y-a-3b49c,— 

e=-4 y= a-4b+]6c = 4; 


1 
ب 
سد 


у= а-50+25с = 51;‏ ,5- = ت 

= -6, у= а-60+36с = 7; 

5 = -7, у= 91; 

t= -8 y= 12; 

[^ t= -9, y= 151; 
t=-10, ye 19; ete., 


-—É 
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every value,on this side being equal to a сег{аїп value for 
another z on the other side. The whole curve is symmetrical 
about a vertical axis through z = 42. 


Tho dotted line is called the axis of the parabola. (Fig. 53.) 


Another example of what may be a straight-line-law i is the 
slope or “gradient of argilway. At a certain place it may be 
said to rise 1 in 30,'for instance; meaning that if you go 
30 feet along the' railway you have ascended 1 vertical foot ; if 
you go 30 yards уой have ascended 1 vertical yard, and so on. 

A uniform gradient és naturally plotted by a straight line, 
and if the vertical height is called y while the horizontal 
distance is called z, the gradient is approximately dénoted hy 
W Not exactly, because the denominator is usually measured © 


dz 
along the sloping railway, and not horizontally. 
‘ 


D B 
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Either way of measuring the gradient is a good method ; 
and sometimes *one is used, sometimes she other. If the 

+ slant distance is called dg, the two chief ways of measuring 


slope are A and 2l respectively. 


Except when the slope is steep, the difference between these 
: two methods of*measuring it 


us is not marked ;—the connexion 
ty between the two, methods is 
easily shown by a diagram. ! 


ec , A considerable but feasible 


> 


i Fio. 64. : 
slope for an ordinary railway. 
would be a gradient of 1 in 30, that is to say A = 3 


Often it is not more than F in 100. Тһе actual gradient 
is frequently written up on low posts by the side of the 
line. 

But take the case, impossible for a practical 
railway, where the slope is 45°, which would 


“be a steep mountain side, "dy and ,dz ёге in“ ay 
that case equal, and ds = /2 either of them,», > 
7 
d dy Fig. 55. 


1 
s0 = 1, whereas 7. nU 


Take the case of a ргесірјсе oma steeple, almost 
ау vertical, so that dz is extremely small. 


as dy and ds are now nearly equal’ and dz is nearly 
0; in the limit quite zero. е 
So approximately, for an angle nearly 90°, 
dz э dy_ dy 1_ 
a DUE doc ans s ze ©, 


„ or at any rate a very great number; in the limit quite 
infinite, i { | 
: * 
L ^ 
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Take the сузе of that famous right-angled triangle with 
commensuralile sides, and express the slope of its aypothenuse : 
* dy 3 dy_3 | 
d^ Y do v 


5 3 о ‘ x 
as, dy 
4, dx 
Fio. 57. Fio. Bê: 
B 
and of course always ds? = dz + dy’, © 
© d d а 
h BEC Дус 
so that ds а dj 
e " 1+ 2) 


It is often convenient to measure slope, in yet another way, 
viz. by the angle of slope, which we denote by « or 0; then the. 


ratio of the height to thetslant length, 4, is called thé sine of 
the angle, and is written sine @ or sin 6, while the ratio of the 
height to the base, = is called the tangent of 6, and is written 


tan б, So we sce from the above that an angle whose“sine 
is 3, or б, has a tangent, whose value is 3 or “75; 


rsind 


also that the sine of 45° is ur 
3 v2 7 cosQ 
while the tangent of 48 is 1, Fio. 62. 
and that sin 90° = 1, while tan go = œ. (Cf. fig. 56.) 
On the other hand, when the slope Ís very shght, the 
sing and tangent are about equal, and it does not much 


matter which measure of the slope we employ. (Cf. fig. 54.) Я 


a ‘ 


Ф . 
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Ultimately when the "slope vanishes they also vanish, and 
vanish on terms of equality, so that sin 0'— tan 9 = 0. e 
Here is a case where two things vanish together but are by 
no means proportional; tbey are approximately proportional, 
or indeed equal, for small angles, but the tangent increases 
faster than the sine; and as the angle grows, it increases very 
much faster; so that, by the, time tha sine has reached unity, 
the tangent has gone, with a rush, to infinity. Ё 
Plotting them they would look thus : A 
where one curve represents the sines, > 2 


and the other the tangents, of angles 
from 0* to 90* : 


> 


45° 
Fia. 59, 


It may be worth showing, 


= s even at this stage, what suggested 
» these curious names, 


. 
The name “ tangent” especially sounds 


. 
> 


хххїх.] MEASURES OF ANGLE. 383- ° 


curious when gpplied Чо a ratio. The fdea arose from drawing 
a circle rougd an dngle and seeing all the different ways in 
which it might be measured. 4 А 
In this figure the angle is at @, and 
| AD is a bit of a circle with centre C. 
| This figure long ago suggested a bow 
and arrow, hence EB, was called the 
| sagitta, and ABD was called the аге: the 
| string AED is called the chord, and half 
| of it underecertain eestrictions is called 
the sine, presumably because the point Æ 
of the string is pulled to the breast befbre D- 9 
releasing the bow. The tangent can then EE 
be measured as part of a line drawn through В, touching the 
circle, when the circle is drawn of unit radius. ә 
Let ÙA or CB equal 1 on any arbitrary scale; then бог 
АОВ is the angle, а, 
AE is its sine, 
| АВ is itg are, 
к ЕВ is its sagitta, 
ande BF is its tangent, © У 
| А, always provided CA or CB ате equal to 
1, that is taking the radius of the circle 
as unity. 

The size of the circle is quite arbitrary: 
any length whatever may be chosen as a 
unit of measurement. 

+ But it is,desirable to bear in mind 
that angles are not measured by length 


с Е В 


| but by ratio; and accordingly the state- 
EISE ment that £ « 
. angle — ue 28 
9 radius AC . 


ерж. 
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ЕЛУ; Хо 
ог intercepted part of are + radius, is a "better statement than 


to say that angle = are when radius = 1. "' 


> And to say that 


intercepted perpendicular _ 42 | 
radius AC 

is better than saying that it ee ge when АО equals 1. | 
» So also D › | 
intercepted portion m tangent FB 

radius NEPOS D 

It may be worth while also to state here that the length of 

that boundary line of the angle which cuts the circle and is 
produced to meet the tangent, viz. CF, is called the “ secant” 
when the circle is of unit radius; or in general, dividing by 
the radius, ‘ Or 

secant of angle C, c7 sec C, = GE 5 


sin angle 


Ш 


tangent of C = 


These different fractions or ratios are all measures of the 
angle: they are quite independent of the size of the circle 
or of any linear dimension whatever. 'Тһеу indicate angular 
magnitude alone. 

In any right-angled triangle, if the Dngth of the hypothenuse 
is called т, and the angle at the base be called 0, then the 
length of the base is, by definition of cosine, equal to 7 cos 6 ; 
that is to say, it is the length ^ multiplied by a proper fraction, 


whiel fraction is called the cosine of the angle 0. i 
5 
> 
› 
> 
mcos 0 
Fiu. 03. 


А The base may be thought of as the projection of r on to a 
» direction inclined at the angle Û to it; the shadow as it were 
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of a slant rod of len&th r thrown by Vertical rays of light on a 


; horizontal ground (fig. 64). 


If the projection were made in a direction a right angles to 
the first, then the projection is resin 0, provided 6 still means 
the same angle as before. So that the sides in any right angled 


75110 > 


7 соѕ 0 
е Fic. 64. Fro. 65. 


triangle are related as in the diagram (fig. 62); and it is 
obvious, by definition of the tangent ratio, that 


e cod = tan 6. 
Tt also follows, by Euc. I. 47, that 
(r sin 0)? + (r cos 0)? 
or that (sin 0)? + (cos 0 
a fundamental identity c G Ж 
One peculiarity of angular magnitude is that it is un- 
magnifiable. Look at an angle through a magnifying glass, 
and though its sides lengthen, the angle continues constant. 
A rigkt-angle, for instance the corner of a book, contialues a 
right-angle, and 45¢ 6ontinues 45°. A degree is always the 
360th part of a circle, however big the circle; a quarter of 
a revolution, or а ight angle, is always 90°; and soon. The 
size of the divisions of a circle change when it is magnified, 
but their number remains constant. 
Number is another thing which is unthagnifiable, Magnify 
3 oranges, the oranges look bigger, but they still look 3. 


So when a plate expands ‘with heat, if it is uniform, any. 
3B 


L.E.M. 


с 
с Ts 
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angles it may have remain constat. If there were a hole 
in the plate, the hole would expand just as if it, had been 
filled with solid; its boundary line might have been drawn 
with ink on a similar solid plate. Everything expands 
with heat as if it were looked at through a weak mag- 
nifying: glass. So a hollow space is not encroached upon 
by expanding walls, but is gnlarged as if it were full of 
substance. A hollow bulb, for instance, has a greater capacity 
when heated than it had before. It may not necessarily hold 
more fluid, not more ‘weight or mass of fluid, fom the fluid 
might expand still faster than the solid, but it holds a greater 
volume. A thermomete? bulb containing mercury is in this 
predicament ; ‘and what we observe, when the thermometer 
rises, is the apparent expansion of the whole bulb-full of 
mercury swelling in the only direction open to it, viz. in the 
narrow stem. It is called “apparent” expansion becalise it 
represents what is visible, viz. the excess of the expansion 
of the mercury over that of the vessel which contains it. 
If the vessel expanded more than the liquid, the rise in the 
stem, indicating the apparent expansion, would be negative ; 
but this is hardly a possible case in practice, for all liquids 
expand more than any solid Nevertheless the true or 
absolute expansion of a liquid is always greater than it 
appears to be, unless we could observe it in a vessel which 
did not expand with heat. ‘ 

Let v be the volume of the vessel, aid. a the expansibility 
of its material, that is to say its increase im bulk per unit 
original bulk per degree rise of temperature, then the total 
swelling for any rise of temperature 7" — T' is 


i-o = av(T" =7), 
or dv = avdT, 

dv 
1 adT; 


a 


. 
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or, in words, the proportional expansion equals the change 
of temperature multiplied by the expansibiity* If we assume 
simple proportionality between change of volume and change 
of temperature, it is the same tfing as assuming that а is a 
constant ; and in that case the expansion is said to vary with 
the temperature. ? 

The term “varies with” or ‘varies as? is a technical terin, 
and is understood to mean “is proportional to." The latter 
is really the better expression, for in common language two 
things сай vary ‘ог change together without being pro- 
portiofal, like the age of а child, and its weight, or the 
amount of sunshine and the cheapness of corn, or the height 
of a® look-out man on board ship and the distance of his 


- horizon, or the amount of ol consumed in a lamp and the 
© 


brighgness of the consequent light. 

But the term “varies as” or “varies with” is understood 
to indicate more than merely changing together: it means 
that they vary in a simply proportional manner, so that 
if one is doubled or trebled on irfcreated 1 рег cent, 
the other is doubéed or trebled or increased 1 per cent. 
too. t : L . $ 
When y varies as =, in the technical sense, it can be written 
yx c; where = is a mere symbol, not much used, to denote 


* varies as." ° 


Or it may be‘written y::z, and read у is proportional to 2; 
x2 L2 M : 5 
or it thay be written, the ratio y:z is constant; or y+% or 


E is constant, equal to b say ; огу = la. 


This last is the stmplest apd most satisfactory mode of 
stating simple proportionality, b being (understood to be a 
constant, that is something not at all dependent on the value 
of гапа y, which are the variables. * E 

A straight line law is slightly more general than this: 


‹ 
в ‹ 


‹ 
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it includes the main idea of proportionality, but it exempts 
from the necessity of vanishing together; — * 
у = athe 
is the typical straight line law. 
Either ean be expressed as 
bdr, 


b > 


for when we attend to variations, the constant term а has 
no influence, and so disappears. The constant factor b, which 
is only part of a term, by no means disappears ; b represents 
the rate of increase of у with respect to x; for instance it 
represents the slope of the line, being the change of elevation 
per unit step along the base ; it is in fact the ‘tangent’ of 
"ће slope. 


He 
is d 


> 2 
The next more general law is the parabolic law. 


у = acbzacm,.. . (68 i.) 


or it might be у = a-be+ex’,.. . (66.) 
or * "y = a+be- ca, .... .. (68 ii.) 
or y = a-bz- Cy osse .. (68 iii.) 


all of them parabolic, with different appearances. , 

‘The slope of such a curve is of course not constant. 

То find an expression for the slope, we must take two 
pointe, near together and compare the vertical with the 
horizontal step, that is find the dy Corresponding to a given 
small dz. To do this we let z change to z' and y to`y’, and 
then write the relation once again for the changed values 

у = а xut. _ 
and now subtract the old valuz from thé new, so as to get the 
difference. у-у = (a-a)--b( —2) e e(z2— 2) 
(b e(z +2) }(a' -a 
ee SO mw 
аа д 


› 
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Now if the step is made quite small the z and z' are 

B extremely*nearly equal so that it matterg little whether we 


Fro. 66. 
write 2’ +a om 2% or 24; and in the limit when the step is 
infinitesimal they become actually equal, arfd then 


« 
‹ 


ay ж, 
{ ‹ ae nes = 


and this ів the gradient of the curve at any point. It is not 
constant, but it follows a 
straight line law. 

The rate of change of 
the angle of, slope may 
be called the curvature. 
When the slope is constant, 
as in a straight life, the + 
curvature is nothing, but “ $ 
when the slope changes, as in the last case, the curvature can 
be measured as the rate of«change of the angle of slope per 
unit step along the curve. Suppose the gradient or angle of 


Ф 
Fro. 67. 


П 
6 t 
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slope at any point is denoted in angular measure by $, then the 


eurvature could be defined as а and that is its usual measure. ' 


` Another method of measuying it, which seems simpler but 
is not so satisfactory, is to indicate the slope by the tangent of 


the angle ¢, that is by the gradient a which we may denote 

bya single letter g, and then tà denotesthe curvature Ene 

rate of change of gradient per horizontal step, that is by d 
On this plan the value of the gradient for the above 


parabola is g = b+ 2cx, > 
and the rate of change of gradient is 


hecause if z changes to 27, g changes to у = b+ 2cz', and when 
you come to reckon the difference ratio, the b's go out: 7 
0-9 2x! -9ex 
v-t d-r 
It is not customary ог necessary thus to introduce a new 


= 2c. 


symbol g; it is neater tə express eg as - 2 that is to say as 
y dz ^ dr i 


Фу, and this it is which is equal to 2c. 
So, in the original parabolic expression 

= a+r +o, | › Я 
the meaning of the constant c is half thé rate of charige of 
gradient, which is a principal term in the curvature ; the 
meaning of the constant b ie the slope, бг gradient itself, 
especially the slope at the place where 4 is 0, that is to say 
where it cuts the axis of y ; and the meaning of ais the height 
at which the curve cuts the axis of 4, that is to say the inter- 


cept on that axis. Compare the equations on page 388 with 
the curves drawn. 


XXXIX] 


ALGEBRA AND GEOMETRY. 
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Fro. 08. ^ 
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Observe, with regard to slope, that when .the curve slopes 
upward where it'eu:s the vertical axis, as in fig. 68 È or ii., the 
coefficient b, which measures the slope there, is positive; but 
when it slopes downward as in fig. 68 iii, the term involving b is 
negative. If the curve cut the vertical axis without slope, or 
horizontally, the term involving would disappear, and in 
such a ease the parabola would’ be represented by y = aca? 
(fig. 69). 


If the curve cut.off ro length on the axis of*y, that would 
be indicated by the non-existence of the constant, a, so that 
that parabola would be written у = ca? (fig. 70), 


Fra. 70, 


and this is the simplest expression for a parabola possible, 


7 


D 


с 
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5 є c 


Observe tliat itis the same curve all the time; it is only 
" shifted with respect to the axes by the differerit values which 
can be attributed to the constants. z 
. c is the curvature term, and when c is positive it curves 
upwards, like 68 і. ; when c is negative it curves downwards, 
like 68 ii. or iii. 
у = – ca? Would be fike this (fig. 71): 


Fio. 71. 


If we want the parabola to look like this (fig. 72): 


үте 72. 


€ 
we have only to turn it through a right-angle, that is to say, 
interchange the axes of « and. y, and write E 
a = суў, 


У 
a e 
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» 
or if we wrote z = — cy? it would look like this :’ 


d 


ә 
ә 


Fro. 73. 


Tf we wrote z = acy? it would become likè this : 


2 
where the z intercept is а. 


` 
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Ii we wrote z = a +by +002 it would slope up where it cuts 
> the axis. ® e 


е 
Ii we had z = a—by+cy® it would slope ‘down at the foot, 
like this: “ چ‎ 4 s ё 


< 
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Tf x = -a + су? the curve would cut the æ axis on the left : 


E 


> 
Fro, 772 E 


If we introduce a term containing 2? as well as a term 
containing y?, and if necessary a term zy, we can tilt the 
parabola in any desired direction and place it anywhere in the 
plane: though in these cases there is а risit that it may cease 
to be a parabola; and'if we introduced a term, 2° or y? its 
parabolic character is bound to be spoilt; just as the 
introduetion of either 2? or 3? destroyed the straightness of the 
line ¢ = a+b. 3 

The next step towards algebraic complexity is what is called 
the cubic parabola у = a+ be + cx? + dz’, 3 
Where again the coefficients or constants, a, Û, с, d, may be any 
of them positive or any of then negative. ' 

The beginnér сап plot this and see What it looks like, — 
proceeding after the rame fashion as before ; that is attributing 
any arbitrary value, positive or negative, to the four constants 
, abed, and then reckoning the valu of у for different values of x z 
afterwards plotting them to any convenient scale—remem- 


) 


—— a 
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€ с 
bering that the horizontal scale and the vertical scale need not 
necessarily фе the same, but may be chosen. independently, to 


suit the convenience of the draughtsman. 
c 


c 


Inverse Variation. 

It frequently happens that two quantities are connected in 
such a way, that one igereases yghen the other decreases. For 
instance, the plentifulness of a commodity, say corn, and “its 
price. In a year of good harvest the price of wheat drops. 
During a famine fhe price rises. It might happen that the 
total їпопеу to be obtained, for the produce of a certain farm 
acreage, was constant, whether the crop was plentiful or rparse. 
Such a simple relation as that is not likely to hold exactly; but 
if it did, the two quantities—the price and the supply—would 
bo seid to vary inversely $s one another, that is to vary in 
inverse simple proportion, во that their product remained 
constant; whereas if they varied in direct simple proportion 
it would be their ratio which remained constant. 

Tt does not follow that this law of simple inverse variation 
holds because one,quantity degreases and the other increases ; 
all manner of complicated relations may hold bévween such 
quantities ; е law of inverse proportion is the simplest 
possible, and there are a great many cases where it holds, 
or holds very approximately. 

Take a piece of india-rubber cord or tubing, and pull it out 
longitudinally ; ав the length increases, the sectional area 
diminishes, and it is a matter of measurement to ascertain 
what relation hofds between these two things. 

Tf the tube were Пе with water and were,then pulled out, 
the behaviour of the water ould furnish a test. of how the 
sectional area varied with the length. ‘Tf the water continued 
to fill, or to stand at the same level in, the tube (which 
might terminate at one end in a piece of glass tubing, 


€ 
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"T 
for convenience of observation, and be 'elosed with a solid 
plug at the other), that would mean that the sectional area 
and the length varied inversely as one amother; in other 
words that their product was constant; for the product of 
length and sectional area is the volume, and it is the volume 
which the water measures. Try the experiment. As a matter 
of fact the water wi]l be foungl to sink,a little as the tube is 
stretched, showing that the volume increases slightly : the 
law of simple inverse proportion does not hold in this case. 

Consider another case then. Take a Vessel of variable 
capacity, for instance a cylinder and piston ; or a tube open at 
one end, which can be plunged mouth downward under a 
liquid, like a long diving bell, and can be lowered or raisetl so 
that the air in it shall be compressed or expanded at pleasure. 
* If a pressure gauge is attached) it will be possible to, read 
how the pressure increases as the volume diminishes ; and it 
will be found that the two vary inversely as one another, 
provided one is careful to take the whole dry-air pressure and 
the whole volume jnto account. The product of pressure and 
volume will be found experimentally constant; because if one 
is halved, the other will be doubled ;?if one is. trebled, the 
other becomes one-third of its original yalue; and go on, a law 
which is written : 


1 

«2 pe, 
1 a 

Or voc VER OPUS constan, —. 3 


"These are all statements of the same fact; p standing for 
the pressure, and v for the volume of a given quantity of dry air 
at constant temperature. If the vessel leaks, so that the 
actual amount of air under observation changes, the law will 
notapply. Nor will it hold if the temperature is allowed to 
change. For if air is warmed it expands, that is, it increases 


D 
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in volume or in pressure or'in both tügether ; and there is no 
„necessity at, all for the pressure to decrease gs the volume 
increases unless» the temperature is maintained constant. 
Hence a complete statement is (hat pv = constant if T is 
constant; or, if we choose so to express it, pv = const. pro- 
vided dT = 0, ie. provided the difference of T is zero, awhich 
is only another way of saying “ if T'is constant.” 
Suppose, Subject to fT = 0, the pressure was increased by 
a small amount dp, and the volume thereby decreased a small 
amount — de, we should have the new product of pressure and 
volume,expressed thus : 
p = (p+dp) (v4 dr), E 
and this product must equal the old product, pr, because of 
the law that the product of pressure and volume is constant ; 
во, mu]tiplying out, we get t 
po+pdv+vdp+dpdv = pr. 
Wherefore, ignoring the second-order small quantity dpdv, 


we have ° vdp+pdv = 0 ә 
dp ° dv 
or S э = Е = =a - 
as another stiltement of the law of inverse variation. 
Summary. К 
° ә DIRECT VARIATION e? 
° 
° 3 ° = kr, 
Nase dy = kdz, 
d "y 
or a= k =? ° 
or zdy - ydz = 0, ‹ ; 
dy dz _ 
or y 2 50 


* 
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INVERSE VARIATION. 


ES zy = k, D . 
ome or ady+yde = 0, н 
ә 
йй vs st 
EET 2? 
D 
dy dx 
Е ‚о y +— 7 ©. 5 d 
‚ Uy y e 5 Е i i 
So that if = = +5, that is if the ratio of differences 1з . 
da 1 П » 


numerically the same as the ratio of the quantities themselves, 
it is а case of simple pyoportion; but two distinet cases aro 
given by the alternative sign : 

if the sign is + it is direct proportion ; 
y if the sign is — it is inverse proportion. 


є е c 
CHAPTER XL. 


Pumps and Ledks. 


WHEN you pump water out of a meservoir, taking a barrel 
full of water out at each stroke, the quantity of water 
remaining decreases in an arithmetical progression, of which 
the first term was the contents of the well, and the com; 
mon difference is the contents of the pump barrel. If one 
were called У, the other v (read big V and little v), the 
level in the well would fall after successive strokes in the 
following series: i 
Ло Юу hay +++ Йө 
where hy is the height af the water before pumping began, and 
i, is the height after n strokes of the pump, 
such that = pi = ys - ys =... j 


‹ 


a mode of writing which is called а continued proportion. 
c 3 va ean а 
The quantity of water remaining 1п the well descends in а 
decreasing Arithmetical Progression, 
€ 
He V 9, etc. ...V - nt e 


€ 
and the well is empty when nv = F; or the number of strokes 


required to empty it is the ratio of the capacities concerned, V/v. 
The height or level of thq, water in the well goes in the « 


same sort of progression, and А, is zero after V/v strokes. 


LEM. zr P 
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But now consider an air pump instead of a Water pump. 
The peculiarity of*air or any other gas is that it’always fills ' 
the vessel which contains it, and does not aceumulate in one 
part as a liquid does. A bottle may be said to be “ full” of air, 
whether it contains much or little, in the sense that all parts 
are equally full. It is always full in this sense, and it can 
never be full in any other schse; because however much air 
is in, some more can always be pumped in: the only limit is 
the bursting and destruction of the bottle. Or, if it were 
made of porous material, it could be said to be as full as it 
would hold when the rate of leak was equal to the Tate at 
which air was being pumped in; but even that could be 
exceeded by beginning to pump a little faster. E 
. With a liquid, on the other hand, a bottle may be properly 
said to be “half-full”; it can alsb be completely full, far you 
cannot pump more than a certain quantity into a closed vessel. 
If it is an open vessel the rate of leak at a certain definite 
point becomes suddenly equal to the rate of supply, and the 
vessel overflows ; which 3s a good practical method for main- 
taining a constant level. › 2 f 

There is no such easy method for providing 3, constant air 
ог gas or steam pressure, though something of the kind is 
attempted by means of a leak so adjusted as to suddenly 
charge from near zero to something considerable, at a certain 
айны pressure, —such an arrangement-being Called a “ safety- 
valve. Locomotive boilers are usually filled, with steam to 
this pressure before a train starts on a long journey, and any 
excess steam which the furnace generates blows off noisily in 


a visible cloud. 


If you were to pump air into a closed chamber, a barrel full 
of atmospheric air would be injected at every stroke, and the 
`, pressure would rise in an increasing arithmetical progression, 
Po Pp Po P» 


2 
2 ‚а 
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P being the initial pressure before pumping, and p, the 
* pressure after n strokes, "ЕГ: 

по M e m uut " 
үш 7 Pro V+% 7" Viw 


* the pressure being proportional to, and a measure of, the extra 
quantity of air injected. But if a pump is used to «fe the 
air, that is to say, to Фа» out fgom а cloged chamber a barrel 
full of air at every stroke, the law of decreasing pressure is 
different: it then forms a geometrical progression. 

For the*same quantity of air is not removed each time. 
The sfme volume is removed, but it is removed from air of 
ually diminishing density. Tlfe air keeps on getting 
rareffed, and this rarefied air it is which has to supply the 
pump barrel ; so that during every direct stroke the air which 
at firgt occupied V expand’ to occupy / +2, and then the? 
excess is ejected into the atmosphere at the return stroke of 
the pump, ready for the expanding operation to begin again. 
Thus, assuming the temperature to remain constant, we 
have the presstire diminished at evgry‘stroke in the constant 


ratio Jus ;'and tke onies PR Py Po p. is а decreasing 


trie progression with the common ratio Р/(+т+). 


geome! 
V 
So that A a Tir Yale 
D y Ld e° 
Pa ру? (rz) 22 
z $ y Z8 
Ps = Tea? (r) Р» 
СОТ ТЫЫ Е 7005 
the ratio of the presstire at beginning and end*of any stroke 
being constant, viz. | c 7 
а ъс Ue ui ; and р, = рт". 
Pea Viv 7 n nd Pn = Po А 


Hence the operation of an ordinary exhausting air pump is 


с 
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governed by the law of a decreasing geometricak progression ; 
and an infinite turgber of strokes would be necessary completely* 
to empty the vessel, that is to reduce the préssure to zero. 
LJ 


Leaks and Compound Interest. ý 


Now suppose instead of being pumped out the vessel were 
full of compressed air and Were to leak; or suppose there 
were a cistern full of water with a crack in the bottom of 
it; the pressure in the one case and the „level ig the other 
would fall according to a certain law. If the leakage rate 
Were constant, that is tg say if the same amount of material 
escaped every second, the law would be a decreasing A.P.; 
but that is never the case in fact. The size and circumstance 
of the leak-orifice being constant, the amount of matter which 
escapes through it depends on*the force with whicle it is 
urged, that is to say on the pressure behind it. A high 
pressure reservoir, or a tall full cistern, would leak fast, the 
air or water rushing out of the leak with violence ; whereas 
towards the end? when the vessel was nearly empty, the rush 
would haye degenerated into a mere dribBle or доле, unless of 
course it had worn the'hole larger—which we wil] not suppose 
to be the саве. With a constant sized orifice the rate of leak 
is therefore proportional to that which causes the leak, viz. 
the pressure ; and so the pressure keeps on falling, at, a rate 


depending on itself: a curious and important, because, in one 
form or another, a frequent case. н 

boc. you come to think, it is just the, compound-interest 
- i e , Capital ihereases at a rate proportional to 
us ur en small it grows slowly, thatis by Small additions, 

en large it grow; quickly. If we call the capital at any 
moment 2, its rate of growth will be e since dz means an 
“increase of capital, and di the time Aue 


g which this increase 
2 


= 5 
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occurs. In *the qase of capital the increase is somewhat 

*discontinuotts: the interest is added every edt, or it may be 

every month, or perhaps every day, but not every instant 

Let us assume that it is continuous however, so that it 


increases from moment to moment at the rate =; this gate of 


increase will be proportional to @ itself, apd of course to the 
percentage which is granted. Ы 

Suppose for instance it was 5 per cent, or *05, the law of 

increase wuld be * de Bai 

c dt Г 
the interest, dz, is proportional to thé rate, 05, to the capital 
on which it is paid, 2, and to the time during which it has 
accumulated, dt; or da = ‘05х40. 

Tf it were 4 per cent., og 3 рег cent, or 2} per cent., ofe 
course we should substitute ‘04, or ‘03, or 025, for the ‘05 
numerical coefficient. 

So with the leak, we have similarly to express that – dz, the 
loss of pressures, is proportional to the pregsure, and to the 
time, and to д leak-gperture constant which we will call Ё; во 

Р *dz = -kzdt; e y ‘ 
for to express that it is а loss and not a gain, a decrease not an 
increase, we must apply to it a negative sign. The x might be 
pressure, or it might be level or “ head,” —the бо, аге 
proportional in the cage of water ; but level has no meaning in 
the cafe of gas, sf we will take “pressure ” as the more 
general term, and, denoting it by p instead of 2, write the 
law of leak, in the simplest possible case of a constant orifice, as 

. . dp i « 
t в р 
the rate of fall of pressure is proportional to the pressure from 
instant to instant, diminishes, as it dfminishes, and does not « 
reach zero till the pressure reaches zero. The pressure in fact 
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decreases as a geometric progression. Bug it if a geometric 


progression with one curious feature about it, it is*continuous, d 


not discontinuous like numbers; it does not go in steps or jumps, 
like compound interest added every year or every day, but it 
is like compound interest added or rather subtraeted every 
instant, with complete continuity, according to a smooth curve, 
tle logarithmig or G;P. curve,-see расе‹857 ог 101,or 179. 


Cooling. 

The cooling of a hot body under simplest conditions follows 
just the same law; the yate of fall of temperature is propor- 
tional to the actual excess of temperature above surrounding 
objects. If we denote this temperature by 0 and time by t, 

d8 

gcc" à 
expresses the simplest possible law of cooling as the heat 
escapes or leaks from the body into surrounding air or space. 

It is instructive to put a thermometer into flask or pan of 
very hot water, and read the thermometer from time to time ; 
at first every half-minute, or oftener, the every’ minute, and 
then as it cools more aad more slowly, it will suffice to read it 
every five minutes ; finally plotting the result thus: 


Temperature 
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By choosing different vessels, say one black and one bright, 
or by choosing similar vessels and filling them with different. 
liquids, one water and another turpentine say, many instructive 
observations can be made; but®a discussion of these would 
carry us too far at present. 

The curve of cooling is identical with the curve of leaking ; 
and the cjirve of legking might be plotted by reading а 
pressure gauge, or by reading the level of a leaking water- 
reservoir, from time to time. And both are curves of de- 
creasing y. or ate logarithmic curves. 

Electric Leakage. > P 

TXperiments in electricity are more difficult, but if it were 
possible to read satisfactorily by means of an electrometer the 
poteutial of an electrified Dody or Leyden jar or condenser 
which was steadily leaking, it would be found to obey the 


same law. 


Continuously decreasing ÜP 1. 

Now вее*һоуу te express a, quantity whieh deereases geo- 
motrically yith perfect continuity, and not by stéps, as time 
Notice that time is а continuous progression ; there 
one day is like another, and they 
follow on with absolute regularity. Time is an inexorable 
arithmetical progression, ап increasing one if you fink of 
your “birth, а decreasing one if you attend to the other end of 
Whatever can be varied, time cannot : at least not 


goes on. Мой 
is no means of hurrying 10; 


your life. 


by us. 
Now whenea vessel is leaking, 

plied by а constant factor, some 

successive equal interval of time. 

So p, at the start, when time js Ожог say at 12 o'elock noon, 


becomes let us suppose 4p = Pi after the lapse of 1 hour, 6r 


the pressureeis to be multi- 
proper fraction, at each 
Lj 
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at 1 p.m. If so, then in another hour it will have fallen to $p, 
or what is the same thing 2р, ; in yet another hour, that is at * 


3. o'elock, it will be 1p, and in ^ hours it will be = Po; hence 


it will have fallen continuously down the decreasing geo- 
metrical-progression-eurve depicted on page 101. 

But why should we suppose it halved in each unit of time? 
Үе сап be more general than that, and Say that it “is reduced 


to Po (read, ‘one i-th of p-nought’) after the lapse of one hour, 
where 7 is some number greater than unity ; then in another 
hour the pressure will havé become Py or what is the same 
thing i Dy $ 


‚Зо the pressure at 2 pm.is p, 


cp» ^ 
at 3 p.m, 2% = 1-8 py, 
and at n hours after noon Pn = 17" py. 
Or we might say that, at any time ¢ after the start, the 
pressure is a CERE p=r'p, 
This ер is the law : ^ ^de : 
р = pr, * 
Р E 
or nent 
Po ; 
Р > c 
or 18 = —tlog?,» , 


ог log py —log p = Порт, 
ot logr =, DER вр 
all expressive of the very same fact, 


Т NBD Пав constant depending on the size of the opening the 
viscosity of the escaping fluid (or on the covering and contents 
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of the cooling body), and any other circumstance which can 
affect the rate of leak, other than pressure (er temperature) and 
time. And the log of r is the diminution of the log of the 
pressure, during any lapse of time, divided by the time which 
has elapsed. It is the ratio of the logarithmic diminution, or 
decrement, to the time; it is the decrement of the logarithm 
of the pressure per nit timej*and is technically known-as 
the “logarithmic decrement” of the pressure (or of the 
temperature in the case of a cooling body, or of the potential 
in the case of an electric leak, or of the level in the case of a 
leaking cistern). ж * 

To measure logz, all we have to do is to read the 
presure (or temperature, etc.) at any one instant, and then 
read it again some time later, observing the interval of 
time. ‹ 

Let the two readings be denoted by р, attd р, and let the 
intervening time be л seconds, then 

e logp,-logp. , 
ne 


is the logarithmic fecrement per second, and is a measure of 
the constantpwe have called log r. A E 
Thus the law which was at first expressed in differential 


form as E. -kp or 2- = kdt, се 
сап algo be expressed їп integral form as 
p= port or log py -logp = Порт; 

and it now becomes necessary to` ascertain and express the 
relation between the*two constants k and r, Wich evidently 
refer to the same sort of thing, viz. the fixed circumstances 
of the leak. А 

Now remembering what we know of exponentials, let us see 
if we can puzzle out the connexion between these constants. 


‹ 
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The law that we have written expresses the fact that 
pressure decreases geometrically as time inereasese arithmeti- 
cally: a constant factor is characteristic of one progression, 
while a constant difference chihracterises the other. 

We know that if p, is the pressure at the era of reckoning, 
that is at the instant from which time is to be reckoned, then 
at апу time і fhe pressure i p = руу ', and at, any other 
time f the pressure is p = руг", therefore 


, 


Р pt. 1 > 
. Р Li 
Now let the change Же small, so that p —p = dp and 
f —t = dt; then the last equation is E 


p*dp _ 142 sar“, 
2 P x 


or d Porai- -dt. logr. 


The last step we are not supposed to know enough yet to 
justify; but, assuming it and deferring its justification to 
page 425, we see that 


E 


?- —logr. dt, » 
NIE Ф 7 M » 


and this we can compare with the на at which we 


started (p. 405), dp 
dt = ykp. 
Thus the relation between the constants Ё and r is simply 
2 ? ke logr, 


„and accordingly Ё is itself the gue decrement of the 
pressure per second. 
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Summary . 
iC e *,| Thesetwo 
‘The physical meaning of Ё ise- = 77s things gm 
P NT nr Saige out to be 
2 3 .. logp - logy mathemati- 
the physical meaning of log r is ЕР MEP. Йу the 
M B L] . „ | same thing. 


But when log r is thus written, what base is intended for 
the logagithm ! s There is nothing to say that the base is 10, 
and jndeed no explicit assertion has been made about any 
base whatever: all that has been qsserted is that p isto bea 
quantity whose rate of change is proportional to itself, or 
equal to itself when multiplied by the constant Ё or log r. 

There is evidently something here worth investigation fram 
the *purely mathematical” point of view. It is a definite 
mathematical question to put “ What is that quantity whose 
rate of change shall be proportional to itself? how is such а 
quantity to ke expressed in general!" To investigate this 
question we can study the rates of variation of various 


algebraic expressions, it^ i 
E 
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Differentiation, d Е 


ТАКЕ the area of а square, and ask how it varies with the 
side which contains it, when the square slightly expands. We 
already know, but we will go through the process, especially 
for a very small or infinitesimal increment of the side. Let 
thé side be z, and the area of the square be called y, so shat 
y = 23, then when the square is warmed a little, z increases by 
the amount dz, and y increases by the amount dy, such that 

ytdy = (z4-dz) ^ 
^ r= 24+ 2rdz + (dz). 

Now let de be so small that thé square, of 12 may be utterly 
neglected in comparison with dz itself, In the linst suppose 
dz actually infinitesimal, so that (dz)*, being dz x dz, is again 
or still further infinitesimal, even in comparison with dz; then 


Ре 


7 Ж y+dy = 28+ 2zdr; | 2 » 
but y = z*, therefore, subtracting, there remains dy = da, 
dy o, 4 
ог 46 = 22; 


whence the rate of change of area,of an expanding square, per 

unit expansion of edge, js twice the length of one of the sides : 

а very elementary statement, but not obvious. It is of course 

а general analytic or algebraic result, and in no way depends 

upon any geometrical meaning attached to 7. The geometrical 
2 


› »9 
X х 
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LJ LJ 
square is sonly a "special сме, and it is convenient as an 
illustration but it would be equally tree any other 
variation of dhe quantity as the square of another; [or 
instance, the relation between he velocity of a falling body 
and the height it bas fallen, so well known in mechanies, is 
written «ê = Qgh, and this wo can re-write in differential form 


E. d(@ = 2rdee- 300, « 
« I 


which gives us the extra speed gained for each additional foot. | 
or centimetre or other «mall unit of height. 

Suppose for instance the height ly fallen were 100 feet: 
a dropped stone would have acquired a speed of 80 feet a 
second, Ву the time it рая dropped а foot more, the above 
equation asserts that itspeed will have increased by the 
amount #@ = j = 4 feet per sec. < 

We might also get the above relation thus: 

E f= —. 

92 = Sg (hl); 
Me ruis „ . 
г 

ог б-т = Aes 
but in this case there is an approximation, because, 1 foot 
addéd to 100 is py no means infinitesimal though it is 
moderately small.* Consequently a sort of average or mean has 
to be taken between v and v, which in the limit would be 
ultimately equal. . 

The exprassion dy =22dz, we long ago illastrated by the 
two strips, each equal to zdz in area, which went to form the 
increase of surface in а square plate 2° expantied by heat 
(page 369) ; the little corner bit (de)? being ignored, because 
when the strips themselves are infinitesimal, the infinitesinial 


ME 
« 
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bit of each at the ends is Bought in comparison, or is said to be 
an infinitesima] ef the second order. Е . 
Similarly we may deal with the expansión or variation 
of a cubical block of side x, € 
Denote its volume by у = 25, 
then wlfen it expands infinitesimally 


> y dy 24x diy ө Р; % 
= 45+ 32! dz + infinitely smaller quantities ; 
^ dy = 3z*dz, г » 
dy 
or T z = 32%, z 


or the rate of expansion of a cubical volume, per unit increase 
of a side, is three times the area of one of its faces. 

» Observe that the rate of increage of an area is a length, 
while that of a yolume is an area; but that is becaus® the 
Tate of increase is taken per unit of length. If it were taken 
per unit of time or of temperature, and if, as before, we write 
y = a, we could say that $ 

dy _ à dz 
. i di^ kanis 
or the rate of variation of the volume with respect to any 


outside or independent variable, such as temperature, (4) 


3 


м i dí 
(ie. th8 cubical expansion per degree), is greater Шай the 


rate at which each edge expands for the ene variable; (0) 
d 


(the linear expansion per degree), in the ratio of three times 
the area of onegof its faces, 


LJ . 
Stated thus it is poe fardly geometrically evident, 
пог need 10 be made бо. What is geometrically capable of 
illustration is the fact that 
^ 


dy or d(x) = зад. 
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Other expressions of the same kind of fact are best 
* treated asemere analytic or algebraic statements, without any 
ical signification. 

So we learn that to get the Small change of any quantity 
we have only to attend to the early terms of a binomial 
expansion : two only, if the change is infinitesimal. ° 

For insfance, to брі dt), that is tp express it in terms 
of dz, we let z increase by dz, and then expand and neglect 
all beyond:the first power of dz; thus 

да = ноа + higher powers; 
but z+dz =z, and (25) means zt- z^ 
thewefore (у = dz. 

Similarly — d(5)- 502, 

d(x) = fdr, and so on, until 
d(e") = 122105, 
ваб d£ = nedz. 
So also wite fractional indices : 
For instgnee, to find d Jz. Expand, and ignore all higher 
powers of the infinitesimal quantity dr. 
(+a) =i + dz + higher powers, 


but (z "^ = f, x 
зо 1 ‘dyi v لل‎ = pe - уу; 
Amin (td) = aha gods, 
therefore d? = d = зй = gs. d. 
Or take negative indices : є ы 
= 0 
To find (7) or dz-^; expand again. 
(redo)? = 43-2 dz, 


< 
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but (p dz) = =, > P 
к A 
90 G EDU 
2, 


Andi їп general, whatever n may be, 
dx? = nx?-dx, 
a werfectly general eresult, worth thowoughly lear ning and 
applying to special cases. UE 
Even in the case when. л = 0 it holds goog; for then it says 
that da? — 0, , 
which we know is true, hecause æ = 1 = constant, and so its 
differences or variations must be zero. P 
Itn =1 it gives dz = 1. dz, which is a mere identity. 
Tf n = 2, it gives da? = 2ndx; , 
Й n=3, , de = 304, ° е 
` which we separately verified ; and во on. 


Examples. 1 ۰ 
Check the following statements :— " . 
. . е. 
Ta У dd тв. * d? зл, 
йй = tds; A = тё; LE 
dax = айг; (аа?) —2azdz ; daî = Заа? йг. 
na 2 ejut; a = 4b; { г 1522; 
. 
ы la?) = т; 1 1 d 3 = 113; 
Gn) 5 к =}; s e) eh acie 
2 5 g 


= 35; ө d(ry) = da +d; 4(ж + by) = ada + Udy 
a + adz + Als = (a+ 9b7)dz ; 


d 
(UF) = а+у; * e o а(а+Ы) = 0025 
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da +l +e) = (b+ Зол) іг ; 
х ^ ( 


хы] 


dart =; 


Зана +) = b+ HIF; (A+ Be) = nBr; 


Айыз реч Ies tb Be) 
Д BA 302 3D AES + - ale; 
1 "dx [ы ^ du c dm 
a اا‎ 20) = 797 
ә dji 
(0) 7-2 ada) > a 
A d [A К 
iO- TEE 
(5) -— dd, Bro) - att 
FAS be E. 23 
2 Ê 0+ Des Be = -24 LP, Deeks: 
d 
аћ = My de; dx Jz t ze 
d aJi) = g # i-o 
ae ge o ` petia 7 38 
E i. ЖЕТ ЩЕ г 
da? = — ye de; AWA) М 
2 (Joy = dr 


5 304: Е ; 
Hoes > 555 VES =e Sj; 


+P = еме = table = (a+b) : 


ie 
. 2C "EE бн e Š 
e «(®+ь)(%-ж B 
LEM. 2D 


iS , єє а 
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d ру rn OM ru 
qe nt Б sitem) new 


Ў 


; Wh. 70 
Я) = 2000; d(3gh) = 3gdh ; qM 23" 
d di d ч 
ТУГИ 
domare) = Rabe; 2 з деб эш; 


qme) - dau M - (2au+ 6) x 


dí dat + Be+ 0+) ^ (влг+в - Dy 


-с 


ЕП 
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A Peculjar Series. 


WR are now able to write down a set of algebraic terms, 
each of which shall be the differential-coofficient of tbe one 
follewing it : 

О+1+2+ 422. 
Of this we might шаке şa regular series, for just as $F 
differentiated gives z, so 12? differentiated would give z*, and 


а? А zo a В ۴ 
2-3 would give 122. So also 13-1 differentiated would give 


5-9 and so on ; hence the series « е 
х 9 а 
Ае + Stat gate ы , 


, is a series which, when differentiated, gives as result 


е doo? 
. O+ltztytgt yt e 


the wry same sérics,— provided both extend to infinity: 
а very eurious case, the rate of variation of the series is 

equal to itself, (Cf. p. 411.) e 
Such a seris mut therefore be appropriate for use in the 
theory of leaks, that is for fdealing with a quantity whose 
rate of change is proportional to or efual to itseff. We can 
guess therefore that such a series must, when plotted, give 
a curve of the nature of the exponential or logarithmic of 

LEM, 9032 
< 
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geometrical-progression of compound-interest curye. If we 
X xs Пета 
call its value y it satisfies the equation E: = 4 (cf. page 405), 
It is a notable series. It ig plainly convergent if z is less 
than 1; but it is convergent even when z is equal to 1 or 
greater sthan 1, because the denominators increase so fast ; 
they, increase so fast indeed that a moderate number of terms 
are generally sufficient to evalihte it CN The Powers of 2 
grow fast in size when æ is greater than Î, but the factorials 
of the corresponding index-number grow stil fastes, and so 
must ultimately get bigger; for æ stays as a constant factor 
while being raised to any power, while in ‘factorials’ the 
factor keeps on increasing. See page 315. - 
Let us try what the value of this series is when z — 1: 
I+1+ FFF TOF Fro... 
Greater than 2 and apparently less than 3, because 
1+14+34}4+$4+ gy... would equal 3. 
With patience its value сап be reckoned tg any desired 
degree of accuracy, and 16 comes out 
5 271898...‚ o . 
а remarkable number, ustally called е. - 
So now we can reckon what the series is when æ has any 
other value than unity. If we try it arithmetically for z = 2 
we shall get 


. 
12t + нон Et... a 

where we observe that though at first the oratore are 
bigger than the denominators, afterwards, in spite of the well- 
known rapid increase of the powers of 2, the factorials in the 
denominators soon overpower tlm; for 21? = 4096, whereas 
E. à 479,091,600, and is thus a hundred thousand times as 
great. 


Й ОЕ 
„То get a good value for this last series we must take a fair 
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number of terms, tin or û dozen, iio account; and if we do 


we find the resutt 
rag muse ©. ' 


which is &. - 
Similarly if we put z = 3 we'shall get 20:09... , 
which is ©; 
whereas if we put z = $ we get 1:6467..., 
which is e. г " s n 
Thus wg suspectthat the series 
. z 1+2+ 5 + ТЫ Xd 
is in fact е; which is true, and it is called the exponential 
series aecordingly. E 
Tt has the singular and very useful property that its rate of 


change is equal to itself, v is to say that " 
à T - 


as we have already proved by diflerentiating each term of its 
series separately and observing that the series is unchanged by 
the process, being simply repeated over again. 
. LI 
à ° © 
Natural base of logarithms. 
"We can now apply this to logarithms : 


Let. у= ё, aè 
so that su ogg t loge, or log,y = 2; 
we have just*learnt that in this case 
У dy 
. ° dz 7 а 
wherefore d 105,7 = dt = 2. Е 


That is to say, the rate of change of the logarithm of a 
yariable number 18 equal te the raté of change of the number 


H LI E Б О 
E : 
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itself divided by that numBer ; provided thé base of Jogarithms 
i . 

18 e. 


If we take arly “otter base than е we shall nêt get quite so 
neat a result. z 
For let ш = r', where ris any number whatever, 
then ^ logu =% logr (or log,» = 2), 
. 
and % du = dz. log? a ۰ 
u ` Р 
wherefore d log.u = dz = te е Ў 
u log? 1 


which only reduces to the above simple form when з ё; 
otherwise it requires the natural logarithm of r to appear. К 
For instance, suppose we put u = 1029180303, as а Te- 
presentation of 7*, and change the jdex by a small amount, 
say to 2:9180408; then, by referring to an ordinary seren- 
figure table of logarithms, we shall see that the corresponding 
change in the number и is :02 
since 4 = 828:00 and w = 828:09* 
, Now our assertion is that the change jn the*logarithm 
(2 —® or dz, viz. 0000105) would hav been equal to the’ 
change in the number (w -u or du) dividéd by the number 
(u or ш), that is to say would be practically equal to oP if the 
> rà . 
base ha been e; but since the base is 10 this regult has to be 
divided by the further fixed quantity—the natugal logarithm 
of our artificial base 10 (which is a number approximately. 
equal to 2:3), in order to give the right result. 
And it will bo found accordingly that ° 7 
492 
828 x 3.3 = 10000105, almost exactly ; 


which illustrates the last algebraic ine above, 


» 
. . 
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Let us illustrate the occurrence of this natural logarithm of 
10 by another numerical example, and at the Same time make 
an estimate of its value. 9 

Suppose we put 10? to represent r”, and then allow the index 
x to increase somewhat, say to 2-01 ; ‘what will be the corre- 
sponding fhange in 7*1 t 4 3 é 

We might writge = 1079 , = 107; 

du w-u_ 1011-10? 


— -— в Тай: = ы 
e Шаб, M dorm 10? LOSE ЕЕ е (1) 
But in general when и = 7", : e^ logr, wherefore 
= = = dr.logr = '001log 10; .......... (2) 


and from these two expressions for the same thing we (an 
appfoximately evaluate the natural log 10. For equating (1) 
and (2), we get 
log 10 = 107-1 = 199 (109-1) 
8 01 ‹ € 
А = 1000910 1) = 100(1:0232 — 1) = 2-39, 
the last digit; bein’: affected Бу an error caused bycthe increase * 
in w not being infipitesimal. : Р 
This 2:3... is approximately the logarithm of 10 to a certain 
base which has not been artificially specified, and which there- 
foré must haye entered automatically and “naturally ¢fithout 
conygntion or artifife. What is that base? 
It is а nurfiber such that if raised to the 2°3... power it will 
equal 10. Call it т, then > 
e 23.. logon = 1ор„10=1,, 
. 


1 
ог logon = 33. € 434... o 


wherefore n = 271]...; . 

which plainly points to ¢, with a deficiency of one part in two 

thousand, or a twentieth of one per cent., due to approximations. 
* 
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Clearly therafere there is something peculiap about ¢ as the 
base of an exponential system: it is simpler than any other, 
and it occurs automatically or?naturally, unless we force some 
other base in; for when one finds that 

> > 


ә Or _ =] А 
> 1027 "598% ъ . 
de > . 
whereas = = ё, 
dz E ò 


it becomes apparent that the base here automatically indicated 
is such аз to make loge —51. 

The fact is that logr, wherever it naturally occurs, mens 
log,r, and not a logarithm to any base at random. There 
appears therefore to be a natural base for logarithms ; in this 
respect differing entirely from the base or radix of the scales of 
notation in ordinary counting. Ten, or twelve, or any number, 
might be used for that—it was a pure convention ; but though, 
as soon as we havg adapted ten as the numeration base, ten 
becomes specially conveniefit for practical calculations by aid 

' of logarithms also, yet ten is not the natugal base of logarithms; 
nor is it the simplest base for an exponent. ht property 
specifically belongs to the incommensurable humber called e. 


The,expansion of any exponential, such as 7*, is now easily 
managed in terms of e; for r may be expressed*as е, whence 
7 = ё*; and we already know that = a 


р 
29 D 
= 144g eee 


TUE. 

3- LES 
But since r = & it follows that Ё = 

expansion may also be written as 


109,7, hence the above 


а т-а... 


where the logarithms are all to the base е. 


> 
б . 
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For the, special case when z is infinitesimal, say d, 
. 
that gives us 1* = ] «dt. logr, L А 
: « 
wherefore r* —] = dt. logr, 


whieh justifies a step assumed above (page 410)¢ where, 
however, $t happened that the dt had a negative sign. £ 

The whole ео г leaks or cooling is now quite easy, after 
this incufsion info the elements of pure mathematics: for 
given tMat any quantity p (say pressure or temperature or 
potential) changes at a rate proportional to itself, we can 
write down instantly the followmg equivalent expressions 
((*meaning time): 


Д0 aSa 
Ф _ _ kal, . 
p 
dlogp = —kdt, 
bgp -logp = k(t-%),* * 
A log р+ М = constant = log P» « E 


ә . 


oe 
` $8 5, kt, 
вере 
№ theses are different modes of expressing the same 
physical faej: tife law of a cooling body, or a leaking reser- 
voir, or any other of the many cases where rate of change 
of a quantity is proportional, to the quantity itself ; and the 
last gives *explicRüy the value of that quantity at any 
instant, in terms of the inftial value, the logarithmie decre- 
ment, and the time. > Ф 
And this must be regarded as typical of the way in which 
general facts in Physies ate simplified, summarised, and coh- 


by aid of more or less easy mathematies. 
. 


paetly treated, 
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> E 
So ends the present book, but in a subject like this there 
can be no ternjination; every avenue leads owt into infinity 
and must be left with its end open. In no science are there 
any real boundaries. In an advanced book a subjective 
boundary may be reached, viz. the boundary of our present 


knowledge; but in an elementary book like the present that ` 


is immensely far away, and thd only e Шаў can here 


be reached is a terminus of print and paper . 


. . 


5 
| 
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D APPENDIX. 
E = R 
L Note on the Pythagorean Numbers (Euc. I. 47). 
See Chapter XXXI. Ч ° 


By the Pythagorean numbers I mean simply those triplets of 
integers which serve to express the relative lengths of the sides of 
commensurate right-angled ‘triangles: numbers therefore which 
satisfy the conditions of Euclid І. 47, that any two of them аге 
greater than the third, and that the sum of the squares of two of 
them equals the square of the third. 

The only nunsbers mentioned in the text, page 272 are : 

3, 4,5; 5, 12, 13; and 8, 15, 17; 
but there arê innumtrable other’. 2 
* The subject is of no Practical importamce, and is only mentioned 
here as an examplf of an easy kind of investigation in pure 
mathematics which an enthusiastic and advanced pupil might be 
encouraged to undertake, and whiclf might lead him to take some 
interest in less,simple parts of the theory of numbers, Tbe*result 
of the investigation if this case, might be worded thus : 

In general the sides and hypothenuse of a right-angled triangle 
are incommensurable, but an infinite number of such triangles 
exist in which the three sides amay be represented by integers. 
These are of Some iüterest, and the simplest of them, when the 
sides are in the ratio of the nufabers 3, 4, 5, is frequently used by 


surveyors. e 

A formula from which all such sides may be calculated is the 
Я К s (05-0 _ Cau E 
identity eval а ) =( 2 3 
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meaning that ab and 3(a* —0*) represent the sides containing the . 
right angle, and that?4(a*+b*) represents the hypfothenuse. 

"To get a number of these trjangles rapidly, without repetition 
of shape, Ze without obtaining mere multiples of other séts, 
it is sufficient to choose as the auxiliary integers a and b any odd 
numbers which are prime to each other. The reason for choosing 
the auxiliary integers, и, b, as odd numbers prime to each other, is 
ingly that if they contained a common ѓасб the triplets obtained 
from them would be merely a multiple set representing the same 
shape as a simpler set; whereas if one was evan while the other 
was odd, then а? 22 would be odd, and 3(a?— 22) would not bean 
integer; or if everything were doubled it would be merely 
repeating the sides of some previous shape in another order. 

Excluding multiple sets, one of the sides and the hypothenuse 
are always represented by an odd number, and the other side by 
aa even number, А 

It is easy to prove that one of the sides containing the rightsangle 
must always be æ multiple of 4, that one of them (it may be the 
same) must be a multiple of 3, and that one of the three sides (again 
it may be the same) must be a multiple of 5: 

One of the two sides mist be a multiple of 3. 

Of course a, or b, may itself bea multiple of 3, thas satisfying 
the conditicn for the side ab. If neither o$ them is, then ab is not 
а multiple of 3, but in that case their squares must, bof the form 
3m+1, 3n--1 [or rather of the form 674-1, Qe, since they are 
odd numbers], and so the other side, viz. 3(4*— b?) is then of the 
form 3(m — n). 

One of the two sides must be a multiple of 4, * 

Taking лы 2m4-1, LI . 


b = 9+1, 
> (a? - 0) = 2(ms-n)(m-+n+1), 
and either m- à or m--n4-1 must be an evên number, since their 
difference is an odd number, 
One of the three sides must be a multiple of 5, 


If a or b isa multiple „0f 5, one of the sides, viz. the odd side, 
ts the required multiple: If not, itS square must be of the form 
40m +9 or40m4-1. If the squares of both have the same remainder, 


> 
a > 


p^ 
LI 
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* the even side is a multiple of 5. If one has remainder 9 and the 
other 1, the hypothenuse is a multiple of 5, offthe fgrm 20m4-5. 

So if neither а or b isa multiplg of either 3 or 5 it follows tht 
the number representing the even side has all three of the factors, 
3,4, 5; ùe. that it is a multiple of 60. 

Moreover it can be shown that the hypothenuse is always itself 
the sum of дуо square numbers, ope odd and опееуеп, and that the 
odd side is the ао of those Same squares. Thus, writing the 
odd side as* 

e (2n 1) 2-1) = (m4 n4-1y (п), 
the even side is 2(m—u)(m+n+1), 
and the hypothenuse is (m —2)*-- (mn 1%. 

The following is a table of the Pythagorean triplets, with the 

mode of obtaining them displayed. 


wen s 
estos oe ъ Етп Hypothenuse. 

AY 3=4-1 4 5> 4+1 

5, 1 pone IS 7 BS OF 

7,1 7 94 95= 1649 

9,1 9 „ 40  4l- 25416 
d$ 60 . 6] 36425 
13,1 13 84 8 = 6 

$1 15 e 112  113— 64449 

А m lie 144, 145 = SIG, 

1,1 ye = 100-81 180° 181 = 100+81 

5,3 15 в 17= 16+1 

$a. SI 20  99= 9544 

1 9,3. 91 302 б. dtes Ж 
1,3 38 56 65 
ә 133 “39 80 89 

153 4 108 117 5 
j59. 51 140 149 

193 57 |. 1/6 185 

* s Ё 

7,5 35 a ‘Be hat 

9,5 45 8 ۾‎ 53 K 

11,5 55 48. © 73 

135 65 72 97 

15,5 15 н ID E 
15,5 85 132° 157 

19,5 95 168 193 
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Eron B 
س‎ dam ie side. Hypothenus. у 
9, 3 6 6 * 
- I 7 36 85 
1 91 > 60 109 . 
15,7 105 88 137 
S10 T* TID; 190 169 
19,7 — 133 156 905 К 
i 9s. od ? эӊ Ж 
13,9 17 4 1 ° 
15,9 135 2° 153 
15,9 153=169-1614 185 169418 — 
199 її 140 — 931 $^ 
s J$1b 143 3 94 — 145 
15,11 165 oas M © 
17,11 187 84 205 
19,11 909 190 241 


The left-hand column ia simply a pe of pairs of odd nunibers, 
mainly prime to each other (but a few are included, for the sake of 
systematic completeness, which are not prime, and therefore involve 
repetition) ; the second column is their product ; the third column 
half the difference of Shei squares ; and the fourth Column half the 
sum of their squares; the incipient columns merely illustyate the fact 

* that the hyppthenuse is the sum of two squaré numbers, one odd, 
one even, whose difference is equal to the odd WW ә 


The identity (тё ~ n? (2mn) = (m+n?) 
represents the facts most simply, where m and n are any integers. 


One of*these integers must be even and the other, odd, with no 


common factor, if mere multiples or repetitions of shape are to 
be avoided. " > g 


IL Note on Implicit Dimensions (see pp. 53, 111, 143, 230). 
The treatment’ of algel н 


ја ЕЈ 
> ti braical symbols as representing concrete 
quantities, with all the 


e EE simplification and inereased interest which 
1s treatment involves, was first effectively called attention to by my 
brother, Alfred Lodge, at that time Professor of Pure Mathematics 
а}, Coopers Hill, and nowa Mathematical Master at Charterhouse, 
See Nature for J uly, 1888, vol, 38, p. 281, which was the sequel 
> 
› > 
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to a pioneerepaper rûd by him before the Association for the 
+ Improvement of Geometrical Teaching, in January, 1888, 

The subject was subsequently and indepenflently developed by 
Mr. W. Williams of South Kensipgton, now of Swansea; and, 
whether it has received full recognition or not, it has undoubtedly 
justified itself in the eyes of all who have put it to the test of 
practical experience. The whole subject is ы large for this place, 
but a few elgnentary remarks are appropriate: * E 

Quantitiés of Mu ыйа db not occur in one expression ; 
in other wofds, the of an expression must. all refer to the 
same sorteof thimgs, if they are to be dealt with together or 
eqeted to any one thing. Nevertheless an expression like 

1 PHPH 

is common, and т may be a length ; which looks as if we could add 
together a volume,an агеа, а length, and a pure number. Not so, 
really, however ; suppressed or implicit or unexpressed or masked 
dimensions must in that сазф exist in the numerical coefficients; 
the coffficient 5 must implicitly or tacitly refer to а length, 2 to an 
area, and 6 to a volume, if x is a length; and thus all the terms are 
really of the same kind. So they always will be in every real 
problem. $ . 

When an equation contains terms of esstntisily different kind, it 
must really donsist of two or moge equations packed together into 
the apparent form of one. Thus J/(—1) isa quantity of essentially 
different kin from £ (+1); the former being imaginary, the 
latter real. Hence Ё ever they occur together in an equation, as 
for instance in such an equation betwgen complex quantities as 

т аү(+1)+5/(-1) = су/(+1)+4/(-1у е 
or whag is the same fhfhg (writing ,/( — 1) as +, for short, and /(+1) 
as an unexpresded unity factor) m 
a+bi = c4-di, 
it must be regarded, as a doule equation, unless some of the 
quantities а, b, с, d are themsg]ves complex ; for it can only be 
interpreted and satisfied by the two separate equations, 
a —c and b —d. 
In other words it is really two equations packed together for, 
brevity into a single statement, 
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For if either of these coaditions is fiot. за беа, if for instance b 
is less than d, it is impossible to fill up the defigit by*any increase’ 


in the value of a singe that refers to a quantity of totally different * 


lind. A deficncy of oxygen in the atmosphere cannot be com- 
pensated by a surplus of goldein a bank; nor can deficiency, of 
beauty be effectively counterbalanced by excess of size. 

The group met with ж a German philosophical treatise (according 
to a writer in the Hibbert Journal), as representing the class which 
doessnot “count” for Moral and gatellectual purposes, «a, 

. * cows, women, sheep, ce d dogs, , 
Englishmen, and other democrats,” 

cannot be regarded as classified according to a satisfactory system, 

any more than can the somewhat similar group of tax-payer$ Which 

is at pgesent disfranchised By Act of Parliament. 

So that any conclusions, inferences, or results due tothe 
aggregation of such individuals in a community must be separable 
into a series of independent conclusiong, inferences, or results, except 
їп во far as some of these things аге | eem complex, parjpking 
more or less of eadh other's characteristics. , 

Sometimes we have equations among integers or other commen- 
surable numbers, with incommensurables likewise involved, such as 

e тал =2+у,/9. Ы 
If now 7, m æ, y are all tobe considered integers ор any vulgar 
fractions о terminating or recurting decimas, т.е. ungess some of 
therquantities m, x, x, y ave in whole or if part thenyelves surds, 
it must follow from the above statement that 
Р «=m and y =n, 
otherwise the equation cannof be satisfied. ` 

Бү Suppose z means a distance measured horjzontally, and y 
а distance measured vertically, and the equatien given is 
"e as+by = ex dy ; 
it consists of two distinct and i 


inet ndependent equations, unless а, b, 
iN directional qfantities and not реге numbers ; 
MEI е; however, ùe, in сазе @ care vertical lengths and 0, d 
| horizontal lengths, the equation is quite homogeneous and 
wo and denote? certain relations among rectangular areas. 
sis T i d be reciprocals of horizontal lengths, and b, d re- 
procals of vertical lengths; and so*on. But if a, b, c, d are mere 


с® 
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numbers, we are bouffa as Before to eqfate the coefficients, that is 
to say to admit that a = c and û = d; for no amount of horizontal 
travel is equivalent to a rise, nor can horizqpta? dimension make 
up for a deficiency in height. M ‹ 

In any single equation therefore,@ike v* = 2gh for instance, where 
one side is plainly the square of a velocity, the other side must 
also be really, though not obviously, thé square of a velocity. 
And since,g is an acceleration and Л is а peight, those who 
know апуйћесћапісз grill realis@ that the*necessary conditfon is 
thoroughly gatisfied, 2 ‹ 

But when g is interpreted as 32 ог 981, the fact js masked, as 
facts ofte? are masked by the incomplete method of arithmetical 


or Mumerical specification. If 32 or 981 is regarded as а pure 


number, which is all of g that it is custgmary actually to express in 
writjng, then the equation becomes an absurdity, since it appears 
to assert that a velocity multiplied by itself results in a certain 
multiple of an elevation. t 

But when it is remembere@ that the 32 means really 32 feet per 
second pe? second, everything is perfectly righj; for, the height 
being expressed in feet, the right-hand side of the above equation 
is so many square feet per second per second, or square feet 
divided by square seconds, which is the square of a velocity, in 
perfect agreement with the left-hand eide. 

So also fh the equation toea parabola, y = at+ber+cx*, the 
convention js that y ia vertical height, and 2? the*square ef a 
horizontal length ; Jat, since all the terms must really be alike in 
kind, it follows tha а must be a vertical height (and it із : viz. the 
intercept on the vertical axis), that must be a ratio of vertical to 
horizontal (and itis the tangent of an angle accordingly, eamely 


the value of й at thé place where the curve cuts the axis of y): 


and further that c must be a sort of curvature, a quantKy in- 


volving a vertical direction once in the numerator and a horizontal 


3 
dimension twite in te denominator. lt is in fag half d it 
represents the rate at which the! tangent to the curve swings round 
as the ordinate travels uniformly along he axis of f£; and this 


rate, when measured by changes in the tangent of the angle of 
slope, їз constant. Compare Ghapter XXXIX, . 
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But у = xis also a possible equation, and4ooks as df a vertical , 
height could be equivalent to a horizontal length. But it is only 
an appearance, due ĉo suppressed quantities. The coefficient 1, 
not written, is really the tangent of an angle of 45°, and involves 
the ratio of vertical to horizontal required to restore the balarîce 
and common sense. x 

So alsó when y = 22 there is an unwritten unity coefficient which 
is пса pure number, Bat an actual quantity, the ratio Ra, which 
the equation asserts has in this case the mag\tude 1, = 

"Or when x = 6, if x is a length, it follows the 6 ik a numeri- 
cal abbreviation for 6 feet or 6 centimetres or 6 miles, mgasured in 
the same direction asa. See Article in “School World” for Duly, 

* 1904. 

It is frequently best to eJpress these units fully, and not to get 
too exclusively into the habit of writing a length as 50 witout 
saying whether inches or centiinetres is intended, or an age as 15 
without saying years or months, or дә price as 42 without saying 
shillings or pounds, or whether it is per hundredweight,or par ton 
(compare pages 232, 4). For though these and other less customary 
abbreviations are permissible among experts, beginners who get too 
used to them are apt to degeneratg into slovenly incompleteness 
and inaccuracy, and to sufer by finding difficulties hereafter where 


none exist. › 
> э 


III” Note on Factorisation (see Chanter XIV). 


A quadratic expression ax*+bx+c can be re:ylved into factors if 
the middle term dv can be separated into two parts such that when 


multip]jed together the product is acz?. › E 
Thus ake 32 1074-7, » ; 
and write it 3247043047; "> > 
it becomes at once (324-7) (4-1). * 
Again take i Da? +270 +28, 
and writeit | бй+їт+йх+%8; o, 
it becomes (52+7)(%+4). 


When a ayadratic exppession is thus written in four terms, such 
that the product of the means is equal to the product of the 
extremes, the four terms are necessarily proportional ; and if such 
proportionality does not hold, you cannot factorise. 


EM. ^ LSU 4 
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When they are proportional, as in the above case, and their sum 
.'equated to zero, G+ Tr) and (024-28) must have a common 
factor; во аћо must (5234-907) and (7+ 28) bav@another common 
factor. LI 
И we write such four proportion terms with the common factors 
displayed, they must have the form 
ac ad +be+bd ; à 
which terme geometrically represent theme! ves thus : 
a; E С 


L £ ае be 


ad | bd 


In the above example either a is x and is 4, which are equivalent ; 


or de 5х and b is 7, which are also equivalent. For instance the 

diagram explicitly applied to the above case would look thus: no 

scale being implied in the drawing, but simply a framework. 
* e (5x) (7) 


€ 
f Pi 
IV. Note on the Growth of Population (page 220). 
In spite ef what been said in tife text as to the danger of 
applying the ical law of increase, or indeed any fixed law 
of increase, to a given country or to ёлу assemblage without taking 
into gecount all бе circumstances, nevertheless the growth: of the 


population of Englandand Wales during the last century iKustrates 


ith markable cloSeness the geometrical-progression law. 

The following is a table of the common logarithms (to base g0) of 
the population of England and Wales for each decade from 1801 to 
1901 ; together with their differences. If the geometrical law held 
precisely, these diffefences wogld all be constanf; as it is, they 
hover about a mean value, except in some of the early years of 
the century, when they are abnormalif big,—apparently as a 
reaction from the Napoleonic wars, but doubtless also on account 
of some applications of sciencé, and other economic conditions" ¢ 
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Population table of England and Wales fèt last ceptury. 
E Logs: Difis. * 3 
Á алар gia. SO 
1821 7079190 Ses 
$ 183m, ataga 068784 
" E "058869 ^"^» 
ə 1 84] 7201983 05:39 3 
к 1851 7253522 олай. ы | 
1861. Lad -059704.^ 3 | E 
Ris ды 058986 s 
3 s ише 047890 y 
1891, 7462436 ся i 


1901 1012232 


From these data the curve of population might be plotted, and | 


it will be seen that from 1841 onwards it would be fandy steady, 
the mean or average difference for 10 years during this period 
being 051741. So the difference of logarithms for one year is 00517, 


3 1 
ог to base е, ‘0119, or ваг ‘012, But we know thàt dlog,p = ёт 
(see Chap. XLII.); hence 012, or-12 per thoysand per annum, is 
the averagesrate of increase of the populstion since 1841. Тһе 
curve is mainly a geometrical-progression oi, 
with this value as the common ratio, : 


vus curve, 
All the fluctuations noticed 


in such a curve could doubtless be 
explairsd instructively, though to some extent xlypothetically, by 
a Historian. For instance there is an excessive raté of growth in 
the decade 1871 to 1881, which probably ineludes a period cJ gooc 
trade but even that is not equal to the rates of inerease nearer the 
beginning of the century, when presumably the population was 
emerging out of extreme poverty, | 
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